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p 21  Replace  the  2nd  line  above  2-19 a with: 
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P22  Replace  the  paragraph  under  2 - 1 9b  with: 

is  the  r.  f.  waveguide  tube  radius,  the  beam  radius  at  the 
entrance  plane  (see  Figure  II-2),  Bq  is  the  average  or  dc  value  of  the 
axial  z directed  magnetic  field,  cj  the  usual  cyclotron  frequency,  and 
•yc  the  ratio  of  the  cyclotron  frequency  to  the  operating  frequency.  A 
few’  additional  normalizing  parameters  will  appear  shortly  and  will  be 
defined  as  introduced.  As  is  evident,  lower-case  symbols  apply  to  the 
physical  variables  while  upper-case  ones  apply  to  their  normalized 
nondimens ional  counterparts. 

P23  Replace  Eq  2-21  with: 


-k3T<RV®>  + FrV®  = 


nP 


m 


2„ 

Yw  Rb 


F - — 

^ a . . 


-E^'VZBr  - RbVRIV 


(2-21 


Errata  page  1 


P28  Replace  the  caption  of  Figure  11-3  with: 

Figure  II-3.  Cyclotron  orbits  of  electrons  in  a hollow  beam  in  con- 
stant axial  magnetic  field  only.  The  initial  ® directed 
velocity  is  positive. 

P36  Replace  the  sentence  under  Eq . 2-32  with: 

We  assume  that  Eg  = 0 but  make  no  other  approximations  or  assump- 
tions at  this  point.  Multiplying  eq.  (2-52)  through  by  r and  noting  that 

28 

in  the  usual  way  the  flux  enclosed  in  a circle  of  radius  r given  by 


P 3 7 Replace  Eq  2-57  with: 
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PM  Replace  Eq  2-81  with: 
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PA9  Replace  last  paragraph  with: 

A somewhat  more  stringent  test  resulted  from  the  two  cases 

for  input  conditions  given  by  = 1,  ®^  = 0,  = 0,  V ^ - 0, 

V = + 0.0075,  V„  = dZ/dT_  „ . = 0.397,  and  for  the  same  condi- 
®e  Z,  e l =/.  = (J 

tions  except  for  = -0.0075.  Here,  too,  D = 0 or  F = 1 was 
r ®e  a 1 

taken.  This  is  equivalent  to  launching  electrons  with  either  positive 
or  negative  directed  0 velocities  into  a constant  magnetic  field,  taken 
here  as  7000  gauss.  Other  parameters  of  choice  or  derived  are: 
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P 53 


Label  graphs  from  top  left  to  right  a,b,c. 
Label  graphs  from  bottom  left  to  right  d,e,f 
Replace  caption  with: 


Figure  II- 6 . 

Computer  solutions  for  DC  only  equations  of  motion  for  Ubitron  conditions:  B,/Bq  = 

0.1,  Bq  = 5000  gauss  V = 300  Kv,  v , v ^ - 0.  0 1 8,  v / v =0.0  (cathode  beam 

compression  ratio)  = 0.91,  R = 2.0,  ~%/2  magnetic  perfod  for  synchrorons 

operation  at  94  GHz  = L » 0.6  cm.  ^ 

C' 

P5l<  Label  graphs  from  top  left  to  right  a,b,c.  ' 

Label  graphs  from  bottom  lef  to  right  d,e,f. 

Replace  caption  with:  , 


Figure  LI- 7.  „ 

Computer  solutions  for  DC  only  equations  of  motion  for  Ubitron  conditions:  B . / 

0.1,3,  = 7000  gauss  V = 300  Kv,  v v = 0.029,  v r e/ V z e/f  °*  °'  (cathode  team 
compression  ratio)  = 0.89,  R = 2.  0,  = tt/  2 magnetic  period  for  synchrorons 

operation  at  94  GHz  = L ~ 0.  6 cm. 


P55  Label  graphs  from  top  left  to  right  a,b,c. 

Labe)  graphs  from  bottom  left  to  right  d,e,f-  f 

Replace  caption  with: 


Figure  II-8. 

Computer  solutions  for  DC  only  equations  of 
0.  1,  Bq  = 7000  gauss,  V = 300  Kv,  v 'Qe'v?e 

compression  ratio)  = 0.  89,  R = 1.  33,  Zg  - tt 
operation  at  94  HGz  = L ~ 0.  6 cm. 


motion  for  Ubitron  conditions:  Bj/Bq  = 

= 0.  044,  vre/vze  = (cathode  beam 
/ 2 magnetic  period -for  synchrorons 
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P75  Replace  Eq  2-102  with: 
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P79  Replace  Figure  11-13  with: 
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P23I  Replace  No.  2 under  conclusions  with: 


Under  the  small-signal  assumption  that  efficiency 
is  proportional  to  the  gain  parameter,  the  follow- 
ing relationships  occur  for  a wideband  Ubitron  design. 


= BnCu~B3/V/V^h 


where  T,  is  the  electronic  efficiency:  B.|  i.s  the 
assumed  efficiency  parameter;  Cu  is  the  Pierce 
type  small-signal  gain  parameter  for  the  Ubitron; 

P is  the  rf  power;  and  f is  the  operating  frequency. 
The  factor  hs  is  a relatively  complex  function  of  the 
voltage,  the  beam- to- waveguide  diameter  ratio, 
and  the  magnetic  polepiece  1 . d . -to - waveguide  diam- 
eter ratio.  This  function  decreases  with  increas- 
ing voltage  primarily  due  to  the  effects  of  relativity. 
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1. 


INTRODUCTION  AND  SUMMARY 


This  final  report  covers  work  accomplished  during  a nine- 
month  study  program  ending  December  31,  1976.  The  long-range 
objective  of  this  effort  is  to  develop  a very-high-power  millimeter- 
wave  amplifier.  The  emphasis  during  this  initial  study  program  has 
been  on  the  study  and  analysis  of  a Ubitron-type  device  for  the  realiza- 
tion of  50-kW  output  power  at  94  GHz.  This  work  was  sponsored  by 
DARPA  and  was  funded  through  RADC.  The  body  of  this  report  con- 
tains four  sections  which  reflect  the  program  tasks  that  were  imple- 
mented. 

Section  II  describes  the  work  related  to  electron  beam  and  rf 
analysis.  Most  of  the  effort  during  this  program  was  expended  on  this 
task.  The  section  contains  a review  of  prior  related  work  both  in  the 
USA  and  the  USSR.  A thorough  treatment  and  analysis  is  then  given 
of  the  dc  beam  motion  within  the  undulating  magnetic  field  and  a tech- 
nique is  described  by  which  the  net  effective  interaction  impedance  and 
small-signal  gain  can  be  calculated.  A relativistically  corrected  small- 
signal  gain  theory  which  shows  a decrease  in  gain  as  voltage  is  in- 
creased is  also  described.  This  small-signal  theory  is  in  the  same 
form  as  Pierce's  TWT  analysis. 

In  Section  111  we  present  the  results  of  analysis  on  periodic 
magnetic  structures  which  can  be  used  in  the  design  of  millimeter- 
wave  Ubitrons.  The  goal  of  this  work  has  been  to  identify  the  tech- 
niques, materials,  and  configuration s which  maximize  the  amplitude 
of  the  desired  periodic  component  of  the  field.  Five  types  of  structures 
were  identified  and  analyzed.  A superconducting  periodic  ring  struc- 
ture proved  to  be  the  most  effective,  as  might  be  expected,  but  the 
desirability  and  practicality  of  implementing  such  a structure  are 
questionable . 

Periodic  soft  magnetic  pole  pieces  immersed  in  a solenoidal 
field  proved  to  be  the  next  best  method  for  producing  a strong  undula- 
ting field.  The  configuration  and  geometry  that  optimize  this  struc- 
ture are  given.  This  is  the  easiest  structure  to  implement. 


1 


Periodic  permanent  magnet  (PPM)  structures  were  also  investi- 
gated in  the  hopes  that  the  new  samarium  cobalt  magnets  now  available 
would  make  this  type  of  structure  competitive.  The  results  show  that 
the  available  field  will  be  about  half  of  that  attainable  by  the  immersed- 
pole-piece  method.  The  PPM  approach  will  still  be  useful,  however, 
in  applications  where  weight  and  prime  power  are  major  considerations. 

Section  IV  gi'^es  the  results  of  electron  gun  design  studies  lead- 
ing to  the  design  of  magnetron  injection  guns  applicable  to  a 94-GHz 
Ubitron,  The  principles  of  relativistic  magnetron  injection  guns  are 
derived.  The  design  parameters  of  this  type  of  gun  are  then  investi- 
gated with  respect  to  how  they  affect  the  specific  and  the  average  beam 
motion  within  the  rf  circuit  and  its  undulating  magnetic  field.  Some 
typical  design  parameters  are  presented  for  the  desired  magnetron 
injection  gun. 

The  results  of  this  study  program  are  brought  together  in 
Section  V and  are  applied  to  the  design  of  a 94-GHz,  50-kW  Ubitron. 

A basic  trade-off  of  the  tube  parameters  versus  voltage  is  given. 

This  trade-off  shows  that  gain  and  efficiency  are  decreasing  functions 
of  voltage  due  to  relativistic  effects.  An  electronic  design  for  a 300- 
kW  Ubitron  is  presented  and  a preliminary  sketch  of  the  overall  tube 
envelope  is  given.  Section  VI,  the  final  section,  provides  conclusions 
and  recommendations  for  future  work. 

The  principal  conclusions  of  this  study  program  are  as  follows: 


1. 


2. 


The  development  of  a 94-GHz,  50-kW  cw  Ubitron 
amplifier  appears  to  be  feasible,  using  a 7000-Gauss 
solenoid  and  a waveguide  circuit  with  imbedded 
periodic  magnetic  pole  pieces. 


Under  the  small-signal  assumption  that  efficiency 
is  proportional  to  the  gain  parameter,  the  following 
relationships  occur. 


% 


B0  Cu 


B rj/4  P L/4  fl/2h 
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where:  1e  is  the  electronic  efficiency,  B is  the 

assumed  efficiency  parameter,  Cu  is  the  Pierce- 
type  small-signal  gain  parameter  for  the  Ubitron,  P 
is  the  rf  power,  f is  the  operating  frequency.  The  fac- 
tor h is  a relatively  complex  function  of  the  voltage,  the 
beam-to- waveguide  diameter  ratio,  and  the  magnetic 
polepiece  i . e . -to- waveguide  diameter  ratio.  This  func- 
tion decreases  with'increasing  voltage  primarily  due  to 
the  effects  of  relativity. 

3.  Using  the  small-signal  assumptions  described 
above,  a 300-kV  Ubitron  design  would  have  an 
inherent  efficiency  just  under  2%.  The  esti- 
mated bandwidth  would  be  on  the  order  of  30%, 
since  f/fco  is  6 at  300  kV.  At  a lower  design 
voltage  of  100  kV,  the  efficiency  would  rise  to 
between  3 and  4%  but  the  bandwidth  would  de- 
crease to  about  10%.  The  lower  efficiency  at 
higher  voltage  is  mainly  due  to  relativistic 
effects  contained  in  the  factor  h above. 

4.  There  will  be  a slight  degradation  of  gain  and 
efficiency  due  to  the  radial  variations  which 
must  exist  in  the  undulating  electron  beam,  but 
with  proper  design  these  effects  are  shown  to 
be  on  the  order  of  10%  or  less  in  the  rf  small- 
signal  regime. 

5.  Because  of  the  low  inherent  efficiency  of  the 
Ubitron,  it  will  be  necessary  to  take  advantage 
of  every  available  means  to  both  enhance  the 
electronic  efficiency  and  recover  the  energy 

in  the  spent  beam  through  collector  depression. 

Because  the  spent  beam  and  the  rf  power  exit 
the  Ubitron  at  the  same  place,  collector  de- 
pression needs  further  feasibility  study  and 
demonstration. 
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II. 


ELECTRON  BEAM  AND  IIE  ANALYSIS 


A.  Background,  Objectives,  Brief  Summary,  Future  Directions, 

and  Sect’ in  Contents 


1. 


Prior  Related  Work 


Early  analytical  work  related  to  the  Ubitron  was  shown 
by  Phillips1  and  by  Bacon,  Phillips,  and  Enderby.  ^ In  the  former  the 
principles  of  operation  were  explained  on  a kinetic  basis,  and  the  syn- 
chronous gain  velocity  relationships  were  illustrated.  Results  were 
also  shown  for  an  analog  computer  run  for  a planar  geometry  with  a 
constant  rf  drive.  Although  quite  illustrative,  particularly  for  large 
signal  conditions,  and  suggesting  efficiencies  of  about  20%,  the  model 
suffered  from  several  deficiencies.  Among  others,  it  was  nonrela- 
tivistic  although  approximate  means  were  suggested  for  correction, 
it  was  planar  whereas  the  geometry  of  prime  interest  is  most  likely 
cylindrical,  and  it  ignored  the  influence  of  space  charge.  In  the  second 
of  the  above  references,  the  authors  developed  a small- signal  theory 
that  ended  in  design  equations  defining  tube  performance  in  standard 
traveling-wave  tube  parameters  essentially  identical  to  the  Pierce 
form.  However,  it  too  had  several  shortcomings;  it  was  planar  and 
nonrelativistic  but  permitted  inclusion  of  space  charge  effects  in  the 
traditional  traveling- wave  tube  manner  via  and  QC. 

Work  on  and  analysis  of  the  performance  of  Ubitron  type  de- 
vices seems  to  have  been  dormant  in  this  country  since  the  early  work 
of  Phillips  and  associates  until  recently.  Then  several  articles  by 
workers  at  the  Naval  Research  Laboratory  and  Cornell  appeared. 

Only  a few  of  the  most  relevant  ones  are  noted  here.  The  work  by 
Mannheimer  and  Ott^  concerned  a beam  in  a rippled  magnetic  field 
and  compared  the  various  gain  mechanisms  available.  Although 
planar,  the  model  included  small  beam  perturbations,  space  charge, 
and  relativistic  effects.  It  was  not  cast  in  the  usual  traveling-wave 
tube  parameter  form  making  comparisons  with  other  theories  indirect. 

Also  describing  some  theory,  but  primarily  experimental,  is  the 
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paper  by  Granatstein  and  others,  on  the  gain  performance  of  a 
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relativistic  beam  tube  with  a rippled  magnetic  field.  Another  paper 

5 

of  analytical  interest  is  a recent  one  by  Sprangle  , although  it  is  not 
concerned  with  the  effect  of  rippled  magnetic  fields  of  the  Ubitron 
variety. 

Rather  differently  than  in  the  United  States,  work  and  publica- 
tions on  Ubitron  devices  seems  to  have  continued  in  Russia  over  the 
past  several  years.  Indeed,  although  only  recently  noted  by  us, 
several  publications  in  the  open  literature  have  appeared.  Seemingly, 
the  most  recent  on  mostly  experimental  results,  is  one  by  Krementsov, 
Reiser,  and  Smorgonskii.  From  this,  one  can  trace  back  to  a large 

number  of  significant  Russian  papers.  Of  these,  only  a few  are  those 
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of  Petelin  and  Smorgonskii  on  a nonlinear  theory  of  the  Ubitron  sug- 

g 

gesting  possible  efficiencies  of  up  to  50%  ; by  Gaponov  and  Petelin  on 

the  linear  theory  of  periodic  static  field  electron  beam  interaction;  by 

o 

Gaponov,  Petelin,  and  Yulpatov  on  a general  analysis  of  various 
types  of  related  microwave  devices;  and  by  Petelin^  on  a similarity 
principle  which  appears  to  relate  the  performance  of  different  types 
of  relativistic  beam  devices.  Time  did  not  permit  a thorough  study 
of  these  and  related  papers  in  the  Russian  literature,  but  it  appears 
that  even  aside  from  working  experimental  devices  they  have  developed 
methods  of  analysis,  procedures,  and  points  of  view  which  may  be 
unique  and  may  permit  ready  calculation  and  prediction  of  tube  per- 
formance and  parameter  relationships. 

In  addition  to  the  above  references,  a few  others  of  a general 
nature  should  be  noted.  Particularly  the  work  by  Bobroff^  and  other 
reports  mentioned  there,  are  noteworthy.  He  demonstrated  how  the 
choice  among  the  different  independent  space  variables,  the  Eulerian, 
polarization,  and  hose  systems,  for  small-signal  analysis,  leads  to 
different  relationships  among  the  continuity,  dynamical,  and  power 
exchange  equation,  and  he  also  defined  the  equations  permitting  inter- 
change among  these  systems.  The  importance  of  a firm  knowledge  of 
the  correct  dc  motion  of  the  electrons  was  emphasized.  Bobroff  did 
not  consider  relativistic  effects  which  would  modify  his  equations 
somewhat.  As  an  example  of  the  use  of  the  polarization  variable 
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system,  the  work  by  Durney  and  Johnson  is  noteworthy.  It  demon- 
strated how,  even  in  the  relatively  simple  nonrelativistic  case  of  a 
constant  axial  magnetic  field  and  in  the  presence  of  space  charge,  the 
well-known  multiplicity  of  modes  exists. 

2.  Objectives  of  Current  Work 

The  above  br  ef  review  is  hardly  comprehensive.  It 
merely  touches  on  the  truly  voluminous  literature  on  devices  related 
to  various  aspects  of  Ubitron  performance.  It  may  not  even  include 
the  most  pertinent,  particularly  in  the  Russian  literature.  Neverthe- 
less, at  the  start  of  the  program,  it  appeared  on  review  that  several 
specific  items  regarding  Ubitron  performance  were  unknown  or  poorly 
understood,  and  that  these  could  only  be  resolved  by  a more  complete 
analysis.  Information  for  preliminary  design  purposes  on  at  least  the 
following  seemed  necessary,  particularly  as  they  influenced  small- 
signal  gain:  (1)  The  influence  of  a nonplanar  model,  i.  e.  , an  axi- 

symmetric  cylindrical  geometry,  on  the  electron  motion;  (2)  the 
influence  of  cathode  flux  and  other  entrance  conditions  on  electron 
motion;  (3)  the  interrelationships  between  electron  beam  radius,  the 
electromagnetic  field  configuration,  and  the  dc  magnetic  field;  and  (4) 
the  influence  of  operation  in  the  relativistic  regime. 

The  objectives  of  this  program  were  to  consider  an  analytical 
model  more  nearly  representative  of  an  operating  tube  and  to  resolve, 
to  the  maximum  extent  possible,  the  above  items.  Further,  it  was 
desired  to  so  construct  the  analysis  that  the  influence  of  various 
assumptions  could  be  examined. 

3 . Brief  Summary,  Future  Directions 

a.  Brief  Summary  — During  the  course  of  the  analy- 

sis effort  on  this  program,  several  computer  codes  were  developed. 
Two  major  ones,  closely  related,  are  considered  most  relevant  and 
are  reported  here.  One  describes  the  non-rf  exact  relativistic  el*c- 
tron  motion  in  an  axisymmetric  geometry  under  the  influence  ot  a 
cylindrical  constant  plus  a space  periodic  magnetic  field.  The  other 
is  identical  but  includes  the  influence  of  a constant  power  TF^j  mode 
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rf  signal  of  arbitrary  phase  with  all  the  rf  mode  field  components 
included.  The  latter  code  is  the  same  as  the  former  with  the  rf  power 
zero.  In  both  codes  as  written  to  date,  the  small  dc  radial  space 
charge  force  is  excluded  on  the  basis  that  the  devices  of  most  imme- 
diate interest  are  Ubitron  devices  in  the  perveance  range  of  10  to 
10  or  less  where  this  force  is  generally  significantly  less  than  the 
applied  magnetic  forces.  Also  so  far  excluded  is  the  small  force 
resulting  from  the  self-magnetic  field  of  the  beam.  Expressions  for 
these  forces,  however,  are  shown  and  they  could  be  included  in  later 
modifications  of  these  codes.  The  codes  have  been  checked  for  some 
cases,  with  simple  known  solutions,  and  have  shown  excellent  accu- 
racy, three  to  four  significant  figures. 

Included  in  the  codes  are  several  plotting  routines  which  per- 
mit display  of  various  characteristics  of  the  Ubitron  type  beam,  par- 
ticularly coordinate  and  velocity  variables  as  a function  of  tube  length. 
Also  included  are  several  checking  routines  which  permit  review  of 
the  accuracy  of  calculation,  and  some  stop  commands  if  nonphysical 
situations  should  be  encountered.  In  operation,  the  codes  require 
only  the  physical  parameter  inputs  of  voltage,  frequency,  magnetic 
field  characteristics,  etc.  and  permit  examination  of  beam  perfor- 
mance as  these  variables  are  altered  around  some  initially  chosen 
mean  values  which  fix  the  dimensions  of  the  physical  structure. 

Another  developed  code  which  chains  with  the  dc  code  is  one 
which  determines  a beam  factor  applicable  to  the  Phillips  small- 
signal  theory  in  the  cylindrical  Ubitron  configuration.  This  code 
computes  the  weighted  square  of  the  circumferential  electric  rf 
field  of  the  TE^  mode  and  the  velocity  harmonic  of  interest,  from 
the  computer-calculated  electron  orbits.  This  permits  calculation 
of  the  traditional  traveling-wave  tube  small-signal  factor  in  the 
theory  developed  by  Phillips^  for  the  Ubitron,  but  in  this  case,  cor- 
rected for  the  relativistic  nonplanar  case.  This  hybrid  small-signal 
theory  approach  is  essentially  based  on  an  equivalence  concept  and 
is  not  uncommon  in  traveling-wave  tube  work. 


r * ^ 

In  parallel  with  the  computer  code  development,  a strictly 
analytic  effort  was  undertaken.  The  same  assumptions  were  made 
regarding  space  charge  and  beam  self-field  forces  as  taken  for  the 
computer  code  development.  Relativistic  conditions  were  taken  which 
are  particularly  simple  in  the  nonspace  charge  situation.  An  early 
effort  in  which  only  very  small  radial  motion  was  assumed  and  other 
truncation  assumptions  taken  led  to  integrable  equations  for  all  the 
coordinate  variables.  Although  the  axial  and  circumferential  solutions 
were  reasonably  manageable,  the  radial  solution  was  unwieldy  and 
seemingly  precluded  the  iteration  process  planned  to  improve  all  the 
coordinate  solutions.  All  the  solutions,  particularly  the  axial  and 
circumferential  solutions,  showed  reasonably  qualitative  and  even 
b quantitative  agreement  with  the  computer  solutions,  particularly  for 

small  radial  perturbations. 

As  an  alternative  near  the  close  of  the  program,  again  from  the 
basic  equations,  a form  was  obtained  which  permits  exact  expansion  to 
any  order  of  the  radial  deviation  from  the  nominal  beam  radius,  and  to 
any  order  of  the  magnetic  field  harmonic  components.  Although  not 
yet  solved  to  any  order,  it  appears  that  when  truncated  to  first  order, 
the  equations  will  take  the  form  of  Hills  equation  or  some  related  modi- 
fication. ^ The  advantage  of  having  the  differential  equations  of 
motion  in  some  such  standard  form  would  be  substantial. 

b.  Future  Directions  — The  computer  codes  can  be 

advanced  in  the  direction  of  providing  substantially  complete  design 
information  on  Ubitron  devices  by  several  steps.  Among  these  are  the 
inclusion  of  dc  space  charge  forces  and  the  self-magnetic  field  of  the 
beam  to  permit  more  accurate  trajectory  determination  and  application 
to  high-perveance  devices.  Inclusion  of  beam  thickness  effects  re- 
sulting from  practical  electron  gun  designs  and,  possibly,  inclusion 
of  thermal  velocity  effects,  are  refinements  which  would  be  required 
eventually.  Improvements  in  the  magnetic  field  definition  to  permit 
improved  entrance  conditions  and  even  tapering,  are  possible  future 
refinements.  Additionally,  the  possible  influence  of  the  input  and  out- 
put rf  transducers,  and  particularly  any  collector  depression  geometry 
on  the  electron  motion,  would  need  to  be  programmed. 
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Before  some  of  the  above  additions  to  the  dc  computer  code  are 
considered,  a modification  of  the  dc-plus-rf  drive  code  should  be  under- 
taken. In  this,  the  beam  charge  elements  would  be  used  as  inputs  to 
the  field  equations  and  the  dynamical  equation  and  field  equations 
coupled.  This  would  result  in  a complete  definition  of  the  Ubitron, 
and  permit  description,  not  only  through  the  small- signal  regime,  but 
also  into  the  large- signal  saturation  region.  The  influence  of  other 
modes,  propagating  but  purposefully  lossy  and  cutoff,  could  be  included. 
Rf  space  charge  and  possibly  magnetic  field  effects  would  most  likely 
need  to  be  included.  Still  further  refinements  might  be  necessary  de- 
pending on  the  outcome  of  the  above  and  any  requirements  from  actual 
tube  design  activity. 

In  many  respects,  the  steps  required  to  advance  the  strictly 
analytical  approach  would  parallel  the  computer  code  advancement. 
Initially,  however,  a further  examination  of  the  most  recent  form  of 
the  equations  of  motion  is  warranted  to  determine  if  convenient  ana- 
lytical solutions  are  possible.  Quite  possibly  a recasting  of  these 
equations  in  the  form  of  perturbations  from  the  cyclotron  circle  radii 
rather  than  from  the  hollow  beam  radius  would  be  most  useful.  On 
the  assumption  that  analytically  convenient  and  sufficiently  accurate 
dc  equations  of  motion  can  be  obtained,  preferably  with  space  charge 
and  self-magnetic  field  included,  the  next  step  includes  the  definition 
of  the  resulting  rf  charges  and  currents  from  a TE^  mode  driving 
field  using  the  relativistic  form  of  the  Ubitron,  polarization,  hose,  or 
possibly  Lagrangian  variables  system.  Coupling  of  these  equations 
with  the  electromagnetic  wave  equation  in  terms  of  these  currents  and 
charges  leads  to  the  complete  definition  of  the  small-signal  perfor- 
mance of  the  Ubitron.  A mode  wave  solution,  in  the  usual  traveling- 
wave  tube  manner , would  follow,  with  growing  and  decaying  waves  re- 
sulting from  complex  roots  and  amplitudes  resulting  from  defined 
boundary  conditions.  Again,  the  refinements  noted  above  for  the  com- 
puter code  description  might  be  included,  but  might  be  analytically 
intractable  or  impractical.  Extension  to  some  approximation  into  the 
large  signal  regime  might  be  possible,  but  again  the  computer  code 
approach  may  be  more  practical. 
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4. 


Section  Contents 


The  development  given  below  proceeds  as  follows.  After 
some  initial  general  comments  regarding  the  solution  of  electromag- 
netic wave-electron  beam  interaction  problems,  the  relativistic  equa- 
tions of  motion  applicable  to  the  Ubitron  are  derived.  These  are 
shown  in  two  forms  and  are  then  normalized  into  expressions  parti- 
cularly convenient  for  application  here.  This  is  accompanied  by  a 
discussion  of  the  assumptions  made,  the  validity  of  these  assumptions, 
and  the  means  for  eliminating  such  assumptions  in  further  development. 
Various  aspects  of  the  relativistic  equations  with  these  assumptions  are 
noted,  particularly  in  relation  to  energy  invariants.  The  significance 
of  the  entrance  conditions  on  the  dc  beam  performance  is  then  pointed 
out  and  some  useful  relationships  are  derived.  The  equations  of  mo- 
tion with  constant  rf  TE^  mode  drive  are  then  noted  and  discussed 
briefly. 

A review  of  the  computer  code  work  follows,  with  comments  on 
the  general  approach  and  the  results  of  some  proof  runs.  After  this 
some  results  of  computer  runs  with  typical  Ubitron  parameters  are 
shown  and  discussed.  The  concept  of  equivalence  theory  is  then  des- 
cribed and  application  to  a hybrid  small-signal  theory  is  noted.  This  is 
followed  by  the  derivation  of  the  beam  factor  expression  in  terms  of 
the  computer-obtained  dc  electron  orbit  results.  The  use  of  the  beam 
factor  is  illustrated  and  various  aspects  of  its  characteristics  are 
noted.  The  effect  of  relativistic  corrections  to  the  small-signal  theory 
of  Ubitrons  is  shown  and  the  gain  degradation  predicted  by  the  beam 
factor  is  illustrated.  Some  comments  regarding  Ubitron  gain  optimi- 
zation are  made  at  this  point. 

The  last  major  portion  of  this  section  deals  with  the  work  per- 
formed to  obtain  solely  analytic  closed-form  solutions  to  the  dc  equa- 
tions of  motion  for  the  Ubitron.  From  the  same  equations  used  in  the 
computer  codes,  differential  equations  in  series  expansion  form  valid 
to  any  desired  order  of  the  radial  perturbations  and  the  dc  periodic 
magnetic  field  harmonic  amplitudes  are  derived.  The  method  whereby 
the  series  coefficients  can  be  obtained  exactly  are  prescribed.  Although 
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complete  closed-form  solutions  are  not  obtained,  various  character- 
istics of  these  equations  and  correspondence  to  possible  known  forms 
are  noted.  This  is  followed  by  a description  of  earlier  work  based  on 
a truncated  form  of  the  equations  from  which  closed-form  solutions 
were  obtained.  These  are  discussed  and  compared  briefly  with  the 
computer  results.  The  section  closes  with  some  further  discussion 
and  comments  regarding  possible  future  directions  for  the  analytic 
work. 

B.  Electron  Beam  — Electromagnetic  Wave  Interaction 

1 . General  Approach 

The  considerable  complexity  involved  in  a complete 
solution  of  an  electron  beam  — electromagnetic  wave  interaction  device 
can  be  appreciated  from  the  diagram  in  Figure  II- 1.  This  expresses 
the  relationship  in  traveling-wave  terminology  between  the  circuit  and 
the  electronic  equations.  The  procedure  requires  the  solution  of  the 
electron  motion  force/field  relationship  in  the  geometry  of  interest 
leading  to  the  coordinate  and  velocity  components  x.,  x?,  x and  d/dt 
(xj,  x^,  x^)  as  a function  of  time  or  an  equivalent  parameter.  F rom 
these  the  relevant  vector  current  and  related  charge  density  T(t,  Xj,  x^, 
x^)  and  p (t,  Xj,  x^,  x^),  can  be  found.  These  are  the  driving  terms  on 
Maxwell's  equations  leading  to  solutions  of  E(t,  Xj,  x^,  x^)  and  B(t,  x^, 
x2,  x3)  in  the  force  equation.  Closing  the  loop  as  shown  and  solving 
the  set  for  selfconsistent  solutions  completes  the  problem.  The  con- 
stitutive relationship  between  the  E,  D,  H,  B field  vectors  which  are 
particularly  simple  for  the  usual  case  of  free  space,  E)  = and 

B = H , are  also  required.  The  divergence  relationships  follow 
from  Maxwell's  equations.  Figure  II- 1 shows  the  general  problem 
in  all  its  complexity.  Even  so,  computer  codes  and  machine  capa- 
bilities are  near  the  point  that  such  very  general  problems  can  be 
handled.  For  example,  the  code  CYLRAD,  particularly,  appears  to 

be  approaching  or  is  already  at  the  point  where  it  could  handle  the 
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general  Ubitron  problem.  Unfortunately,  this  code  was  not  available 
to  us  during  the  course  of  this  program. 
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^ lmQ7v)  = e (E  + v x B) 
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Figure  II- 1.  Self-consistent  system  for  solution  of  electron  beam- 
electromagnetic  wave  interaction  devices. 


The  usual  procedure  for  solving  this  system  for  a particular 
geometry  is  to  reduce  the  problem  to  one  or  two  dimensions  and  to 
make  such  other  approximations  as  can  be  justified  or  seem  reasonable. 

Analytic  solutions  of  varying  degrees  of  complexity  and  completeness 
and  for  various  geometries  abound.  Computer-generated  solutions, 
particularly  for  the  cases  where  nonlinearities  enter  or  where  the  two- 
or  three-dimensional  character  of  the  geometry  preclude  useful  or 
tractable  analytic  solutions,  are  the  other  alternative.  Many  such 
solutions  also  exist  for  a variety  of  traveling- wave  tube  configurations, 
but,  as  already  noted,  not  to  the  extent  needed  for  Ubitron  design. 

For  this  program  on  the  Ubitron,  therefore,  it  was  planned  to 
consider  a fully  relativistic  three-dimensional  model  as  implied  in 
Figure  II  — 1 through  both  the  analytical  and  computer  approach,  making 
the  minimum  of  approximations,  and/or  arranging  means  for  later 
correction  or  elimination  of  the  approximations.  It  was  also  intended 
to  evaluate  the  required  approximations  so  that  their  influence  on  the 
end  results  could  be  evaluated.  It  was  recognized  that  achievement  of 
a final  design  version  might  have  to  proceed  in  several  steps  and  that 
improvement  of  the  small-signal  theory  would  be  required  first.  It  was 
recognized  from  previous  experience^  that  the  usefulness  of  the  re- 
sults regarding  rf  performance  would  depend  heavily  on  a knowledge  of 
the  dc  performance  of  the  beam.  Indeed,  in  the  small  - signal  polariza- 
tion variable  approach,  or  equivalently  in  any  of  the  other  approaches, 
accurate  knowledge  regarding  the  dc  parameters  of  the  beam,  position, 
and  velocity  are  required  as  starting  points.  We  therefore  start  our 
development  at  this  point,  that  is  to  determine  these  dc  parameters  to 
adequate  accuracy. 

2.  Physical  Model,  Some  Definitions 

Figure  II - Z shows  the  geometry  of  interest  for  the 

Ubitron.  A thin  hollow  beam  of  radius  r,  is  launched  with  known  radial 

b 

circumferential  and  axial  velocities  into  a cylindrical  waveguide  of 

radius  r^  propagating  a TE^  ^ mode  waveguide.  It  is  assumed  that  ! 

only  this  mode  is  propagating,  although  a round  waveguide  capable  of 
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propagating  the  TE^  ^ mode  would  generally  also  propagate  the  TEjj 

TMgj,  TE^j,  and  TMjj  modes.  (See  Section  V.)  It  is  assumed 

these  other  modes  are  either  very  highly  damped  or  are  not  excited  by 

the  electron  beam  and  input  and  output  transducers.  The  electron 

beam -waveguide  system  is  immersed  in  a magnetic  field  configuration 

(described  in  Section  III)  which  imposes  a constant  axial  plus  periodic 

components  of  magnetic  field  on  the  beam.  The  magnetic  field  is  taken 

to  be  stationary  and  of  period  L.  This  geometry  and  the  manner  in 

1 2 

which  Ubitron-type  interaction  occurs  has  been  noted  elsewhere.  ’ 
Because  of  the  natural  circular  symmetry  it  appears  to  be  the  preferred 
configuration. 

The  z axis  in  Figure  11-2  is  taken  along  the  axis  of  the  tube  with 
the  radial  r,  and  circumferential  coordinate  0 taken  in  the  usual  way 
for  cylindrical  coordinates.  The  gun  design  and  its  performance  are 
discussed  separately  in  Section  IV,  but  have  a major  impact  on  the 
required  input  conditions  for  the  Ubitron.  This  is  discussed  in  more 
detail  below. 

C . Equations  of  Motion 

1 . General  Derivation 

From  the  generally  accepted  form  relating  the  change  of 
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momentum  to  the  Lorentz  force  on  the  electron  ’ in  MKS  units, 

^ (mjv)  = e(E  + v x B)  (2-1) 

with  E and  B the  vector  electric  field  intensity  and  magnetic  flux 
density  vector,  v the  vector  velocity,  mQ  the  rest  mass,  e the  elec- 
tronic charge,  y the  relativistic  factor 
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and  c the  velocity  of  light,  there  results  on  expansion  in  cylindrical 
coordinates 


dv  v_ 

-ar~r*h 

c 


-7  (E  + v B - v B ) (2-2) 

y r t)  z z v 


Id  / 2 de\  Y2 
r ¥ \r  dry  f(v)v 


r . -L  (E  + V B - V B ) (2-3) 

G y t)  z r r z 


dv  2 

“dF  * h 

c 


- (E  + v Bq  - v B ) 
Y z r 0 0 r 


(2-4) 


Here  r)  = |e|/m  and  we  show  the  signs  explicitly.  The  common  factor 


1 d , — 2»  1 *-l  / — — . x o , ^ 

2 dt  (v  > = 2 dt  (v-  v)  vr¥-+velTWzir 


(2-5) 


comes  from  carrying  out  the  d/dt  operation  in  eq.  (2-1),  which  intro- 
duces the  term 


±l  = f(v)  = li  v . — 

dt  2 2 V dt 


(2-6) 


dr  dG  dz 

' r dt  ’ VG  " v dt  ’ Vz  dt 


(2-7) 


the  first  term  of  the  lhs  of  eq.  (2-3)  can  be  written  as 


Id 

Tdt  (rV 


/vrve  + dve\  /.dr  de  d^e \ 

~ \ r + dt  / ' V dt  dt  + r dt  / 


(2-8) 


and  similarly  the  other  equations  can  be  written  in  terms  of  time 
derivatives  of  the  coordinate  positions  rather  than  the  velocities. 

1 8 

Equations  (2-2)  through  (2-4)  are  in  a form  also  shown  by  Bergmann. 

For  small  values  of  v/c,  y approaches  unity,  f(v)  approaches  zero, 

and  the  nonrelativistic  form  of  the  equations  of  motion  result. 

Equations  (2-3)  through  (2-4)  were  the  ones  used  in  the  computer 

codes  to  be  described  shortly.  A possibly  simpler  form  which  can  be 

derived  either  from  them  or  more  directly  from  eq.  (2-1)  might  have 
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been  more  suitable.  Herrmannsfeldt  demonstrated  how  by  simul- 
taneous equation  solution  of  the  set  of  three  equations  a form  can  be 
obtained  in  which  only  second  derivatives  of  position  or  first  deriva- 
tives of  velocity  occur  on  the  lhs  of  the  equations.  This  is  particularly 
convenient  for  both  computer  code  and  analytical  solutions.  The 
results  can  also  be  obtained  more  simply  as  follows.  From  eq.  (2-1) 
with  the  d/dt  operation  shown  explicitly 


mo(V  dt  + = 


e(E  + v x B) 


(2-1) 


and  on  operating  with  v.,  there  results 


mo(V  • + Y • ir)  = 


ev  • E 


(2-9) 


or  on  substituting  from  eq.  (2-6)  for 


dv  _ c d^ 
dt  3 dt 
Y 
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and  the  definition  of  y as 


e-2?2)' 


1/2 


(2-10) 


there  results 


X ( V . v h 
o\  dt  ,,2  dt  / 


2 dv  _ . -= 

m c -rf-  = ev  E 
o dt 


(2-11) 


With  this  expression  for  dy/dt  on  substituting  in  eq.  (2-1)  we  obtain 


dv  _ _1_  e p 

dt  ■ Y ^ L 


E + v x B - v (v  • E) 
c 


(2-12) 
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Again  in  circular  cylindrical  coordinates  this  becomes 


dv  v r 

r _ J0_  _ n , 

dt  r y 


v 


Er  + VeBz  - VzBe  - -i  • E) 

c 


(2-13) 


Id,  . 
7 dt (rv0 


[E  + v B - v 
r z r r 


Bz  --|(v  ■ E) 
c 


(2-14) 


dv  r v 

Z -He  + V B - V B -4(v 
Y z r6  0 r 2 

c 


dt 


v • E)j 


(2-15) 


The  common  factor  v • E is  given  by 


v • E = v E + v_E-  + v E 

r r 0 0 z z 


(2-16) 
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As  evident  from  (2-1)  and  (2-9)  this  times  e is  equal  to  the  work  done 
per  unit  time  by  the  forces  on  the  electron,  i.  e.  , the  change  in  kinetic 
energy,  so  that  from  eq.  (2-11)  if 


ev  • E 


d(K . E.  ) 
dt 


with  K.  E.  = 0 at  v = 0 


(2-17) 


(K,E.)  = mQC^  (y  - 1)  (2-18)^ 

From  eqs.  (2-1),  (2-9),  and  (2-10),  it  is  readily  seen  that  if  the  force 

is  solely  parallel  to  the  velocity  so  that  v • F = | v|  j f|  the  quantity 

3 

"effective  mass"  multiplying  dv/dt  to  obtain  the  force  is  m0  Y > whereas 
if  the  force  is  solely  perpendicular  to  the  velocity,  the  "effective  mass" 
ism  v. 

o ' 

As  evident  from  eq.  (2-16)  through  (2-18)  if  E = 0 everywhere 

along  the  electron  path  (K.E.  ) = constant  which  implies  y constant  or 
~ • v constant.  This  states  the  well-known  point  that  with  only  mag- 
netic forces  acting,  the  direction,  i.  e.  , velocity  components,  but  not 
the  total  velocity  of  the  electrons  will  change.  This  fact  will  prove 
useful  as  a check  in  some  of  the  computer  calculations.  The  extra 
relativistic  terms  on  the  lhs  of  eqs.  (2-2)  through  (2-4)  are  related 
to  the  extra  terms  on  the  rhs  in  eqs.  (2-13)  through  (2-15),  as  evident 
from  the  derivation  and  eqs.  (2-6)  and  (2-11). 

With  the  substitutions  x = r-  r,y=(r-r)9,  z = z in 

o o 

eqs.  (2-2)  to  (2-4)  or  eqs.  (2-13)  to  (2-15),  then  letting  rQ  approach 
infinity  and  the  related  cylindrical  coordinate  field  components 
approach  their  counterparts  in  Cartesian  coordinates,  these  equations 
become  exactly  the  relativistic  equations  in  the  Cartesian  coordinate 
system.  The  latter  are  of  course  derivable  directly  from  eq.  (2-1). 
This  well  known  concept  is  used  later  in  discussing  the  equivalence 
between  Ubitron  theory  in  cylindrical  and  planar  coordinates  and  in 
understanding  the  computer  displays. 
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Although  none  of  the  above  is  new,  this  textbook  material  is 
inserted  here  as  a reminder  and  review,  and  to  indicate  the  starting 
point  for  further  development. 

2 . Normalization  Factors 

For  computer  application  as  well  as  for  the  analysis  it 
is  most  convenient  to  scale  the  equations  of  motion  into  a normalized 
nondimensional  form.  A normalization  system  was  chosen  and  the 
equations  and  related  computer  codes  were  written  and  verified  in 
normalized  form.  A precursor  program  was  then  established  which 
accepts  physical  variable  inputs  and  transforms  them  into  the 
normalized  nondimensional  forms.  The  combination  also  was  verified. 

The  scale  factor  system  we  have  used  here  is  given  as  follows: 


R = — 
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dR 

dT 
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uiR  Vr 
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e = e 
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f m 
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V, 


dZ 

dT 


LJ  Z 


T - wt 


(2-1 9a) 


In  the  above,  r,  G,  z,  v , Vq  , v are  the  usual  physical  cylindrical 
coordinate  and  velocity  coordinates,  oj  is  the  tube  operating  radian 
frequency,  t is  the  time  variable,  and  L is  the  magnetic  period  from 
Figure  1 1 - 2 . In  eq.  (2- 19a)  Rj  appears,  and  this  as  well  as  some  other 
normalization  parameters  are  defined  as  follows 
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in  a 


.*?  = 


= P r 
^m  b 
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r R 


a a 


co  = nB 
c o 


(2-1  9b) 


r is  the  r.  f.  waveguide  tube  radius,  r,  the  beam  radius  at  the 
a b 

entrance  plane  (see  Figure  II-2),  Bq  is  the  average  or  dc  value  of  the 

velocity  which  generally  differs  only  negligibly  (perhaps  1%)  from 
y the  ratio  of  the  cyclotron  frequency  to  the  operating  frequency.  A 
few  additional  normalizing  parameters  will  appear  shortly  and  will  be 
defined  as  introduced.  As  is  evident,  lower-case  symbols  apply  to  the 
physical  variables  while  upper-case  ones  apply  to  their  normalized 
nondimensional  counterparts. 

A possible  disadvantage  of  the  normalization  system  noted 
above  is  that  it  normalizes  the  r variable  to  the  beam  entrance  radius. 
This  has  the  disadvantage  of  measuring  the  radial  coordinate  in  terms 
of  a base,  r^,  which  in  turn  is  a variable  design  parameter.  Also, 
for  a fixed  frequency,  as  the  voltage  is  increased  to  maintain  the  usual 
Ubitron  synchronous  condition^  the  normalized  axial  velocity  V ? 
decreases.  An  alternate  normalization  system  is  to  define  Z = z/r 

cL 

leaving  all  the  other  definitions  as  in  eq.  (2-19).  This  still  leaves 
the  r/ normalization  problem,  but  does  make  the  normalized  axial 
velocity  almost  independent  of  voltage  in  the  100-  to  500-kV  range. 

Still  another  choice  is  to  define  R = r/r  leaving  all  the  other  defini- 

SL 

tions  as  in  eq.  (2-19).  Again,  because  of  the  precursor  program 
noted  above  the  impact  of  a change  in  the  normalization  factors  on  the 
computer  codes  is  negligible  except  for  the  plotting  or  display  routines, 
and,  perhaps  more  importantly,  for  the  case  where  thick  electron 
beams  may  be  considered.  The  influence  of  the  normalization  factors 
on  the  analytical  expressions  is  more  significant  in  terms  of  conven- 
ient handling,  and  a review  would  be  suggested  in  further  work. 

| 
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Normalized  Forms 


In  the  above  and  elsewhere  X.  is  the  free-space  wavelength.  The 

o 

normalized  velocities  and  their  derivatives  can  in  turn  be  expressed 
in  terms  of  the  coordinates,  and  of  their  first  and  second  derivatives. 

The  alternative  forms  of  the  normalized  relativistic  equations 
of  motion  from  eqs.  (2-1  3)  through  (2-1  5)  are 
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As  evident  in  a comparison  of  eqs.  (2-20)  through  (2-22)  with  their 
counterparts  of  eqs.  (2-27)  through  (2-29),  for  these  to  be  identical 
it  is  necessary  that  FR  = - ,>r<  In  the  following  steps  using  eqs.  (2-23), 
(2-26),  (2-11)  the' definitions  of  the  normalizing  parameters  eq.  (2-19) 
and  eq.  (2-30)  we  see  that 
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and  the  identity  is  confirmed. 

b.  Applied  and  Self  Fields  — DC  Case  — Equa- 

tions (2-20)  through  (2-22)  or  (2-27)  through  (2-29)  are  the  exact 
general  normalized  relativistic  equations  of  motion  resulting  from  the 
total  field  on  the  electrons  for  all  cases,  both  dc  and  rf,  applied  and 
self  (from  the  electron  beam)  and  no  approximations  or  assumptions 
have  so  far  been  taken.  To  normalize  these  further,  and  to  put  them 
in  a useful  form  for  writing  the  computer  codes  as  well  as  for  analysis, 
some  initial  approximations  and  assumptions  about  the  applied  fields 
are  required.  Further,  since  we  are  integrating  three  coupled  differ- 
ential equations,  the  values  and  derivatives  of  R,  ®,  and  Z,  must  be 
set.  These  matters  are  now  discussed  for  the  dc  case. 

For  the  simple  Ubitron,  the  applied  dc  fields  are  the  constant 
axial  magnetic  field  (if  any)  and  the  periodic  axial  and  transverse  fields. 
No  tapering  or  jumps  which  might  be  useful  in  an  operating  tube  are 
considered  here.  Means  for  producing  periodic  magnetic  fields  are 
discussed  in  Section  III.  For  the  computer  code  and  analysis  they  are 
given  as 


CO 

B = B + \ B cos  fm  ~ (z  - z )1  I (m  i*\  (2-32) 
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or  in  normalized  form  as  B = B F,  (2-34a)  and  B - B F (2-34b) 

z o 1 r o c. 


Fi  = i + 
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e o b 


(2-3  Sa) 


m = l 


EB 

^ sin  m(Z  - Zg)  Ij  (mRbR) 


(2- 35b) 


m = l 


I,  and  I are  the  usual  modified  Bessel  functions,  z (normalized  to 
1 o e 

Z ) is  an  entrance  "phase"  parameter,  and  the  B^  are  the  harmonic 

field  amplitudes  in  the  series  representation  of  the  space  periodic 

field.  Generally  Zg  = tt/2  corresponds  reasonably  well  to  the  physical 

situation  of  the  beam  entering  an  end  pole  piece  with  an  aperture. 

Minor  variations  from  this  situation  can  be  accounted  for  by  varying 

Z somewhat  from  tr/2.  A more  accurate  specification  would  require 
e 

multiplying  Fj  and  F^  by  a function  of  Z which  modifies  them  in  the 
neighborhood  of  Z = 0 but  nowhere  else.  This  could  be  handled  easily 
in  the  computer  code,  although  probably  not  so  easily  in  an  analytic 
solution.  We  have  not  included  this  additional  factor  here.  Also  note: 
if  Fj  is  defined  without  the  initial  "1"  term,  Fj  and  F^,  or  sums  of 
such  functions,  apply  to  a strictly  periodic  dc  magnetic  field  which  may 
prove  useful  in  some  Ubitron  configurations.  Bq  then  merely  becomes 
a useful  normalizing  constant. 

An  often-used  approximation  is  to  consider  the  dc  axial  flux 
density  to  be  represented  by  a square  wave  of  average  value  Bq  and 
peak-to-peak  amplitude  of  2B^  at  r = ra>  with  Ba  s Bq,  generally 
much  less.  In  this  instance 
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= 0,  m = 2,  4, . . . (2-36) 


This  approximation  was  used  in  the  computer  calculations  to  date  since 

it  was  a part  of  the  early  computer  code  development  which  has  not  yet 

been  changed.  It  is  believed  adequate  for  cases  where  - r^/r^  =4/3 

to  2.  However  at  this  lower  limit  for.^tf  and  for  smaller  values,  the 

more  precise  values  of  B /B  now  available  (see  Section  III)  should 

m o 

be  used  for  calculations  because  of  the  increasing  sensitivity  of  the 
electron  motion  to  the  higher  harmonic  values  of  B /B  for  smaller 
values  o i.it.  Finally,  for  the  configurations  of  interest,  the  applied 
dc  component  Bg  is  taken  to  be  zero. 

It  remains  to  consider  the  magnetic  and  electric  fields  estab- 
lished by  the  electron  beam  itself.  To  do  this  we  must  note  some 
results  obtained  elsewhere,  and  anticipate  some  results  to  be  shown 
shortly.  We  recall  that  electrons  injected  essentially  axially  into  a 
constant  axial  magnetic  field  but  with  some  nonzero  circumferential 
and/or  radial  velocity  will  travel  in  a helical  fashion  along  the  axial 
magnetic  field  lines  spiraling  about  them.^  If  space  charge  forces 
are  neglected,  the  axis  of  the  electron  helical  paths  are  coincident 
with  the  axial  magnetic  field  lines.  This  is  illustrated  in  Figure  II—  3 
where  a tew  of  the  electron  trajectories  are  shown  for  this  case. 

Note  that  the  hollow  cylindrical  beam  of  infinitesimal  thickness  with 
initial  radius  r^  remains  cylindrical  and  of  infinitesimal  thickness  at 
any  z cross  section.  However,  its  radius  varies  by  the  cyclotron 
circle  diameter  as  the  electrons  move  down  the  tube.  For  positive 
initial  Vg,  the  initial  radius  r^  remains  the  maximum  beam  radius. 

For  negative  initial  Vg  , r^  is  the  minimum  radius.  For  a less 
idealized  model,  where  the  injected  beam  would  have  a finite  radial 
thickness  as  well  as  include  the  effects  of  varying  0-  and  r-directed 
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velocities,  thermal  and  space  charge  effects,  the  beam  would  have 

radial  thickness  at  any  z cross  section.  It  is  assumed  here  that  the 

field  and  beam  parameters  are  such  that  the  cyclotron  circle  diameters 

are  less  than  the  hollow  beam  radius. 

If  space  charge  forces  are  included,  even  in  the  idealized  case 

the  centers  of  the  cyclotron  orbits  or  circles  move  slowly  around  the 

2 3 

periphery  of  the  initially  defined  hollow  beam.  If  space  charge 
forces  are  neglected  but  the  constant  plus  periodic  magnetic  field  of 
eqs.  (2-32)  and  (2-33)  is  applied,  the  cyclotron  orbits  are  distorted 
from  their  circular  shape  and  a precession  of  their  centers  also  occurs. 
In  the  presence  of  both  space  charge  and  the  magnetic  fields  one 
expects  a combination  of  these  motions  to  occur. 

In  the  usual  way  it  is  assumed  that  the  orbit  distortions  are 
small  and  that  the  beam  can  be  considered  essentially  the  equivalent 
of  a long  cylindrical  hollow  beam.  Since  the  slope  of  the  trajectories 
with  respect  to  the  z axis  can  be  shown  to  be  approximately  1°  to  2° 
or  less  over  a wide  range  of  the  parameters  of  interest,  this  approxi- 
mation is  quite  suitable.  Also,  the  dc  axial  magnetic  field  resulting 
from  this  motion  for  beams  with  total  currents  in  the  range  of  10  A is 
of  the  order  of  ) 0”  ^ or  less  of  applied  axial  fields  of  interest 
(-5000  Gauss).  Thus  this  magnetic  component  of  the  self  field  and  its 
resulting  forces  appear  negligible.  Similarly,  the  self  Br  field  is  as 
small  or  smaller  and  its  velocity  interaction  forces  are  negligible. 
However,  although  the  self  Bq  field  is  small,  because  it  is  multiplied 
by  vz  in  the  r equation  its  force  term  must  be  considered  at  least  there. 
Again,  for  the  range  of  parameters  of  interest  here,  this  force  term 

turns  out  to  be  small  compared  to  the  dominant  one  of  v*  B , of  the 

0 z 

order  of  5r0.  This  term  should  probably  be  included  if  the  finer  details 
of  the  electron  motion  are  to  be  determined. 

As  for  the  electric  field  intensity  forces,  Eq  is  zero  because 
of  symmetry  and  the  long  beam  assumption.  There  will  be  an  Ez  com- 
ponent because  of  the  cyclotron  orbit  periodicities  as  well  as  other 
axial  variations.  As  will  be  seen,  small  standing  waves  of  charge 
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exist  on  the  beam  because  of  the  influence  of  the  periodic  magnetic 
field  on  the  axial  velocity.  However,  estimates  of  these  effects  show 
that  both  yield  force  terms  several  orders  of  magnitude  smaller  than 
the  major  ones  and  thus  appear  quite  negligible. 

The  radial  dc  electric  field  force  resulting  from  the  beams' 
space  charge  is  not  quite  so  small.  Indeed,  for  currents  of  the  order 
of  4 A,  at  300  kV  and  a beam  diameter  of  3 mm,  the  electric  force 
term  is  comparable  in  magnitude  to  the  vzBq  term  already  noted,  and 
should  be  treated  in  a similar  manner,  i.  e.  , included  for  finer  detail 
determinations.  In  other  than  the  radial  equation,  the  Ef  forces  are 
again  generally  quite  small  compared  to  others. 

With  the  long  beam  approximation  we  write 


and 
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(2-37) 
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where  the  fields  to  this  approximation  really  apply  to  the  electrons  on 
the  outer  periphery  of  the  beam.  For  beams  of  finite  thickness,  Bg 
and  are  both  zero  at  the  inner  radius,  although  in  reality  the  beam 
edges  have  no  sharp  cut-off.  Between  the  inner  and  outer  beam  radii 
B-  and  E vary  between  these  limits  and  can  be  calculated  based  on 
the  assumptions  taken  for  the  current  and  charge  density.  In 
eqs.  (2-37)  and  (2-38)  I is  the  average  or  dc  beam  current,  |ao  and  c 
the  usual  free-space  quantities,  and  v z&v  is  the  average  dc  beam  axial 
velocity  which  is  generally  differs  only  negligibly  (perhaps  1%)  from 
the  entrance  axial  velocity.  If  an  approximate  beam  thickness  Ar  is 
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assumed  or  known  eq.  (2-38)  can  be  expressed  in  terms  of  the  usual 
plasma  frequency 
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(2-40) 


Without  the  self-field  terms  the  beam  trajectories  determined  from 
the  equations  of  motion  are  those  of  the  inner  edge  of  the  beam.  With 
the  terms  included,  the  trajectories  are  for  the  outer  edge  (to  this 
order  of  approximation).  It  will  be  recognized  that  in  order  tc  define 
some  self-field  terms,  we  have  made  assumptions  about  the  cram 
characteristics  for  which  we  now  wish  to  solve.  A common  way  of 
proceeding  is  to  treat  these  terms  as  first  approximation  terms,  to 
solve  the  equations,  and  then  use  this  information  to  improve  the  self 
field  etc.  , continuing  this  iterative  process  with  the  assumption  (or 
proof)  that  it  converges  until  a satisfactory  self-consistent  solution 
results.  For  the  low-perveance  devices  of  major  present  interest 
little  if  any  iteration  may  be  required  for  adequate  trajectory  predic- 
tion. Indeed,  because  of  the  low  perveance,  we  have  so  far  in  our 
computer  and  analytic  results  chosen  to  take  these  self-field  terms 
as  negligible. 

During  the  writing  of  this  report  we  became  aware  of  two  very 
24  23 

recent  references  ’ which  show  essentially  closed-form  solutions 
for  the  self-consistent  trajectories  of  relativistic  cylindrical  electron 
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beams,  both  solid  and  hollow,  immersed  in  constant  axial  magnetic 
fields.  Although  the  author  assumes  constant  sharp  cutoff  radii  for 
the  beam  envelopes  and  considers  the  extreme  high  perveance  regime, 
the  solutions  .shown  and  the  methods  used  to  obtain  them  may  be 
applicable  to  the  problem  here.  Also  very  recently  noted  is  refer- 
ence 26,  which  examines  the  influence  of  the  cyclotron  orbits  and 
different  models  of  space  charge  distribution  on  electron  motion  in 
hollow  beams. 

As  a still  further  indication  of  the  small  effect  of  space  charge 

in  our  range  of  interest  we  obtain  from  the  exact  expression  for  the 

maximum  potential  depression  in  the  beam  in  an  idealized  model  of  a 

27 

hollow-beam  in  an  equipotential  tube  the  following  easily  used 
expression 


mean  beam  radius  and  A the  beam  radial  thickness.  For  a case  of 

interest,  r = 0.  3 x 10"^  m = 2r,  = 30/4  A and  HP  - 2.  5 x 10’^, 

a b 

V . /V  = 0.  9995.  At  least  by  this  measure  the  beam  is  sub- 
min  o ’ 

stantially  unipotential  and  space  charge  potential  depression  is  very 
small  indeed. 


c.  Final  Form,  DC  Equations  — In  view  of  the 

relative  magnitudes  of  the  force  terms  we  can  now  simplify  the  dc  equa- 
tions of  motion  for  a reasonably  broad  range  of  parameters  and  write 
eqs.  (2-20)  to  (2-22)  in  the  following  final  form. 
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In  addition  to  previous  definitions  we  also  have 
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I is  a normalization  current  constant  which  appears  here.  The  middle 
n 

term  on  the  right  hand  side  in  eq.  (2-42)  and  similarly  in  eq.  (2-47) 
and  others  later,  can  also  be  written  as 
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based  on  eqs.  (2-39),  (2-40),  and  the  discussion  there.  AR  is  defined 

as  Ar/r,  . V7  is  the  average  normalized  axial-directed  velocity 
b ^av 


for  which  V , the  normalized  entrance  velocity,  is  probably  an 

Z16 


adequate  approximation.  Also  is  defined  as 
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and  is  a dimensionless  constant.  Comparison  of  eqs.  (2-42)  to  (2-44) 
with  eqs.  (2-20)  to  (2-22)  will  indicate  the  field  force  terms  dropped 
based  on  the  previous  discussion. 

A similar  treatment  of  eqs.  (2-27)  to  (2-29)  yields 
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where 
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A comparison  with  eqs.  (2-27)  to  (2-29)  indicates  the  terms  dropped. 
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Although  the  force  terms  resulting  from  the  radial  space  charge 

force  are  shown  in  eqs . (2-48)  and  (2-49)  little  error  will  generally  result 

if  A ^ is  taken  equal  to  zero  in  both  eq.  (2-48)  and  (2-49)  particularly  in 

eq.  (2-48)  where  the  V V product  occurs.  For  perveance  values  in 
"7  (j  ^ 

the  range  10  to  10  this  is  still  substantially  true  for  eq.  (2-48)  but 
the  term  should  perhaps  be  included  in  eq.  (2-49)  where  the  product 
V ^ V occurs,  although  its  effect  would  appear  quite  small.  This 
implies  similar  comments  regarding  the  F and  F V„  terms  in 
eqs.  (2-43)  and  (2-44).  The  V^Bg  terms  from  eqs.  (2-22)  and  (2-29) 
are  included  in  eqs.  (2-44)  and  (2-49)  respectively,  since  these  can 
be  of  the  order  of  the  other  beam  self-field  terms  retained,  but  still 
small  compared  to  the  dominant  terms. 

Neglecting  the  self  magnetic  field  terms  in  the  above  two  sets 
of  equations  (i.e.,  setting  A , A^,  and  A^  = 0)  makes  both  sets  identi- 
cal in  form.  As  noted  following  eq.  (2-18),  this  would  imply  = 0, 
as  well  as  the  EQ  and  E„  components  already  taken  zero.  In  this 
case  dy/dt  - 0 and  this  results  in  E,  as  defined  in  eq.  (2-25),  remain- 
ing constant  at  its  entrance  value  independent  of  the  electron  position. 
Thus,  the  value  of  the  quantity 


, E(Z)  - E(0) 
E(0) 


(2-51) 


is  a measure  of  the  accuracy  of  the  computer  or  analytic  solutions 
for  the  non-space  charge  assumption.  This  is  discussed  briefly  again 
when  some  of  the  computer  results  are  discussed. 

d.  Entrance  Conditions  — Because  of  the  0 symmetry 

of  the  Ubitron  analytical  model  it  is  evident  that  ® = 0,  R = 1,  and 
Z - 0 are  the  coordinate  initial  values.  Other  choices  of  © merely 
displace  the  trajectories  by  this  amount  in  ©.  However,  since  electrons 
enter  the  Ubition  interaction  space  from  a gun  focusing  configuration, 
for  example  a magnetron  injection  gun  or  a convergent  hollow-beam 
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^un,  they  must  cross  magnetic  field  lines  and  will  have  finite  values 
of  and  V ^ as  well  as  the  major  velocity  imparted  by  the  anode 

voltage.  A completely  immersed  cathode  gun  might  also  be  used,  but 
this  configuration  does  not  appear  a likely  candidate  for  a Ubitron 
device.  Since  these  initial  velocity  values  have  very  significant  influence 
on  electron  trajectories  and  on  Ubitron  performance,  their  values, 
bounds,  and  inter-relationships  must  be  established.  That  the  gun 
design  has  such  major  influence  on  traveling -wave  tube  performance 
is  well  known  (see  for  example  references  15,  23  and  28),  but  the 
required  relationships  do  not  seem  to  have  been  stated  in  relativistic 
form  or  in  the  convenient  normalized  manner  we  desire  here.  Further 
details  regarding  the  electron  gun  design  for  the  Ubitron  are  described 
in  Section  IV. 

From  the  unnormalized  form  for  0 motion  in  eq.  (2-3)  with  the 
relationship  noted  in  eq,  (2-6)  the  former  can  be  stated  as  follows: 


<2-52) 


We  assume  that  Eq  = 0 but  make  no  other  approximations  or  assump- 
tions of  this  point.  Multiplying  eq.  (2-52)  through  by  r and  noting  that 

28 

in  the  usual  way  the  flux  enclosed  in  a circle  of  radius  r given  by 


4j  = | B ^ 2-iTrdr 


(2-53a) 


so 


ddj  = - 2iTr(B  dz  - B dr) 


(2  - 53b) 
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Equation  (2-52)  can  be  written  as 


d(Yrve)  = ^ d4, 


(2-54) 
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on  integrating  between  positions  1 and  2.  The  subscripts  refer  to  the 
values  of  the  quantities  at  the  respective  z coordinate  positions. 
Equation  (2-55)  is  the  well  known  Busch's  theorem  in  relativistic  form. 
It  should  be  recalled  that  y contains  all  the  velocity  components. 

Equation  (2-55)  applies  between  any  two  points  along  the 
electron  beam  in  the  Ubitron  and,  of  particular  interest  here,  between 
the  emitting  cathode  at  z < 0 and  the  entrance  plane  at  z = 0.  If  we 
assume  that  at  the  cathode  Vq  =0  eq.  (2-55)  becomes 


Y r v = -y—  (4j 
‘eeOe  Zn  e 


The  subscripts  e and  c refer  to  the  values  at  the  entrance  plane  at 
z 0 and  at  the  cathode  for  z < 0.  By  assuming  Vqc  = 0,  we  are  for 
the  present  neglecting  the  emission  thermal  velocities.  This  must 
eventually  be  considered  if  a precise  determination  of  the  beam  charac- 
teristics, thickness  or  radial  extent,  velocity  distribution,  noise,  etc. 
is  to  be  obtained.  Since  any  practical  cathode  will  have  an  emission 
surface  extending  over  a range  of  r and/or  z depending  on  the  type 
of  gun,  we  should  really  write  for  every  circular  differential  ring  of 
emis  sion 
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On  the  assumption  that  by  careful  design  and  construction  rCj  - re^ 

r = r and  r - r . <<  r,  i.  e.  , a thin  beam  enters  the  tube 

en_KJ3  b emax  emin  b 

at  the  entrance  plane,  after  summing  both  sides  of  the  relationship 
in  eq.  (2-57)  and  averaging  we  have 
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Actually  all  the  derived  parameters  in  eq.  (2-58)  are  average  values 
but  this  is  only  emphasized  for  4»e  as  defined  by  r^  and  Bz^.  ®zc  *s 
some  average  flux  density  at  the  cathode  and  7c  is  some  average 
cathode  radius.  These  are  somewhat  arbitrary  parameters,  however, 
depending  on  the  type  of  cathode.  The  significant  parameter  is  really 

vc‘ 

It  is  convenient  to  cast  eq.  (2-58)  in  normalized  form  using  the 
definitions  in  eqs.  (2-19),  and  (2-32)  to  (2-35).  With  these  we  obtain 

y V = ^ (*  - C)  (2-61) 
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(not  to  be  confused  with  other  C's  in  traveling  wave  tube  theory)  and 
from  eqs . (2-24)  and  (2-25) 
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1 ' '(t)  1 

RbKtV®eHe. 

(2-64) 

where  again  the  e subscript  refers  to  values  at  Z = 0.  C is  a measure 
of  the  flux  threading  the  cathode  and  the  convergence  factor  or  their 
equivalents  whatever  the  type  of  gun.  From  eqs.  (2-17)  and  (2-18)  we 
see  that 

K.E.  = moc2(y  - 1)  = | e | V (2-65) 

where  V is  the  line  integral  of  the  electric  field  from  the  cathode  where 
the  emission  velocities  are  all  assumed  to  be  zero,  to  an  electron  with 
a K.E.  of  the  value  given  by  eq.  (2-65)  and  related  y. 

Because  of  our  interest  in  low-pe r veance  thin  beams  and 
average  velocity  values,  we  now  assume  that  the  potential  depression 
in  the  beam  is  small.  This  is  equivalent  to  the  assumption  that  the 
space  charge  force  is  small  compared  to  the  other  forces  acting  on  the 
electrons.  We  also  make  the  additional  assumption  that  the  equivalent 
cathode  beam  compression  ratio  is  not  too  high.  This  allows  us  to 
solve  equation  2-65  for  y at  the  entrance  plane 


where  V is  the  cathode-to-anode  voltage.  Then  combining  equations 
2- 64  and  2-66  we  get 
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It  is  convenient  to  define  the  ratios  of  the  radial  and  circum- 
ferential velocities  to  the  axial  velocity  as 


V®Z 


R,  V_ 
v b ® 

tie  e 


ze 


■it 


VRZ 


re 


ze 


RbVR 


(2-69) 


(2-70) 


Taking  V as  the  anode  voltage  is  an  approximation.  The  radial  electric 
fields  in  the  gun  region  will  also  do  some  work  on  the  electrons  and 
V should  be  slightly  different  from  the  anode  voltage.  However  in  a 
typical  case  of  300  kV,  4A,  and  5-to-l  compression  ratio,  an  estimate 
showed  that  the  proper  V differed  from  300  kV  by  about  0.2%.  Other 
situations  will  change  this,  but  if  V in  eq.  2-66  and  beyond  is  con- 
sidered an  equivalent  voltage  only  slightly  different  from  the  anode 
voltage,  the  equations  will  apply  exactly.  Also,  they  will  probably  be 
sufficiently  accurate  at  the  tube  entrance  if  V is  taken  as  just  the  anode 
voltage. 
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With  these  from  eqs.  (2-67)  and  (2-68)  we  find  after  some  manipulation 


Another  expression  of  interest  is 


where  the  sign  is  determined  from  eq.  (2-67).  The  above  equations 
express  the  interrelationships  among  some  of  the  tube  parameters  and 
the  entrance  velocities.  For  example,  the  bounds  on  C can  be  readily 

established.  From  eq.  (2-63),  one  limit  is  C 2 0 on  the  assumption 

% < 

that  the  cathode  flux  is  in  the  same  direction  as  the  entrance  flux. 

The  other  limit  occurs  when  the  voltage  and  gun  configuration  results 
in  only  with  VR  = 0 Z = 0.  From  eqs.  (2-67)  and  (2-68) 

this  upper  limit  is  readily  established  resulting  in 


0 < C S ^ 
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(2-73) 


This  is  obviously  a very  high  upper  limit  and  clearly  much  smaller 
values  must  be  used.  We  believe  a better  upper  limit  bound  can  only 


Reference  15  suggests  a field  reversal  arrangement  in  which  a differ- 
ent limit  than  the  one  derived  here  would  apply. 
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come  from  computer  or  analytic  solutions  to  the  full  equations  of  motion 

which  relate  , VR  » V/  , C,  etc.  to  the  useful  range  of  Ubitron 
e e e . . 

performance.  Incidentally,  from  the  definition  of  ^ it  can  be  shown 
that  generally  ^ = 1 (it  is  identically  1 for  the  usual  case  of  Z = tt/2 
and  the  idealized  model  of  eq.  (2-36)).  The  limited  experience  we 
have  had  with  the  computer  solutions  of  the  equations  of  motion  for 
Ubitron  performance  indicate  that  values  for  C in  the  neighborhood  of 
1 are  most  useful.  This  may  have  some  implications  regarding  pos- 
sible gun  compression  ratios  and  permissible  cathode  loading. 

Some  examination  of  Figure  II- 3 and  consideration  of  the 
trajectories  from  the  cathode  at  Z < 0 to  the  entrance  plane  at  Z = 0 
demonstrates  that  in  a certain  sense  Vp>e  and  V@  are  interchangeable. 
For  any  given  initial  values,  there  are  positions  along  the  trajectories 
at  which  the  transverse  component  of  electron  velocity  is  only  radial 
or  only  circumferential.  These  positions  will  be  at  different  radii. 

In  our  work  we  have  only  assumed  initial  conditions  which  make  the 
cyclotron  radii  smaller  than  r^,  the  normal  beam  radius.  In  the 
computer  runs  to  be  described  later,  we  have  taken  VR  = 0 at  Z = 0 
although  nonzero  values  can  be  used  for  input.  As  already  noted,  we 
have  ignored  thermal  effects  on  the  basis  that  at  least  in  the  model 
this  is  consistent  with  some  choice  of  cathode  - anode  spacing,  magnetic 
field  configuration,  etc. 

The  above  equations  are  relativistically  correct  and  so  also 
apply  in  the  non- relativistic  approximation  but  in  somewhat  simplified 
form.  Nonrelativistic  forms  result  from  setting  = 1 in  equation  (2-61) 
and  using 


2q  V 

2 

c 


in  equations  (2-71)  and  (2-72).  Note  that  c2/r|  = 511.006  x 10^  volts,  or 
l/c2  = 1.95692  x 10~6  volts'1. 
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Final  Form-DC  Plus  Constant  RF  Drive  — In 


e . 

order  to  determine  the  effect  of  the  presence  of  the  TE,.  mode  rf  fields 

on  Ubitron  electron  motion  we  have  written  the  equations  of  motion  for 

the  case  where  a constant  rf  power  TEgj  mode  propagates  down  the 

tube  containing  the  electron  beam.  Solution  of  these  equations  would 

yield  information  about  the  magnitude  of  the  parameters  for  which  a 

small  - signal  theory  applies,  would  give  a useful  picture  of  the  bunching 

mechanism,  and  would  permit  some  estimate  of  possible  efficiency 

in  the  large-signal  regime.  It  would  also  be  a step  in  the  direction  of 

a complete  system  of  equations  leading  to  growing  waves  describing 

the  energy  exchange  between  the  dc  beam  and  the  interacting  TEg^ 

mode  wave  over  the  entire  small-  to  large-signal  regime. 

The  TEqj  mode  field  components  can  be  written  as  follows 

where  their  amplitudes  are  defined  in  terms  of  the  power,  P , which 

29  z 

would  be  transmitted  in  the  absence  of  the  electron  beam 

j (ojt  - 2 tt/\  z-0.) 

Eg  = DJ^r)  e g 1 (2-74) 


f 


where 


D = 


(2-77) 


Additionally,  \qc  is  the  free  space  cutoff  wavelength  for  a tube  of 
radius  r , where  J.(k  r ) = 0.  Thus 
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X z = 1.640  r 
oc  k a 


(2-78) 


and 


Further 


J (k  r )|  = 0.4028 
o'  c a 1 


(2-79) 


(2-80) 


The  entrance  phase  of  the  TE0]  mode  wave  is  0.  which  has  been 
momentarily  described  in  the  usual  complex  notation.  With  the  fields 
defined  as  in  eqs.  (2-74)  to  (2-78) 


P 

z 


'2  TT 


E o H rdrd 
0 r 


(2-81) 


44 


with  * the  usual  complex  conjugate.  All  the  units  are  in  the  MKS 
system  with  in  watts,  Eg  in  V/m,  and  H in  A/m,  and  all  other 
symbols  are  as  previously  defined. 

Insertion  of  the  TE^  mode  field  components  from  eqs.  (2-74) 
to  (2-76)  into  eqs.  (2-20)  to  (2-22)  including  the  applied  and  self  dc  field 
results  in  the  following: 
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where 


= 7.3  x 10  ^ (watts)  ^'2 


(2-85) 


T 


(2-86) 


P = 


3.832 


(2-87) 


and 


4>  = T 


(2-88) 


Alternatively  the  equations  for  the  combined  rf  and  dc  fields  can  be 
expressed  from  eqs.  (2-27)  to  (2-28)  as 
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In  the  above  4>.  varies  from  0 to  2tt. 
i 

The  above  equations  are  in  a certain  sense  unbalanced  in  that 

with  rf  drive  some  field  terms  taken  to  be  negligible  will  become 

important.  Particularly  because  of  axial  rf  bunching  the  E^  and  perhaps 

the  E field  forces  must  be  considered.  No  attempt  was  made  here 
r 
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to  add  these  terms  which  might  be  included  to  sufficient  order  by  the 
ring  model  common  in  large-signal  traveling -wave  tube  theory,  at 
least  for  computer  models.  ^ Additionally  the  magnetic  fields 
resulting  from  the  rf  motion  of  the  electrons,  again  probably  Bg,  and 
possibly  may  become  of  sufficient  magnitude  to  warrant  including 
for  precision. 

D . Computer  Code  Results 

1 . Gene  ral 

Because  of  the  nature  of  the  differential  equations  which 
must  be  solved  and  since  it  was  anticipated  that  any  analytic  solution 
might  be  limited  by  required  approximations  even  aside  from  the  prob- 
lem of  obtaining  numerical  and  easily  displayed  results  from  analytic 
solutions,  two  major  sets  of  equations  of  motion  for  initial  investiga- 
tion of  Ubitron  performance  were  coded  for  computer  application.  One 
set  is  defined  by  eqs.  (2-42)  to  (2-44)  for  dc  fields  and  the  other  by 
eqs.  (2-82)  to  (2-84)  for  dc  plus  constant  power  rf  TE^j  mode  fields. 

So  far  the  codes  do  not  include  the  self  fields  of  the  beam  shown  in  the 
equations,  space  charge  etc.,  but  these  could  be  included  easily  in 
the  next  generation. 

As  presently  established  the  codes  require  only  the  physical 
parameter  inputs,  i.  e.  , voltage,  frequency,  electron  gun  entrance 
parameter,  magnetic  field  modulation  parameter  and  entrance  phase, 
average  magnetic  field,  and  beam/tube  ratio.  The  nominal  tube  radius 
is  determined  for  Ubitron  synchronous  performance  at  the  stated 
voltage  and  the  entrance  velocities  are  then  determined.  All  these  are 
then  normalized  and  used  as  input  to  the  integration  program.  At  the 
operator'  s choice  the  program  can  then  be  run  for  variations  in  voltage, 
frequency,  etc.  on  the  assumption  that  the  physical  parameters  in  a 
tube,  such  as  the  tube  radius,  magnetic  period,  gun  parameters,  etc. 
remain  fixed.  For  the  dc-plus-rf  code  additional  inputs  are  the  power, 

P , and  the  wave  phase,  4>..  A plotting  routine  is  part  of  these  pro- 
grams and  can  be  used  to  plot,  R,  ®,  Z,  etc.  as  a function  of  axial 
position. 
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In  addition  to  the  codes  for  integrating  the  equations  of  motion, 
two  additional  ones  are  available  which  use  the  output  of  these  inte- 
grations. In  one  case  the  code  directs  plotting  R vs  © as  a function  of 
the  electron' s position;  in  the  other  a beam  factor,  the  weighted  first 
harmonic  velocity  squared  for  use  in  the  cylindrical/planar  equivalence 
model,  is  computed  via  a correlation  integral.  All  of  the  codes  are 
described  in  further  detail  in  Appendix  A. 

2 . Proof  Tests 


To  establish  some  confidence  in  the  computer-generated 
results  two  types  of  simple  proof  tests  were  made.  In  one  type  the 

= 0,  Z 


entrance  conditions  were  R 1, 

e 


and  V, 


= dZ/dTL 


0 and  VD  = 0,  = 0, 

Re  ®e 


= V. 


Ze  '“|T=Z=0  ' Ze' 

set  to  zero  but  not  the  average  axial  field,  i.e.,  B 


The  periodic  magnetic  field  was  also 

0 in  eq.  (2-36) 


or  Fj  = 1.  This  is  equivalent  to  launching  the  electrons  strictly 

axially  into  the  magnetic  field  parallel  to  the  magnetic  field  lines.  The 

electrons  should  travel  axially  in  straight  lines  with  the  initial  input 

velocity  with  solutions  R = 1,  ® = 0,  Z V T,  V n = 0,  = 0,  and 

z e K vD 

V^,  = dZ/dT  = V Exactly  these  solutions  resulted  to  the  eight 
significant  figures  available  from  the  computer  printout.  In  view  of 
the  straight-line  character  of  these  results  they  are  not  displayed 
here. 


A somewhat  more  stringent  test  resulted  from  the  two  cases 

for  input  conditions  given  by  R = 1,  ® = 0,  Z =0,  = 0, 

r 55  ' e e e Re 

V = + 0.  0075,  V = dZ/dT„  = 0. 397,  and  for  the  same  condi- 

®e  Ze  T=Z0 

tions  except  for  = -0.0075.  Here,  too,  B = 0 or  F,  = 1 was 
^ ®e  a 1 

taken.  This  is  equivalent  to  launching  electrons  with  either  positive 
or  negative  directed  velocities  into  a constant  magnetic  field,  taken 
here  as  7000  gauss.  Other  parameters  of  choice  or  derived  are: 


1.96,  v = 1.593  1,  v - 0.2080,  R,  = 1.55 
X0  C b 
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These  are  equivalent  to  electrons  with  an  entering  energy  of  slightly 

over  300  keV  with  a z directed  velocity  of  nearly  0.8c  and  a 0 directed 

velocity  of  nearly  0.  03c.  It  can  be  shown  that  electrons  so  launched 

22 

follow  helical  paths  which  in  our  notation  have  a radius  of 


c 

=F 


(2-92) 


where  the  r indicates  that  for  Vge  > 0 the  paths  are  inside  the  launching 

radius  (r  ) whereas  for  v„  < 0 the  paths  are  outside  (r  ,).  The  nor- 
c - Be  c + 

malization  notation  of  eq.  (2-19)  is  used  here.  As  further  normaliza- 
tion with  2r^  the  diameter,  d^,  of  the  projected  cyclotron  circles  we 
have 
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Further  with  d^  < r^  it  can  be  shown  that  the  maximum  total  angular 
excursion  of  the  projected  cyclotron  circle  is  given  by 


0 =2  cos 

max 


y ®e 
1 c 


(2-94) 


and  here  the  actual  sign  of  V ^ must  be  used.  Finally,  since  the 
velocities  are  invariant  it  follows  in  normalized  parameters  that  the 
time  per  cycle  is  given  by 


T _ 2tt 
per  cycle  y ^ 


(2-95) 
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Figures  1 1 - 4 and  1 1 — 5 show  results  of  the  two  test  cases  run  with 
the  parameter  values  indicated  above.  As  read  from  the  computer 
plotted  graphs,  the  diameters,  maximum  angular  excursions,  and 
normalized  times  per  cycle  agree  with  theoretical  predictions  from  the 
given  input  data  to  within  3 or  4 significant  figures.  Z vs  T is  a 
straight  line  and  is  consequently  not  shown.  The  circles  are  physically 
the  same  size  but  appear  of  different  size  in  the  graphs  because  of  the 
manner  of  scale  choice  by  the  plotting  routine. 

Note  that  in  Figures  II-4  and  II—  5 ) the  R versus  ® plots  may  not 
appear  as  true  circles  because  R and  ® are  plotted  as  rectangular 
coordinates  similar  to  a logarithmic  transformation.  Actually  the  plots 
do  not  completely  indicate  the  available  accuracy  from  the  codes. 
Examination  of  some  printout  data  showed  that  for  the  step  size  used 
in  these  examples  an  accuracy  of  4-to-5  significant  figures  was 
achieved,  and  greater  accuracy  may  be  available. 

3 . Ubitron  Type  Fields  - DC  only 

Many  computer  runs  for  electron  motion  in  a Ubitron- 
type  magnetic  field  for  dc  conditions  only  were  made.  Generally  these 
were  for  conditions  equivalent  to  300  kV  with  a magnetic  period  of 
0.6  cm  and  an  eventual  operating  frequency  of  94  GHz.  Most  of  the 
runs  were  for  the  condition.^  = 2.0  i.e.,  the  beam  radius  half  the  tube 
radius  but  a few  were  made  for  . J/i  = 1.33,  the  beam  radius  3/4  of  the 
tube  radius.  The  parameters  usually  varied  were  B /Bn,  or  equiv- 
alently  B^/Bq,  and  V Time  did  not  permit  an  exhaustive  examina- 
tion of  the  influence  of  the  various  parameters,  but  from  the  available 
runs,  the  theory  in  the  latter  part  of  this  section  and  elsewhere  in 
this  report,  some  general  trends  are  quite  evident. 

Figures  11-6,  II-7,  and  II - B show  some  examples  of  the  results 
obtained.  The  conditions  which  pertain  to  each  case  are  indicated  in 
the  figures.  In  all  cases  the  electron  motion  was  determined  for 
20tt  > Z 2 0 equivalent  to  10  magnetic  periods,  i.  e.  , 10  L.  This 
seemed  sufficient  to  determine  the  major  characteristics  of  electron 
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Figure  II-4.  Proof  runs  for  program  2 DC  relativistic  electron  equations 
of  motion  - cyclotron  circles, V_  = + 0.  0075. 
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Figure  II-5.  Proof  runs  for  program  2 DC  relativistic  electron  equations 
of  motion  - cyclotron  circles, V = - 0.  0075. 
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Figure  II- 6 . 

Computer  solutions  for  DC  only  equations  of  motion  for  Ubitron  conditions:  B , Bq 

0.  1,  Bg  = 5000  gauss  V = 3C0  Kv,  /\C,  = 0.  018,  /V^  = 0.  0 (cathode  beam 

compression  ratio)  = 0.91,  R = 2.0,  S = %/  2 magnetic  period  for  synchrorons 
operation  at  94  GHz  = L = 0.  6 cm. 
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Figure  II- 7 . 

Computer  solutions  for  DC  only  equations  of  motion  for  Ubitron  conditions:  B.  B-. 

0.  1 , Bq  = 7000  gauss  V = 300  Kv,  V@  /VZe  = 0.  027,  VR  /Vz  = 0.  0,  (cathode  team 
compression  ratio)  = 0.89,  R = 2.  0,  =‘%/2  magnetic  perilod  for  synchrorons 

operation  at  94  GHz  = L ~ 0.  6 cm. 
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Figure  II-8. 

Computer  solutions  for  DC  only  equations  of  motion  for  Ubitron  conditions:  Bj,-  Bq  = 

0.1,  Bq  = 7000  gauss,  V = 300  Kv,  V@e/V£e  = 0.04,  Vpe/V£e  = 0,  (cathode  beam 
compression  ratio)  = 0.  89,  R = 1. 33,  Ze  = it/ 2 magnetic  period  for  synchrorons 
operation  at  94  HGz  = L * 0.  6 cm. 


motion.  Figure  II-6  shows  the  electron  motion  for  the  case  where 
Bj/Bq,  the  magnitude  of  the  dominant  magnetic  harmonic,  is  0.1, 
about  half  the  maximum  value  currently  considered  practical  for  an 
average  axial  field  of  5000  gauss.  Considerable  distortion  of  the 
cyclotron  circle  is  evident  in  the  R vs  ® plot  of  (Figure  II-6)  as  well  as 
the  procession  in  © of  this  distorted  circle.  It  should  be  recalled  that 
no  space  charge  or  other  self  fields  from  the  beam  are  included  here. 
Figures  II-6a,  b,  and  c show  the  presence  of  the  harmonic  of  interest 
but  still  show  the  predominant  cyclotron  circle  motion  of  the  electrons. 

If  we  define  a quantity  F(Z,  Zq)  = Z - Zq  where  Zq  = V^T  is 
the  position  of  the  electron  in  the  absence  of  the  periodic  magnetic 
field 


Z 


f F(Z , ZQ) 


(2-96) 


Figure  II-6d  shows  that  the  average  electron  velocity  is  slowed  some- 
what, since 


dZ 

dT 


the  average  dF/dT  being  negative.  Indeed  the  average  reduction  in 
axial  velocity  appears  nearly  constant,  although  in  fact  it  is  not.  The 
reduction  is  a result  of  some  of  the  axial  energy  going  into  tra  .sverse 
components.  Also  because  of  the  periodic  nature  of  F(Z,  Zq)  it  is 
evident  that  time  invariant  standing  waves  of  charge  exist  on  the  beam, 
since  electrons  leaving  the  entrance  plane  will  slow  down  and  speed 
up  as  a result  of  the  periodic  magnetic  field.  It  is  also  evident  that, 
based  on  the  values  shown  for  F(Z,  Zq)  for  the  conditions  of 
Figure  II - 6 , the  average  velocity  change  and  the  charge  standing  wave 
effects  are  relatively  small.  This  has  been  true  of  the  range  of  parameter 
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values  so  far  investigated  and  seems  to  pertain  generally.  Incidentally, 
since  Z - Zq  vs  T is  so  small  Z vs  T is  not  shown,  since  it  is  a straight 
line  in  any  sensible  scale.  It  should  be  noted  again  that  these  results 
are  for  the  case  of  no  rf  power  present. 

Another  plot  of  interest  regarding  Z motion  is  shown  in 
Figure  II-6e  where  DELTZ  is  defined  as 

DELTZ  = Z - Z , --•?—  (2-97) 

end  T , 
end 

where  Z , and  T , are  the  normalized  true  position  and  elapsed 
time  at  the  end  of  an  integration  run.  DELTZ  is  an  indication  of  the 
deviation  of  the  electron  velocity  as  a function  of  time  or  distance  from 
some  average  velocity  for  a given  total  distance  or  time  as  evident 
from 

d(DELTZ)  Zend 

dT  VZ  ” T , Z Zav(O-end) 

end 

It  will  be  noticed  that  all  the  computer  plots  are  shown  as  functions  of 
T but  a Z scale  is  also  shown.  In  view  of  the  remarks  in  connection 
with  Z - Zq  above,  the  graphs  versus  either  variable  appear  negligibly 
different.  However,  in  considering  Ubitron  performance  details  this 
difference  must  be  considered.  For  example  in  Figure  II-6d  Z - Zq 
= -0.  014  at  the  end  of  10  periods,  or  the  electron  is  displaced  only 
0.  2 % of  a period;  on  the  other  hand  as  seen  from  Figures  II-7e  and  II-8e, 
for  the  conditions  there  Z - Zq  is  about  7 to  35  times  this  value 
respectively.  In  these  cases,  and  particularly  the  latter,  this  devia- 
tion would  be  significant.  Since  Z is  available  from  a data  storage 
file  as  a result  of  the  computer  integration,  the  plotting  subroutine 
could  easily  be  altered  to  plot  the  variables  versus  Z rather  than  T. 
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Figure  II— 6 f refers  to  the  error  6 as  defined  in  eq.  (2-51), 
where  in  the  related  discussion  it  was  noted  that  in  the  absence  of  the 
beam  self  fields  or  other  electric  fields  6 should  be  zero.  As  seen  in 
Figure  II-6e  values  of  less  than  10  ^ are  encountered  during  the  entire 
run.  Since  the  baseline  value  of  E(0)  in  this  and  the  other  cases  shown 
is  close  to  0.  16,  it  seems  clear  that  a rather  accurate  definition  of  the 
electron  motion  has  been  achieved. 

Figure  II-7  show's  a similar  set  of  graphs  where  the  axial 
magnetic  field  has  been  increased  to  7000  gauss,  B^/Bq  has  been 
almost  doubled  so  that  Bj/Bq  is  nearly  0.  19,  the  initial  6 directed 
velocity  has  been  increased  by  50%,  but  the  other  parameters  remained 
substantially  the  same.  Some  examination  indicates  that  the  basic 
motion  of  the  electrons  has  changed  even  more  than  for  the  case  shown 
in  Figure  II-6.  Because  of  the  scale  choice  of  the  plotting  routine  this 
is  not  immediately  obvious  from  the  R and  ® plots  but  the  value  of 
F(Z,  ZQ)  = Z - Zq  at  the  end  of  the  run  in  Figure  II-7d  (-0.  105)  com- 
pared to  that  in  Figure  2-6d  (-0.014)  shows  the  change  in  the  former 
resulting  from  the  parameter  changes. 

Finally,  Figure  II- 8 is  for  all  parameters  identical  to  those  in 
Figure  11-7  except  for  a change  in  the  entrance  radius  of  the  beam.  In 
Figure  II- 7 ,'/i-  r Jr b = 2.0,  whereas  in  Figure  II- 8 , ,'Jt  - r J r ^ = 1.33. 

In  the  latter  case  the  closer  position  of  the  beam  to  the  wall  with  sub- 
stantially larger  value  of  the  dominant  magnetic  field  harmonic  (and 
other  harmonics  as  well)  causes  quite  discernible  differences  in  the 
electron  motion  as  compared  to  those  shown  in  Figure  II- 7 . Again  as 
a measure  of  the  change  the  end  value  of  F(Z,Zq)  = Z - Zq  in 
Figure  II-8d  (-0.475)  should  be  compared  with  that  in  Figure  II-7d 
(-0.  105). 

4.  Ubitron  Type  Fields  - DC  plus  Constant  RF  Drive 

As  the  present  study  program  came  to  a close  this  com- 
puter code  had  been  substantially  debugged  and  was  available  for  final 
proof  runs  and  use.  Unfortunately  time  did  not  permit  obtaining  results 
even  to  the  extent  available  from  the  dc  only  code.  However  some  early 
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tests  had  indicated  that  for  values  in  the  range  of  100  to  1000  watts 
for  the  TE()]  mode,  a dc  voltage  of  300  Kv,  and  with  the  other  param- 
eters in  the  range  already  used  in  the  dc-only  runs,  the  electron  motion 
as  determined  from  the  direct  R and  © plots  was  not  substantially 
altered.  In  one  case  examined  the  energy  difference  measure  6 as 
defined  in  eq.  (£-51)  showed  an  increasing  amplitude  envelope  with 
increasing  Z as  might  be  expected.  A better  measure  of  the  increas- 
ing kinetic  energy  imparted  by  the  rf  mode  might  be  y which  is  also 
available  from  the  computer  run;  indeed  perhaps  even  better  might  be 
V"  since  it  is  only  this  velocity  and  resultant  charge/current  compo- 
nent which  interacts  with  the  Eq  component  of  the  TEQ1  mode  wave. 

In  any  case,  it  is  recommended  that  in  any  future  work,  the 
quantities  which  should  be  displayed  are  the  differences  between  the 
dc-only  and  the  dc-plus-rf  parameters.  These  would  be  available  from 
runs  of  the  available  codes  and  are  the  quantities  of  interest.  Indeed 
these  are  the  polarization  parameters  noted  in  the  prior  discussion. 
Further,  such  a separation  would  permit  easy  observation  of  the  bunch- 
ing action  as  well  as  other  items  of  interest  in  Ubitron  performance. 


Equivalence  Theory  — Hybrid  Small  Signal  Approach 


1.  Concept  and  Prior  .Small  Signal  Theory 


Even  with  a complete  small- signal  theory  which  would 
come  from  the  solution  of  the  closed-loop  system  of  the  circuit  and 
electronic  equations  as  discussed  in  paragraph  B.  of  this  section,  it 
would  be  convenient  and  useful  as  a check  to  have  an  alternative 
approach.  Since  the  electron  dc  motion  plays  an  important  role  in  any 
useful  solution  and  since  we  now'  have  from  the  computer  code  means 
for  accurate  prediction  of  such  motion,  the  question  naturally  arises 
whether  this  tool  could  be  used  in  combination  with  the  available  planar 
she.et  beam  small- signal  theory  of  the  Ubitron^  to  achieve  useful 
performance  estimates.  Even  with  adeqate  analytic  solutions  to  the 
dc  motion  which  now  appear  available  or  possible,  it  would  be 
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convenient  to  use  these  in  a similar  hybrid  manner,  in  addition  to  the 
considerably  more  complex  and  difficult  wave  solution  on  the  assump- 
tion that  this  latter  can  be  achieved  and  put  in  useful  form. 

The  following  discussion  develops  what  we  call  an  equivalence 
theory  via  a hybrid  small- signal  approach.  It  combines  the  results 
from  the  available  dc  relativistic  motion  computer  code  to  determine 
those  major  parameters  in  the  previous  small-signal  planar  sheet 
beam  theory  which  would  be  affected  by  nonplanar  motion.  Thus  it 
accounts  for  both  the  cylindrical  nature  of  the  Ubitron  model  of  current 
interest  as  well  as  for  the  true  radial  motion  of  the  electrons.  Such 
hybrid  or  equivalence  approaches  are  of  course  not  uncommon  in 
traveling-wave  tube  theory,  and  elsewhere.  However,  some  possible 
novelty  may  attach  to  the  development  here  because  of  the  manner  of 
extracting  the  parameters  of  interest  via  the  use  of  some  of  the  methods 
of  generalized  harmonic  analysis,  particularly  the  use  of  the  autocor- 
relation function.  Although  used  in  a simple  way  here,  it  seems  quite 
possible  that  these  tools  will  prove  quite  useful  in  future  work  in  deter- 
mining Ubitron  amplifier  performance  particularly  as  regards  non- 
linear or  large  signal  operation  and  also  as  regarding  noise  performance 
and  spectral  output. 

Asa  major  determinant  of  performance  and  of  interest  here  in 
the  notation  of  Reference  2: 
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(2-98d) 


This  concept  of  equivalence  has  been  noted  briefly  in  paragraph  C.  1 

and,  indeed,  for  a large  radius  beam  and  with  motion  in  the  x direction 

allowed,  the  equivalence  between  a planar  model  and  a cylindrical 

model  would  be  quite  close.  In  the  planar  model  of  reference  2,  x 

and  v were  taken  as  zero.  The  mode  of  interest  in  the  planar  model 
x r 

has  Ey  as  the  only  rf  electric  field  component  and  the  mode  of  interest 
in  the  cylindrical  model,  the  TE^  mode,  has  E^  as  the  only  rf  electric 
field  component.  Further,  in  eq.  (2-98),  (3^  = w/v0  where  w is  the 

radian  frequency,  v is  the  dc  axial  velocity  (assumed  equal  to  the 
entrance  axial  velocity),  yQ  is  the  maximum  amplitude  of  the  directed 
velocity  resulting  from  the  action  of  the  transverse  magnetic  field, 

V and  Iq  are  the  dc  beam  voltage  and  current  respectively,  and  P is 
the  power  carried  in  the  mode  of  interest  with  maximum  amplitude  E^. 
It  is  assumed  in  the  planar  model  that  the  sheet  beam  maintains  its 
position  at  the  maximum  of  the  E field. 

p y 

If  we  rewrite  eq.  (2-98a)  in  the  notation  of  this  report  using 
the  planar-to-cylindrical  equivalence  of  eq.  (2-99)  and  the  definitions 
above  we  find 
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In  eq.  (2-100)  Vg^  is  defined  as  the  amplitude  of  the  0 directed  velocity 
corresponding  to  yQ  in  the  planar  model.  The  subscript  is  attached 
since  it  is  only  this  harmonic  of  the  G directed  velocity  which  has  the 
periodicity  of  the  transverse  magnetic  field  which  results  in  the  inter- 
action of  present  interest  at  or  near  the  synchronous  voltage.  The 
point  here  is  that  because  of  the  complicated  motion  of  the  electrons  it 
can  be  anticipated  that  the  total  velocity  will  contain  harmonics  of  this 
periodicity  and  possibly  others,  as  well  as  some  other  nonperiodic 
components.  Further,  since  Eq  varies  with  radius  the  electrons  will 
be  acted  on  by  this  radially  varying  field.  Also,  because  of  the  i adially 

varying  position  of  the  electrons  the  value  of  I to  use  in  eq.  (2-100) 
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will  be  affected.  In  this  sense  C will  vary  with  axial  position,  and  to 

u ’ 1 

estimate  tube  performance  we  need  to  know  the  effective  or  weighted 

value  of  E„v^,I  . Thus  we  wish  to  determine  the  value  of 
0 G 1 o 
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where  the  factor 
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is  essentially  invariant  to  electron  motion  and  the  factor  (E^v^I  ) ,, 
is  a function  of  that  motion.  Additionally  there  is  a correction  to  be 
made  when  the  operating  voltages  are  in  the  relativistic  range.  This 
correction  is  described  below. 

2.  Relativistic  Corrections  to  the  Small-Signal  Gain 

Theory  of  Ubitrons 

Because  of  our  interest  in  high-voltage  designs,  it  has 
been  necessary  to  make  relativistic  corrections  to  the  small-signal 
theory  previously  given  in  the  G.E.  work  by  Bacon,  Enderby,  and 
Phillips.^  The  detailed  derivation  of  these  corrections  is  given  in 
Appendix  B and  summarized  here  for  convenience. 

The  small- signal  derivation  begins  with  the  relativistically 
correct  force  equation  which  was  previously  given  in  equation  (2-12). 

By  using  this  equation  we  have  shown  that  the  existing  G.E.  small-signal 
analysis  work  can  remain  in  essentially  the  same  form  with  only  the 
addition  of  relativistic  correction  factors  which  are  functions  of  y. 
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Then,  using  the  previous  arguments  which  relate  the  cylindrical  to  the 
planar  geometry,  we  have  arrived  at  a relativistically  correct  small- 
signal  theory  for  cylindrical  Ubitrons. 

Table  II- 1 gives  a summary  of  these  relativistic  correction 
factors  along  with  the  corresponding  TWT  and  classical  Ubitron 
parameters  from  the  G.E.  work.  The  definitions  of  the  variables  are 
given  in  Table  II-2. 

When  all  of  the  relativistic  factors  shown  in  Table  II- 1 are 
combined  in  the  evaluation  of  the  small-signal  gain  parameter  C^,  we 
get  the  following  result. 
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Small  Signal  Parameters  for  TWT,  Classica 


Table  II-2.  Definition  of  Small  Signal  Analysis  Variables 
in  Table  I 


C = Pierce  small  signal  gain  parameter  for  the  T WT 

= equivalent  small  signal  gain  parameter  for  the  Ubitron 

K = TWT  interaction  impedance 

K1  = Ubitron  interaction  impedance 

b = Pierce  velocity  parameter  for  TWT 

b1  = equivalent  Ubitron  velocity  parameter 

A = Ubitron  undulation  parameter  (equals  the  ratio  of  the 
peak  transverse  velocity  to  the  longitudinal  velocity) 

R = beam  impedance  = V /I 
o r o o 

Eg  = peak  electric  field  at  the  beam  for  the  TE^  circular 
waveguide  mode 

P = rf  power 


= circuit  propagation  constant 
= 2tt/L  where  L is  the  magnetic  period 


relativistic  factor 


= peak  radial  component  of  the  magnetic  field  harmonic  at 
the  beam  radius 


dc  beam  velocity 
velocity  o f light 


The  relativistic  factor  on  the  rhs  of  (2-102)  is  plotted  as  a function 
of  voltage  in  Appendix  B.  This  plot  shows  that  the  relativi stically 
correct  gain  parameter  is  one-half  the  classically  predicted  value  when 
the  design  voltage  is  400  kV.  The  relativistic  correction  is  therefore 
very  important  for  operating  voltages  above  100  kV. 

By  comparing  ec  uation  (2-101)  to  the  equation  for  in 
Table  II- 1,  we  see  that  the  proper  relativistic  correction  to  equation 
(2-101)  is  to  multiply  by  the  factor 
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_ V (Y  + 1 ) _ ' 

The  remaining  relativistic  correction  to  the  peak  transverse  dc  velocity 
Vq  is  accounted  for  through  the  dc  beam  analysis.  Thus  the  beginning 
point  for  the  derivation  of  the  small-signal  equivalence  theory  is 
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where  a value  for  (E^v^.I  ) r.  is 

0 01  o eff 

of  the  beam. 


to  be  determined  from  the  dc  motion 


3 . Derivation  of  Equivalence  Beam  Factor 

Consider  a function  of  z which  can  be  expressed  as  a sum 
of  several  fourier  series  with  different  and  unrelated  periods.  Thus 
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. . . are  incommensurate  numbers 


r 


where  Z = (Ztt/L)  z,  p^,  p-,,  . . . p^, 

such  that  p /p  4 integer,  and  0 , 4>  , 3 , etc.  are  appropriate  phases. 

rm  n n n rn 

We  assume  each  fourier  series  is  convergent  in  the  usual  sense, 
with  well-behaved  coefficients.  From  generalized  harmonic  analysis 
or  by  carrying  out  the  operation  we  find 
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If  now  we  allow  Z -*■  00  and  then  integrate  further  as  follows  we  find 
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The  above  is  the  usual  autocorrelation  function  approach  to  obtain  the 
mean  square  values  of  the  amplitudes  of  the  harmonics  of  a periodic 
function.  As  a practical  matter,  and  as  we  shall  see  shortly,  Z in 
in  eq.  (2-106)  need  not  be  large  for  good  convergence  to  result.  In 
eq.  (2-104)  for  generality  an  additional  nonperiodic  function  of  Z of 
the  appropriate  form  should  be  added  to  f(Z)  but  this  would  represent 
a noise  term  which  in  the  present  model  has  not  been  included. 
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As  evident  from  Figure  II- 3 and  the  associated  remarks  there, 
in  the  ideal  case  of  a very  thin  beam  and  in  the  absence  of  space 
charge  the  envelope  of  the  beam  will  be  modulated  slightly  from  its 
constant  entrance  value.  If  we  assume  that  r(z),  [ 6r(z)),  p(z)  and 
dz/dt  are  the  radius,  thickness,  charge  density,  and  axial  velocity 
respectively  of  the  electrons,  the  axial  current  is  given  by 
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We  write  since  for  exactness  we  would  need  to  integrate  over  the 

true  values  of  the  variables  as  a function  of  both  r and  z which  can  only 
come  from  a self-consistent  solution  of  the  equations  of  motion.  At  the 
entrance  plane  from  eq.  (2-107) 
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With  this  and  eq.  (2-107) 
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(2-109) 


On  the  basis  of  an  assumed  thin  beam  where  the  z positions  of  the 

electrons,  their  radial  positions,  and  their  velocities  differ  only 

slightly  (since  the  initial  entrance  radial  positions  differ  only  slightly) 

we  assume  ( 6r(z)l  p(z)  = f 6r|  p and  dz/dt/v  = 1 to  obtain 
i j i e e ze 
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where  we  recall  the  normalizing  parameters  of  eqs.  (2-19).  We  now 

assume  that  v.,  is  given  by  eq.  (2-104)  where  a = v,  , a,  = v_,,  etc. 
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and  the  and  correspond  to  velocity  amplitudes  of  other  harmonics 
which  may  be  present.  In  addition  the  TE^j  mode  is  given  by  eq.  (2-74) 
and  I by  eq.  (2-110).  Then  using  the  autocorrelation  integral  to  filter 
out  the  weighted  component  of  interest  (n  = 1),  we  have 
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Substituting  from  eq.  (2-74) 
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The  4/L  factor  is  a normalizing  factor  which  appears  because  of  the 

integration  intervals.  Also,  it  should  be  recalled  and  emphasized 

that  r in  J . (k  r)  is  a function  of  z. 

1 c 

We  now  show  that  eq.  (2-1  lib)  reduces  to  the  expected  values 
for  a few  easily  understood  limiting  cases.  First  consider  that  the 
radial  variation  in  the  electrons'  position  is  ngeligible,  i.  e.  , r = r} 

= constant.  We  would  have 
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With  the  results  of  eqs.  (2-105)  and  (2-106)  we  find 


,E0''01I„>erf  = DVXrb>  V01 

r=  r. 


(2-113) 


which  is  precisely  what  one  would  expect  for  this  condition. 

On  the  other  hand  consider  the  case  where  only  the  dominant 
harmonic  of  the  veloc  ity  is  p re  sent,  i.  e . , vQ  = vQ  j sin  (Ztt/L  z - 0 ^ ) 
but  the  electron's  radial  position  is  variable.  For  the  moment  assume 
the  effect  of  the  beam's  radial  motion  on  the  dc  current  is  negligible, 
i.e.,  ineq.  (2-1  1 lb)  take  r (z) / ~ 1.  In  thi s case  we  have 
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The  term  in  the  bracket  is  proportional  to  the  rms  value  of  the  Eq  field 

which  one  would  anticipate  as  the  correct  factor  from  the  original 
3 

definition  of  in  eq.  (2-101)  and  for  this  case.  Finally,  consider  the 
somewhat  hypothetical  case  where  the  rf  electric  field  is  constant  over 
the  radial  region  in  which  the  beam  moves  and  where  only  the  dominant 
harmonic  of  the  velocity  is  present.  In  this  case  we  have  from 
eq.  (2-1  11a) 
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where  the  term  in  the  braces  is  nowthe  average  radius  of  the  beam,  the 

position  where  an  equivalent  constant  radius  beam  would  be  expected. 

2 2 

The  expression  for  *£-0vQo^o)eff  equals  the  expected  value  for  each  of 
the  special  cases  and  is  therefore  believed  to  be  in  the  proper  form 
for  using  in  the  planar  small  signal  theory  as  an  equivalence  factor 
for  obtaining  results  for  a cylindrical  model. 

In  view  of  the  form  of  eqs.  (2-105)  and  (2-106)  some  consideration 
was  given  to  using  J^[kcr(z)l  Jj[k^r(z  + z')]  in  the  integrand  of 
eq.  (2-112)  rather  than  J^[k^r(z)|  . A It  hough  the  former  may  be 
formally  more  correct,  it  was  argued  that  since  we  are  correlating 
on  the  natural  0 periodicity  of  fundamental  period  L whereas  r has  a 
much  larger  natural  periodicity  (it  will  also  have  an  L periodicity  which 
would  be  accounted  for)  the  latter  is  adequate  and  simpler  both 
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computationally  and  analytically.  Further  using  the  expression  for 

33 

Jj(x  + y)  we  examined  the  influence  of  using  the 


Jj  k^r(z)]  Jj[  k^r(z  + z')] 


form  as  opposed  to  the  Jjfk^rfz))  form  for  deviations  in  r/r^  of  ±10% 

and  ±20%.  Although  those  deviations  were  taken  around  the  peak  of 

the  J.  function  where  the  effect  would  be  minimized,  the  difference  in 
1 2 2 

the  resulting  value  of  v0 1 ''"o^eff  WaS  anc*  re spectively.  In  view 

of  this  and  the  relatively  small  impact  on  values  in  eq.  (2-103) 
the  J2[  k^rfz)]  form  was  retained,  although  this  matter  should  be 
reviewed  in  the  future. 

Of  possibly  more  importance  in  the  equivalence  factor  are  the 

assumptions  regarding  the  beams'  charge  density  and  ultimate  shape 

and  the  resulting  influence  on  lIQ)e£f  Other  assumptions  regarding  the 

electron  beam,  for  example  parallel  electron  paths,  constant  charge 

density,  and  nominal  beam  thicknesses,  led  to  integration  of  the  j/ 

2 2 1 

function  and  the  appearance  of  the  factor  r /r,  in  the  integrand  in 

b 2 2 

eq.  (2-112).  Still  other  assumptions  led  to  just  the  r /r^  factor.  In 
view  of  the  tentative  nature  of  these  assumptions,  pending  more  infor- 
mation about  the  true  distribution  in  the  beam,  it  was  deemed  appropriate 

to  leave  the  (£2v^,I  ) ,,  factor  in  its  present  form  in  eq.  (2- 11  lb), 
u u i o ell 

again  since  an  estimate  of  the  influence  of  the  different  assumptions 
indicated  no  very  major  impact  on  C in  eq.  (2-101). 

It  is  useful  to  put  eq.  (2-1  lib)  in  normalized  form.  With  use  of 
the  normalization  parameters  of  eq.  (2-19)  we  find  after  substitution 
also  using  eq.  (2-78), 
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Thus  we  have  as  an  final  expression  on  substitution  in  eq.  (2-103) 
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The  factor  in  the  bracket  [ ] in  eq.  (2-116)  has  the  value  470  ohms. 

B„„.  as  defined  in  eq.  (2-115)  is  one  of  the  computer  codes  mentioned 
FNm 

in  Appendix  A.  Based  on  previous  remarks,  at  present  the  code  allows 

the  option  of  choosing  m in  the  Rm(z)  multiplying  factor  (not  in  the 

bessel  function)  in  the  integrand  of  eq.  (2-117)  with  m=  1 shown  there 

the  usual  and  present  choice.  Also,  although  not  a current  option  but 

easily  included  by  using  cos  nZ'  in  place  of  cos  Z'  the  weighted 

(E2v2  I ) for  other  velocity  harmonics  is  determinable  although  for 
6 0n  o eff 

the  n = o case  (generally  of  little  interest)  the  normalization  is 
different.  It  is  taken  in  eq.  (2-118)  that  the  values  in  eq.  (2-120)  of 
R,  ®,  Z etc.  used  to  obtain  B^m  for  eq.  (2-118)  are  relativistically 
correct,  i.  e.  are  solutions  of  the  relativistic  equations  of  motion. 

Based  on  the  relationship  between  the  nonrelativistic  and  relativistic 
equations  and  the  resulting  velocities  (particularly  the  values  of  v^ 
since  in  the  absence  of  space  change 
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0 nor 
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one  can  write. 


B 


FNm 


rel)  = 


-7  B . (non  rel) 
,1  FNm 


(2-119) 


Actually  this  is  also  an  approximation,  since  the  influence  of  the 
relativistic  electron  orbits  and  the  weighting  factors  are  somewhat 
more  complex  than  eq.  (2-119)  would  suggest. 

4.  Proof  Test,  Computer  Results,  Optimization 

Figure  II- 10  shows  a result  of  a simple  test  of  the  code 
for  computing  B„..  from  eq . (2-117).  A test  V_  of  the  form  and 
with  the  conditions  shown  was  used  as  input.  The  extremely  rapid 
convergence  to  the  theoretically  expected  value  is  evident. 

Two  other  runs  of  interest  are  shown  in  Figures  II- 11  and  11-12. 

Figure  II- 1 1 was  obtained  using  the  equation  of  motion  solution  whose 

results  are  shown  in  Figure  II- 7 : Figure  11-12  was  obtained  from  the 

solution  of  Figure  II— 8 . It  can  be  seen  that  in  these  cases  quite  good 

convergence  is  evident  within  nine  periods.  Indeed  adequate  estimates 

of  final  values  of  Bp^m,  i.e.  , better  than  5%,  can  most  likely  be  made 

for  runs  of  half  that  length.  One  significant  point  is  the  substantial 

increase  in  B-,,.  . Some  increase  in  the  beam  factor  had  been  anti- 

r IN  m 

cipated  from  moving  the  beam  to  where  its  diameter  is  3/4  the  tube 
diameter  as  opposed  tb'the  where  it  is  l/2  the  diameter,  since  the 
dominant  magnetic  field  harmonic  is  much  larger  there.  Opposed  to 
this  is  the  Eq  field  weighting  factor  which  is  decreasing  as  the  beam 
radius  increases  from  the  half-tube  diameter. 

As  an  approximate  estimate  of  the  influence  of  the  entrance 
beam  diameter  consider  the  following.  From  theory  presented  in 
part  F of  this  Section  and  elsewhere,  2 it  can  be  shown  that  if  the 
diameter  of  the  cyclotron  circle  orbits  are  small  the  normalized  first 
harmonic  relativistic  velocity  is  given  by 
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Ye  in  the  denominator  is  the  relativistic  factor  which  in  the  absence  of 

space  charge  is  the  entrance  value.  Note  that  R,  in  the  denominator 

b 

comes  solely  from  the  normalization.  The  R,  in  the  bessel  function 

b 

essentially  comes  from  the  first  term  in  the  representation  of  the 
periodic  magnetic  field.  Insertion  of  eq.  (2-120)  in  eq.  (2-117)  yields 
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* Yc  - 2 / 3.832  =-\  1 (Bl)  2 

2 ^2  Jl(—  RJ  *1 


(Rb) 


(2-121) 


We  call  this  BFjqmo  to  identify  it  as  a zeroth  order  approximation. 
Also  we  use  R as  a representation  of  some  average  radius  to  use  in 
since  to  this  order  the  radial  position  of  the  electron  is  nonvarying. 
The  mean  radius  appears  as  a reasonable  choice.  If  we  use  the 
unperturbed  cyclotron  orbits  again  as  an  approximation  we  have  from 
eq.  (2-93) 


It  should  be  noted  that  this  value  from  the  unperturbed  orbits  is  very 

close  (within  about  1%)  to  the  R values  (estimated  from(R  + R . )/2 

max  min' 

= R)  in  Figures  II- 7 and  II-8,  even  though  in  these  latter  cases  R 
and  Rmin  are  both  somewhat  larger.  The  unperturbed  conditions 
determining  "R  for  Figures  II-4,  II-7,  and  II- 8 are  identical  The  other 
parameters  for  evaluating  BFNmQ  are  given  in  Figures  II-7  and  II- 8 
where  Bj/Bq  is  obtained  from  eq.  (2-36). 

Evaluation  of  from  eq.  (2-119)  for  these  cases  yields 

the  following 
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Figure  II-7  Case 
0. 121  x 10"3 


Figure  II-8  Case 
0.  134  x 10'3 
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For  the  Figure  II  — 7 case  the  agreement  is  very  good  indeed,  and  we  now 
believe  somewhat  coincidental,  whereas  for  the  Figure  II-8  case  the 
agreement  is  rather  poor.  Indeed  for  the  latter  case  we  now  believe, 
on  the  assumption  that  no  untoward  error  has  occurred,  that  the  larger 
magnitude  fundamental  periodic  field  closer  to  the  wall  has  substantially 
overcome  the  E field  decrease  and  resulted  in  more  fundamental 
component  energy.  Some  evidence  for  this  is  evident  on  comparing 
Figure  II-7d  with  Figure  II-8d  where  in  the  latter  case  it  c.;  - be  seen 
that  the  electron's  axial  velocity  and  energy  have  been  si'  cantly 
reduced,  with  consequent  increase  in  the  other  components.  Thus  it 
appears  that  aside  from  possible  beam  interception  problems,  moving 
the  beam  from  the  halfway  to  the  three  quarters  position  leads  to  more 
improvement  than  simple  zeroth  order  theory  would  suggest.  Sub- 
stantially more  computer  results  or  completion  of  the  theory  permitting 
evaluation  of  larger  radius  perturbation  effects  is  required  before 
drawing  final  conclusions. 


It  is  not  the  beam  factor  which  is  of  significance  in 

3 

the  overall  Ubitron  performance  but  rather  C . From  eq.  (2-118), 
if  we  assume  fixed  voltage  and  current  operation  and  merely  consider 
the  influence  of  the  beam  position  in  a fixed-radius  tube  we  see  that 
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(2-123) 


In  eq.  (2-121)  we  have  taken  R = r/r  = 1 as  a further  simplification. 

k 3 

This  simplification  alters  the  location  of  the  peak  in  the  curves  for  C 

and  somewhat,  putting  them  at  a higher  value  for  r < r^  and 

at  a lower  value  for  r > r^.  With  the  values  for  the  parameters  used 

in  Figures  II - 7 and  II - 8 , Figure  11-13  shows  a plot  of  the  rhs  of  eq 

eq.  (2-123).  From  this  zeroth-order  theory  it  appears  that  is 

maximized  for  0.75  > r,/r  > 0.65.  Also  note  the  plot  for 

b'  a 
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Figure  II-  1 3. 


Factors  relating  to  optimizing  zeroth-order  C and 
B_,.T  for  Ubitron. 
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where  a very  flat  maximum  occurs  in  the  region  from  r^/ra  - 0.  5 to 
0.75.  From  the  form  of  BrM„n  in  eq.  (2- 1 19)  it  is  now  clear  why 
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changing  rb/r&  from  0.  5 to  0.  75  has  only  small  effect  in  the  zeroth- 
order  theory. 

The  calculations  for  beam  factor  to  date,  which  have  not  been 
extensive,  have  used  the  relativistic  equations  of  motion  neglecting 
space  charge  and  other  beam  self  fields.  With  the  inclusion  of  these 
effects  the  beam  factor  parameter  and  the  use  of  the  equivalence 
approach  would  yield  a method  for  evaluation  for  tube  performance 
estimate  over  a wide  range  of  operating  conditions. 


Analytical  Results 


General 


In  parallel  with  the  computer-oriented  work  a strictly 
analytical  approach  was  undertaken  to  solve  the  relativistic  dc  equations 
of  motion  as  a basis  for  an  improved  rf  small-signal  theory.  Chrono- 
logically in  this  program  an  earlier  effort  resulted  in  approximate 
linearized  differential  equations  which  could  be  integrated  exactly. 

These  exhibited  at  least  qualitative  agreement  with  the  computer  solu- 
tions and  fair  quantitative  agreement.  The  intent  was  to  use  these 
solutions  as  the  initial  step  in  an  iterative  process  to  improve  the 
solutions.  However,  their  form  was  cumbersome  and  it  became 
evident  that  an  improved  approach  was  possible.  The  latter  approach 
is  described  first  below. 


In  some  respects  these  analyses  are  similar  to  the  •■one  in  a very 
recent  reference  in  which  quite  general  procedures  for  finding  first 
and  higher  order  solutions  for  a relativistic  space  charge  beam  are 
shown.  ^ A related  analysis  in  Section  IV  is  also  quite  relevant. 

2.  Development  of  Equations 

From  the  integrated  un- nor malized  form  for  0 motion 
as  shown  in  eq.  (2-55)  we  have  for  reference 

^2r2v<92-  ^lrlV0l  = A (4j2  ' V 

where  we  have  integrated  between  positions  1 and  2.  If  here  position  2 
is  along  the  beam  for  z > 0 (y^  = y,  r^  r,  v^  = v^)  and  position  1 is 
at  the  entrance  point  z = 0,  (y  ^ = ye>  ^ = r^,  v^  = Vgg)  we  obtain 
using  the  normalization  identities  of  eq.  (2-19) 


yRV  - Y V _ (\&  - ) (2-124) 

e Z e 

The  definition  of  the  quantities  in  eq.  (2-124)  are  as  before:  y is  the 

general  relativistic  y at  any  point,  y^  is  its  value  at  the  entrance  plane 

(eq.  2-64,  66)  V@  and  are  the  normalized  D directed  velocities  at 

any  point  and  at  the  entrance  plane,  respectively,  yc  = wc/w  = r|BQ/w , 

and  St  and  T'  are  the  normalized  total  integrated  flux  enclosed  by  the 
e 

electron  circumferential  trajectory  of  radius  r (R  normalized)  and 
r^  (R  1 normalized),  respectively.  Thus,  as  before 


T'  = 2 


RdR 


(2-62) 
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and  now 


V = 2 


F j (R , Z ) RdR 


(2-125) 


From  the  discussion  in  Section  C.  3.  d in  connection  with  the  entrance 
conditions,  it  will  be  recalled  that  except  for  the  assumption  of 
Eg  = 0 and  the  thin  beam  assumption  (i.  e.  , the  equations  apply  strictly 
in  an  average  sense  or  they  must  be  integrated  or  summed  over  the 
beam  thickness),  equation  (2- 124)  is  exact.  Also,  as  noted  there, 
we  are  neglecting  for  the  moment  the  emission  thermal  velocities 
and  this  will  affect  the  entrance  velocities  and  beam  radius  to  some 
extent  as  they  appear  in  eq.  (2-124). 

The  other  two  equations  of  interest  in  the  form  most  useful  here 
are  the  R and  Z equations,  eqs  (2-47)  and  (2-49)  repeated  here  for 
reference 
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(2-49) 


As  is  evident  we  have  circumvented  the  first  integration  of  eq.  (2-48) 
through  the  use  of  Busch's  Theorem  with  Eg  = 0 to  obtain  (2-124). 

Although  the  inclusion  of  the  self  field  terms  with  space  charge 
etc.  may  not  preclude  the  use  of  the  procedure  shown  below,  in  the 
analysis  so  far  available  we  assume  as  a start  that  these  terms  are 
negligible,  i.  e.  , low  perveance  and  so  take  A j = A^  = A^  = 0.  Asa 
possible  next  step  the  solutions  of  the  resulting  equations  could  be  used 
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as  input  to  find  the  self  field  terms  for  an  iterative  approach.  Probably, 
as  a better  start  to  the  iterative  procedure,  if  iteration  is  still 
required,  the  use  of  eqs.  (2-47)  and  (2-49)  as  they  stand  with  the  simply 
derived  self  field  terms  would  be  best,  assuming  useful  solutions 
could  be  found. 

Taking  A ^ = A , A^  0 and  using 


d®  dvz 

dT  ’ dT 


we  have  as  the  equations  to  consider 
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(2-127) 
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Actually  with  the  assumption  of  Aj  A ? A^  = 0,  equivalent  to  no 
space  charge  and  related  forces,  y remains  invariant  and  equal  to  its 
entrance  value  y . Also  with  y yg  1 then  eqs.  (2-3)  to  (2-5)  are  the 
non- relativistic  equations  of  motion  which  apply  to  the  Ubitron  geometry 
of  interest  here  (again  in  the  absence  of  the  beam  self  fields).  From 
related  experience  and  the  general  physical  form  we  look  for  solutions 
in  which  R varies  not  too  much  from  unity.  Indeed,  as  will  be  noted 
later,  a better  approach  might  be  to  look  for  solutions  which  differ 
only  a little  from  the  cyclotron  circles  that  result  when  no  periodic 
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fields  exist.  In  any  case,  since  we  expect  the  electrons  to  have  R 
solutions  near  R - 1 for  which  r r^  we  make  a change  of  variable 


R 1 t p.  - 1 + (R  - 1 ) 


(2- 129a) 


p R - 1 


(2- 129b) 


The  procedure  will  now  be  to  expand  the  variables  and  the  various 
parameters  in  power  of  p,  i.  e.  , around  R 1 . As  will  be  seen, 
although  the  algebraic  details  are  tedious  they  are  straightforward  and 
merely  require  some  careful  bookkeeping. 

We  must  first  define  several  expansions  and  related  parameters. 
From  eq.  (2-125)  and  (2-35a) 
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where  we  define 
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we  have  from  the  above  with  Eqs.  (2-35a,  b) 
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(2-135) 
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using 
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(2-136) 


and  Eq.  (2-6a)  we  have  from  Eq.  (2-7b) 
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We  also  find  from  this  and  Eq.  (2-62) 
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As  evident  from  Eq.  (2-127)  we  shall  need  an  expression  for 


\£  - . With  some  algebra  we  find 
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where 
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n > 1 


It  will  prove  convenient  to  express  some  of  the  double  sums  above  in 
another  way  since  we  wish  to  separate  out  the  various  powers  of  p. 
Thus  from  the  related  equations  above,  eqs.  (2-134),  (2-135),  and 
(2-139),  we  write 
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Another  expression  of  use  is 
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where  Pq,  P , P^,  ....  are  defined  in  eqs.  (2-140)  and  (2-141).  In 
this  case  in  eq.  (2-127)  we  will  take  -y  = Ye  and  retain  \p  as  reminder 
we  are  dealing  with  the  relativistic  but  non  space-charge  case. 

From  eqs.  (2-  126),  (2-  127),  and  (2-128)  we  now  write  since 

dR  d ( 1 + p)  dp 
dT  ' dT  dT  ’ 


substituting  from  eq.  (2-127)  into  eqs.  (2-126)  and  (2-128),  and  using 
the  above  series  expansion  expressions 
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In  Eq.  (2-148)  to  (2-150)  we  have  used  the  expansion 
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where  nB  designates  the  binomial  coefficients.  The  equations  are 


now  in  the  form  desired  but  of  course  the  coefficients  of  the  powers  of 
p must  be  obtained.  This  is  readily  accomplished  through  the  following 
algorithm  for  multiplying  series  of  the  form  here: 
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i + j = n 
i > 0,  j > 0 
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Although  thefy  can  be  written  in  more  compressed  form  we  then  have 
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Yc  / dT2 


= I p'  p'  B - & p'  , B 1 + I PnPn  ,B  + (P  P, 
( oo3o  ooloj  ( o o J 1 o 1 


p,p„>  3Bo  - Po  1B1  ' <9oPl  + 9 lPo>  lBo  I* 


E D*s 


)3Br-  (pip]l  !Br] 


m 


(2- 153b) 


m=2 


i 4-  j = n,  etc. 


.$5?  - E (pi 


m=0 


,B  ) p 
2 r 


Po2B1  + P1  2Bo>>* 


(2-154) 


i + r = m 
i > 0,  r > 0 


E ,pi  ^ 

m = 2 


m 


l + r = m 
etc . 
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— ) Rh  V ('/'.p!  ) B (jl r 

vj  HT2  b ^ 1 J 1 r 


c / dT 


(2  - 1 5 5a) 


i + j = n,  n+r=m 
i > 0,  j > 0,  n > 0,  r > 0 


M d2Z 


c / dT 


R,  { r P + (-  <£  P + £ P.  +■  £,P  )p 
bloo  oo  ol  1 o ^ 


E(r£.P.)  ,B 

i J 1 r 


(2- 155b) 


i + j = n, 


We  now  have  the  dc  relativistic  nonspace  - charge  differential 

equations  of  motion  to  first  order  in  the  deviation  from  the  entrance 

beam  radius,  p,  and  can  readily  derive  the  coefficients  of  the  higher 

orders.  The  values  of  P , ,£  , (£  , etc.  could  be  entered  to  find  the 

n n n 

coefficients  explicitly  in  terms  of  the  magnetic  field  parameter.  If 

this  is  done  as  evident  from  eq.  (2-147)  V_  will  come  into  the  equa- 

®e  ^ 

tions.  Although  this  is  not  undesirable  since  it  puts  into  view  the 
influence  of  the  entrance  ® velocity,  a more  convenient  form  seems 
more  appropriate  which  puts  in  view  a possibly  more  significant  param- 
eter. This  comes  from  eq.  (2-61)  which  expresses  V_  in  terms  of 

r ®e 

the  entrance  flux  and  the  parameter  C,  there  related  to  the  cathode 
flux.  If  we  now  use  this,  repeated  here  for  reference 


©e  _ 1 , 

Y_/y  2 ^e 

1 c 1 e 


(2-61) 


then  from  Eq.  (2-147)  with 


1 


P 

o 


V 

®e_  + p 

V^e  ° 


2 (*e 


- C)  + P, 


- 

2 e 


+ P 


2 


C 


7<i  -c)  + 


“ cos  [ m(Z  - Ze)]  ^ 

Bo  " 


mR. 


om 


(2-156) 


m-  1 


where  we  have  used  Eqs.  (2-138)  and  (2-140)  for  ^ and  PQ  to  express 
P in  this  form.  We  finally  define  another  series  as 


' "n  = 


« B 

\ 1 m 

bo 


cos  [ m(Z  - Z )] 


mR, 


H 


nm 


(2-157) 


m=  1 


where  generally  only may  be  of  use  here  but  note  that  P^  *^n-l 

+ <_((  , n > 1.  With  this  if  we  now  place 

n' 


j (1  - C)  = A (2-158) 

we  have 


For  reasons  which  will  become  clear  shortly,  we  now  write  out  the 
equations  of  motion  to  order  pas  follows  from  Eqs.  (2  - 153b),  (2-154), 
and  (2- 155b) 


P = 
o 


V 

®e 

y /y 

* c'  e 


+ P A + • (f 


(2-159) 
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c / dT 


( 1 - A)  A - ,4t  - M&  - 2.  tt  ) - tf  ,M 

o o o o o o 


+ M.  - (1  - A)(  1 - 3A)  - A + 3. .//  (1  - 2A)  - .^(1  - A) 


- P (1  - 2A)  - A,^j 


.U  ^P,  + & - - l Of  1 - & P,  + •••  (2-160) 

o L 1 o 1 oj  ol) 


r)ar  = ( ^ + -*■„ } + ^ 1 ( i - 2*)  - ^0  + Pj ) 


(2-161) 


rt  = I ,A  + • "o'  l ^ I (A  +-w  - 

1 b dT 


+ if  (i  + p,  : 

o'  1 


(2-162) 


It  should  be  emphasized  that  except  for  the  non- space-charge  condition 
and  entrance  plane  parameters  averaging  assumption  made  as  noted 
previously,  no  approximations  or  truncations  have  been  made  so  far. 
The  coefficients  of  the  p terms  are  complete,  and  the  coefficients  of  the 
higher  order  are  readily,  if  somewhat  tediously  obtained.  Also  it 
should  be  recalled  that  p is  a function  of  Z or  T. 

The  next  step  in  this  procedure  is  to  find  the  coefficients  of  pm 
in  terms  of  the  given  specific  magnetic  field  parameters,  Bo>  B^,  etc. 
Some  examination  of  the  form  of  these  shows  that  we  need  an  algorithm 
for  the  multiplication  of  Fourier  series  in  various  forms.  The  two 
required  are 
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a(3  = • 

f CO 

/ a cos  m(Z  - Z ) 

/ j m e 

’ 

00 

^ pm  cos  m(Z  - Ze) 

l m=  1 

CO 

m-  1 

Ei  (Q.P.).  , • + -i  (2  - 6 ) I (q.P. 

| 2 i j i+J=m  4 om'  L i J 

m=  0 


+ 


cos  m(Z  - Z ) 
e 

> 1 
> 1 


(2-163) 


where  as  usual  6 = 1 m = 0 

om 

= 0 m / 0 


(2-164) 


and 


a(3 


CO 

(E 


a sin  m(Z  - Z ) 
m e 


EP  cos  m(Z  - Z ) 
m e' 


m=  1 


2— < 

m~  1 [_ 


+ <Qi<V 


i-j  = m J i-j  = m J i+j  = m 


sin  m(Z  - Z 


i>l 


(2-165) 


With  the  above  and  the  definitions  of  . //  , J*9  , P , 5f‘  the  coefficients 

n n n n 

can  be  readily  if  somewhat  tediously  determined. 
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These  are  shown  below  including  terms  to  what  are  believed  to  be 
the  most  significant  order  although  this  will  depend  on  some  of  the 
boundary  conditions  as  will  be  explained.  Thus  we  have  from  eq.  (2-160) 


\\ 


' c dT 


u u.  _ / 

dT* ' I 


CU 

Ad  - A)  + aQl  + Y' 


a cos  m(Z  - Z ) 
m e 


+ 4 < [ -d  - A)(l  - 3A)  - A]  + b. 


b cos  m( Z - Z ) / + . . 

m el 


(2-166) 


and  we  show  only  the  expansion  to  order  p as  before. 

In  eq.  (2- 166)  we  have  with  + • • • meaning  that  only  the  leading 
term  in  a series  is  shown: 


bA2 


lMVVW 

2 Bj  R, 


(2- 167a) 


Bi  w 

^0  Rb  ' B0  2 b B2  ZR2 


I Vh 
? 


1 

Rb  . 


I (R  )!  (2R  )- 

ViRb»Ii«Rb)  + — i — + 


(2- 167b) 


B2  *,»v  a h 1 ,2R.)tif^'2 

""*V  B0  2 b 2 \ Boi  R2 


s.r  ijd^) 


i/Bi\  WW 


2 B, 


R. 


(2- 167c) 


b0  =l 


bM  _l 

B-  Rb  V‘VV~b 


l/M  VVW 


rT~  I ?r-  i,(RJIo(rk)+  •••  + tl  b!  "rT + 


1 / Bi\  2 

1b  *X)  + 


2 ,2 


- I3 

2 1 B, 


*I<V 


■i  si  Jo(V 


(2-167d) 


bj  = (1  - 2 A) 


3B1  W Bi:  (R  , 
^ “V  ‘ Bo  0 b 


Bl  B1B2 

-as1  rj,(\)  + ~J~r 
B0  bl  b RbB2 


I (2R  )1  (R.  ) 

1 b2°--^  Il<Rb)I0(2Rl.> 


1 B.B  \ 

1 1 

1 1 

1 2 1 

2 

l Bo  ) 

1 Rb  _ 

I (R  )I  (2R  ) 

i0(2WV  + ±at 


, B,B?  r , 3 B1B2  V*W2IV 

! -rr^lWWl  15 

Bo  0 


R, 


B1B2 

B^ 


I0(Rb)I0(2Rb)  + 


(2- 167e) 
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>2  = (1  - 2A) 


3E  I (2R  ) B 

-R^  Sr  - -pr  In(2R.  ) 

B ZRb  B0  0 b 


- (1  -A'^V2Rbi 


ZB  / B \ 

A Vlt!V(  B-j  g^WW 


I B \ 

" i [ir‘)  Io<Rb>  W * 


-Mb-J  x>+ 


3 Bl\2  X> 


2 B 


R, 


1 /M  2 

2 ( Bq)  VRb* 


(2- 


e tc. 


From  eq.  (2-161)  we  obtain 


^6  d©  \ ' ,ry  ry  , , 

— t=.  = A + > c cos  m (Z  - Z ) + u. 

v dT  / i m e'  n 


m=  1 


(1  - 2A) 


Ed  cos  m (Z  - Z ) 
m e 


m=  1 


)■  + 


(2- 


where  the  coefficients  are  complete  as  shown  below  and  are  quite 
We  have 


m 


B I . (mR,  ) 

m 1 b 

Bo  mRb 


B 


m 


m > 1 


(2- 


167f) 


168) 


simple 


169a) 
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I (mR,  ) 


(2- 169b) 


Finally  from  eq.  (2- 162)  there  results 


f 


2 2V2(!Rb"i;  WW 


+ 


J_ 

2 


ww  + ,,< 


etc. 


(2- 1 7 Id) 


As  is  evident  even  to  this  order  the  resulting  equations  are 

rather  involved.  Some  simplification  is  possible  based  on  some 

reasonable  assumptions  regarding  the  amplitudes  of  the  B^/B^ 

coefficients.  Indeed  for  the  idealized  case  noted  in  eq.  (2-36)  even 

values  of  B / B„,  m = 2,  4,  • • • are  zero.  As  evident  from  examina- 
m 0 

tion  of  the  expressions  for  the  series  coefficients,  this  assumption 

reduces  the  complexity  of  their  representation  significantly. 

Since  the  higher  order  terms,  i.  e. , B^/Bq,  etc.  will  also  be 

of  very  small  value,  it  will  probably  be  quite  sufficient  in  many  cases 

2 

to  consider  only  the  influence  of  the  B^/Bq  and  (B^/Bq)  terms.  In 
a practical  case  B^/Bq  will  not  be  zero  although  it  will  be  small  as 
noted  in  Section  III,  However  as  R,  approaches  R , i.  e.  , for  .;/? 
approaching  unity,  or  for  the  beam  diameter  approaching  the  tube 
diameter,  it  would  appear  that  the  higher-order  magnetic  field  compo- 
nents will  begin  to  contribute  significantly  to  the  series  coefficients 
which  will  in  turn  influence  the  characteristics  of  the  electron  motion. 


3 . Check  Test 

Because  of  the  involved  procedures  used  to  derive  the  equations  . 
of  motion  in  the  form  just  presented,  it  would  be  useful  as  a check 
to  demonstrate  that  in  a special  case  of  interest  they  reduce  to  the 
expected  form.  Consider  the  case  where  no  periodic  magnetic 


99 


field  is  imposed,  i.  e.  , Bm/Bp  = 0,  m > 1.  In  this  case  to  the  order 
shown  eqs.  (2-160)  to  (2-162)  become 


- (1  - A)  A + p [ - (1  - A)(l  - 3A)  - A ] + • • • (2-172) 


I ^e_\  d® 

v~  dT 

\ c / 


A + p(l  - 2A)  + • • • 


(2-173) 


ls\  _L  d2Z 

Yc/  Rb  dT2 


0 


(2-174) 


This  case  is  identical  to  the  one  already  noted  in  some  detail 
with  regard  to  testing  the  computer  program  in  Section  D.2.  The 
electrons  execute  cyclotron  circles  as  they  move  down  the  tube 
with  parameters  determined  by  the  entrance  velocities  and  axial 
magnetic  field.  Equations  (2-172)  to  (2-174)  must  have  these  solutions 
although  even  with  the  coefficients  of  several  more  orders  of  p 
exhibited,  which  could  be  readily  obtained,  these  would  be  difficult  to 
recognize.  We  therefore  shall  prove  the  point  in  an  inverse  manner, 
i.  e.  , assume  the  required  motion,  derive  the  resulting  differential 
equations,  and  demonstrate  that  at  least  to  the  order  shown  in 
eqs.  (2-172)  to  (2-174)  they  agree. 

Obviously  eq.  (2-174)  yields  the  expected  solution  since  for  the 
required  boundary  conditions  its  solution  is  Z = V^^T,  where  V is 
the  usual  normalized  z directed  velocity.  Consider  Figure  11-14  with 
the  definitions  explained  there.  We  take  the  case  of  positive  z and 
directed  velocities  so  that  the  electrons  circle  inward.  The  alternate 
case  where  the  electrons  enter  with  positive  z directed  velocity  and 
negative  0 velocity  and  circle  outward  is  merely  an  alternate  case 
and  need  not  be  considered  here.  From  the  triangle  with  sides  (r^  - r Q), 
and  r we  write 
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.i 


2 

r 


r )2  + r2  + 2(r, 
c c t 


r ) r cos  (b 
c c 


(2-175) 


and 


r 

r _ c 
sin<t>  _ sin  0 


(2- 176) 


We  now  take  the  electrons  rotating  about  the  point  x - r^  - r y - 0 
with  a constant  relativistic  cyclotron  frequency  ^che  with  Ye  dependent 
on  the  entrance  6 and  z directed  velocities  in  the  usual  way.  The  term 
Y in  the  discussion  in  Section  D.  2 is  here.  Thus  we  have 


d4> 

dt 


(2-177) 


Without  showing  the  steps  in  detail,  equations  for  d0/dt  and  d r/dt 
can  be  derived  by  successive  differentiation  of  eqs.  (2-175)  and  (2-176), 
the  use  of  (2-177),  and  various  trigonometric  identities.  We  find 
eventually 


^e  dO 

w dt 
c 
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r 

c 


(2-178) 


and 
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r ) (3 r 


2\ 
r J 
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>+  2rb 


(2-179) 
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Now  with  the  substitution  of  the  usual  normalization  factors  as  per 
eq.  (2-19),  and  with  eq.  (2-129),  and  recalling  from  eqs.  (2-92,  93) 
that 


rc-  rc(herc)  ^e  y A 

rb  ' rb  Vc  ®e 


from  eqs.  (2-61)  and  (2-158)  since  ^ = 1,  eq.  (2-62),  here  we  find  as 
the  normalized  forms  of  eqs.  (2-178)  and  (2-179) 


Ye  d©  _1_  1 - 2A 

Yc  dT=  2'2  (1  + P)2 


(2-180) 


IsY  dji 
vc/  dT2 


I T \ [3(1  + p)2  - A2]  [(1  + p)2  - A^] 

4(1  + p)  [ 


,2  *2, 


- (1  - A)2  [4(1  + p)2  - (1  - A2)  + 2 A]  L (2-181) 


Expansion  of  the  rhs  of  eqs.  (2-180)  and  (2- 18  1 ) in  powers  of  p results 
in  the  following 


(2-182) 


_£  = . a ( 1 - A)  + p(3A  - 3A  - 1)  + 1 ' 1 (2-183) 

Yc/  dT2 


which  agree  exactly  with  the  reduced  equations  in  (2-172)  and  (2-173) 
from  the  somewhat  longer  route.  Aside  from  some  confidence  this 
yields  in  the  form  of  the  more  complete  equations,  these  results  also 
suggest  a means  for  starting  their  solution. 

One  other  check  point  of  interest  which  leads  to  other  data 
results  from  direct  examination  of  eq.  (2-168).  If  we  multiply 
eq.  (2-168)  by  R = 1 + p,  retain  terms  to  order  p only,  unnormalize  and 
express  the  dominant  first  harmonic  related  term  only  we  obtain: 


The  first  term  on  the  rhs  of  eq.  (2-184)  is  the  usual  planar  transverse 

velocity,  relativistically  corrected  here  by  l/y  , used  elsewhere  in 

2 e 

this  report  and  also  noted  by  Phillips.  The  second  term  thus  consists 
of  the  first-order  correction  resulting  from  cylindrical  geometry. 

Note  it  contains  a varying  term  r.  As  a first  step  one  might  substitute 
the  value  for  r from  a simple  unperturbed  cyclotron  orbit.  A simple 
expression  for  r is  evident  from  Figures  II-3,  11-14,  and  eqs.  (2-95), 
and  (2-17  5)  as 


(2-185) 
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where  L is  the  relativistic  cyclotron  period  expressed 


Y„ 

L — V L (2-186) 

c y Ze 

1 c 

with  zq  the  unperturbed  electron  position.  Equation  (2-185)  turns  out 
to  be  correct  to  order  (rc/ r^)^.  If  this  is  inserted  in  (2-184)  there 
results  after  some  manipulation 


i «\  v (1st  harmonic  = 
related) 


Thus  what  was  the  first  harmonic  velocity  component  now  contains  not 

only  the  first  harmonic  component  but  also  the  cyclotron  frequency 

shifted  "side  bands"  or  doppler  components.  This  well-known  point 

5 12 

made  in  several  of  the  references  ’ is  also  noted  in  another  part 
of  this  report,  Section  IV.  The  substitution  of  an  approximate  r value 
made  above  or  an  improved  expression  is  a possible  starting  point  for 
obtaining  solutions  to  the  entire  set  of  the  equations  of  motion.  This 
is  discussed  in  the  next  section. 
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4. 


Suggested  Solution  Methods 

The  form  of  the  equations  of  motion  shown  in 
eqs.  (2- 1 53b,  154,  155b)  or  in  eqs.  (2-166,  168,  170)  to  order  (j.  had 
been  obtained  only  towards  the  close  of  the  current  program  and  little 
effort  towards  solving  them  could  be  expended.  However  from  their 
form,  from  the  computer  solutions  available  at  the  time,  as  well 
as  from  earlier  analytical  work  some  possible  procedures  and 
approaches  are  possible  and  these  are  noted. 

For  ease  of  viewing  we  write  eqs.  (2-166,  168,  170)  as  follows 
retaining  only  the  first  harmonic  terms  and  making  some  obvious 
abbrevi  ations: 


/ \2  ? 

[ ^e]  d p.  _ 

\ycJ  dT2 


a_  + a.  cos(Z  - Z ) 4 p 
0 1 e 


K 


+ bj  cos(Z 


(2-188) 


d® 

dT 


A + Cj  cos(Z 


Z ) 
e' 


-[ 


(1  - 2A)  + d cos  (Z 


(2-189) 


1 \2 
he]  1 

d2Z 

\Vc/Rb 

dT2 

e^  sin  (Z  - Z^)  + p f^  sin  (Z  - Zg) 


(2-190) 


Note  that  as  defined  a^,  aJf  b^,  bj,  e^  and  ^ all  contain  A with  A a 
function  of  the  initial  6 directed  velocity.  Even  with  this  simplification 
a difficulty  remains  in  that  all  the  equations  are  given  as  derivatives 
of  the  independent  variable  T whereas  the  "forcing  functions"  or 
inhomogeneous  terms  are  all  functions  of  Z.  From  the  physical  charac- 
teristics of  the  problem,  other  related  problems,  the  available  com- 
puter solutions,  and  early  analytical  work,  we  expect  solutions  for  Z 
of  the  form 
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UJ  UJ 

Z = ZnZ0+  (m[smm(Z-Ze)  + sinmZe] 


Z1  zo  + 


+ £sin  (Z  - Z)  + sin  Z^  J + •••  (2-191) 


with  Z„  - V„  T the  unperturbed  (i.e.,  no  periodic  magnetic  field) 

U Ze 

position  of  the  electrons.  Further,  one  anticipates  that  z^  = 1,  with 

z « 1 for  n > 2,  and  that  all  the  t'  s are  quite  small.  The  sense  of 
n 

this  form  of  a suggested  solution  is  evident  from  eq.  (2-96)  and  the 

related  discussion  regarding  Figures  II-6d,  -7d,  and  8d.  Clearly  the 

z and  € in  eq.  (2-191)  will  be  functions  of  the  physical  parameters 
m m r 7 

of  the  system  including  the  initial  conditions,  i.e.  , entrance  velocities 
and  their  ratios. 

If  we  assume  that  as  an  adequate  approximation  to  Z we  can 


Z ~ Z1  Z0  ~ A Z0' 


(i.  e.  , z = 0,  n > 2)  where  we  choose  z,  = l/A  for  reasons  related 
n 1 

earlier  analytical  work  and  e = 0,  m > 1 we  have 


Zn  = V T=AZ 
0 Ze 


(2-192a) 


(2- 192b) 


With  this  in  eq.  (2-  188)  to  (2-  190)  we  obtain 


+ H [bo  + bl  cos  <Z  " Ze*  ] 


(2-193) 


I yj  \ /v  \ 

’eu  Ze  d®  . , _ . , I,,  ,A> 

7"  “ dZ  = A + Ci  cos  (Z  - Z ) + p.  (1  - 2 A) 
i ’c/  \ / L 


+ dj  cos  (Z  - Zg)J  + 


(2-194) 


-J—  - 0 = e.  sin  (Z  - Z ) 

Rb  dZ2  1 


+ p f sin  (Z  - Z ) + 
1 e 


(2-195) 


The  last  equation  (2- 195)  is  considered  as  only  an  indication  of  the  order 
of  the  error  in  this  approximation  and  yields  no  useful  or  valid  infor- 
mation. Examination  shows  eq.  (2-193)  to  be  substantially  in  the  form 
of  the  Mathieu  equation,  or  if  the  Fourier  series  are  continued,  in  the 

13 

form  of  Hill’ s equation.  However  an  additional  term  a^  cos  (Z  - Zp), 
actually  the  first  term  of  a series,  appears  and  this  may  modify  the 
solution.  Equation  (2- 194)  is  not  integrable  without  a solution  or  assumed 
solution  for  p.  If  one  takes  p » 0 here  as  an  approximation,  (i.  e. , 
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r = r^.  K 1)  then  it  t an  bp  integrated  in  a trivial  manner.  Or,  more 

correctly,  as  noted  before  in  relation  to  eqs.  (2-184)  to  (2-187)  if  the 

unperturbed  p solution  in  the  form  of  the  first  term  of  a Fourier  series 

is  chosen  integration  of  eqs.  (2-193)  to  (2-195)  results.  From  this 

one  is  led  to  the  following  possible  route  for  solution. 

Consider  eq.  (2-190)  where  it  will  be  recalled  that  e ^ and  fj 

are  functions  of  A,  13  /B„,  I (R,  ) or  essentially  fixed  or  determinable 

nr  0 m b 

by  design  or  choice  but  are  not  variables,  whereas,  of  course,  p is  a 

function  of  Z,  T,  or  Z . 

o 

Then  there  follows  in  order: 


_L 

Rb  dT2 


= e.  sin  (Z  - Z ) t p f.  sin  (Z  - Z ) 
1 el  e 


(2-190) 


M 1 1 d T/dZ 


Yc  Rb  2 dT[\dT 


[cj  sin  (Z  * Zc> 


t pfj  sin(Z  -Zc)]  gf 


(2-  l°t>) 


zfr)  tc  vz..]  "it"' z,  - >•»* <z  - z,’i 

1 C / I ) 


p (/. ) sin  (Z  - Z 1 dZ 
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or  finally  with  some  manipulation 


dZ 


z 

rZ 

2RU  / v \ 

‘ * --r  - 

V2  \Ye/ 

Pjfcos  Ze  - cos  (Z  - Z^)]  + fj  1 n(Z)  sin  (Z  - Zf  ) dZ 

Ze  ' ' 

•'o 

(2-198) 


With 


in  the  denominator  of  eq.  (2-198)  quite  small  compared  to  unity,  which 
it  is  most  generally,  it  can  be  expanded  and  only  the  first  or  possibly 
first  two  terms  retained.  One  is  still  left  with  the  need  to  assume  or 
find  p (Z)  to  determine 


(Z)  sin(Z  - Z ) dZ 


If  an  unperturbed  p(Z)  is  assumed  V^T  can  be  f°unh  and  the  remain- 
ing equations  integrated.  Although  the  bookkeeping  appears  some- 
what tedious  with  the  available  algorithms  it  appears  manageable. 

To  the  order  of  approximation  described  one  could  just  evaluate  A in 
eq.  (2-192)  and  proceed  with  the  assumptions  made  in  connection  with 
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eqs.  (2-193)  to  (2-195).  Indeed  with  A available  and  with  the  same  p 
assumption  then  used  in  eqs.  (2-193)  and  (2-194),  the  set  is  complete 
and  integration  can  be  accomplished.  With  this  first  order  p solution 
available,  we  call  the  assumed  p(Z)  the  zeroth  order  solution,  the 
procedure  can  be  iterated  with  anticipated  improved  results.  It  would 
appear  that  even  the  next  order  in  p might  be  handled  in  this  manner, 
although  the  effort  might  be  substantial. 

Since  the  set  of  equations  eqs.  (2-188)  to  (2-190)  have  inhomo- 
geneous periodic  terms  which  come  from  the  imposed  periodic  magnetic 
field  and  since  indeed  the  unperturbed  electron  cyclotron  circle  orbits 
are  also  exactly  periodic,  at  least  in  the  absence  of  space  charge,  one 
might  expect  that  the  eventual  solution  might  be  expressible  as  a 
combination  of  such  periodic  forms.  Assumed  solutions  of  this  form, 
for  example  eq.  (2-191),  and  the  imposition  of  the  orthogonality 
conditions  on  the  terms,  i.  e.  , the  equating  of  terms  of  the  same  period- 
icity may  lead  to  tractable  and  useful  solutions. 

As  a last  point  in  this  section  and  as  an  indication  of  the  pos- 
sible form  for  assumed  p solutions  we  note  that  the  unperturbed 
cyclotron  orbits  can  be  expressed  as  fourier  series.  Consider 
Figure  II- 10  eq.  (2-178).  It  is  clear  on  examination  that  d@/dT  and  ® 
are  periodic  functions  of  <t>.  Substitution  of  eq.  (2-175)  into  (2-178) 
and  the  use  of  standard  expansion  and  fourier  coefficients  forms  leads 
with  some  effort  to  the  following: 


6 
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m-  1 


\m 


\m 


sin  m tb 


(2-199) 
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In  obtaining  (2-199)  we  have  assumed  r^/r^  = l/2  and  used  eq.  (2-177) 
to  integrate  de/dt  assuming  G = 0 for  4>  = 0.  If  (2-199)  is  put  in  nor- 
malized form  recalling  that  it  describes  the  unperturbec  cyclotron 
orbits  with  the  use  of  the  relationships  of  eq.  (2-95)  for  the  rotation 
period  and  eqs.  (2-61),  (2-93),  and  (2-158)  relating  the  orbit  radii 
we  obtain: 
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(2-200) 


Although  (2-200)  was  derived  for  orbits  with  r < r^  (but  r^  < r^/2)  it 
appears  that  it  applies  to  those  for  r > r^  if  the  proper  sign  is  taken 

for  V in  the  definition  of  A.  It  was  taken  that  the  constant  axial 

®e 

magnetic  field  is  in  the  positive  z direction.  An  expansion  for  the 
case  where  r£  > r^  (the  electron  orbits  enclose  the  origin)  is  also  possible. 
It  would  contain  a constantly  increasing  as  well  as  periodic  terms. 
However  this  case  is  of  no  interest  to  us  here. 

Of  substantial  interest  is  the  expansion  for  r or  one  of  its 
equivalents.  In  this  case  starting  with  eq.  (2-175)  we  obtain  via  the 
usual  route 


r = 


Er  cos  m d> 
m 


(2-201) 


m=0 


nth 


’ it/ 2 


r = 2(2  - 6 _ ) 

m 0m  tt 


? ? 1>Z 
[ 1 - k sin^  (3  ] cos  2 m(3  dp 


(2-202) 


= (2 


m m r (m  - 

- 6_  )r,  7— f- — — ?F.  (-4-,  m - y;  m + 1;  x ) 

0m  b 1 +t  r(.|Jr(m  + 1)  2 1 \ 2 2 / 


m > 0 


(2-203) 
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In  eq.  (2-203)  F is  the  usual  hypergeometric  function  and 


, 4r  (r,  - r ) 

, _ c b c = 4A(1  _ A|  = — - 

rh  (i  + tr 


1 - v 1 - k 


1 + J 1 - kc 


A 

1 - A 


The  r are  related  to  elliptic  functions  and 


ro  r 


4 

ri  TT  rb 


(E  - K)  + ± (2K  - E)  J 


(2-204) 


(2-205) 


b TTt  2Fi  (-  I-  t’  1;  k2  ) <]  + *>  = £ rb  E 


(2-207) 


etc.  or 


tm  „ / 1 1.  , 2 \ 

1 + t 2F1  \ ' 2’  m " 2’  m + lf  t I 


(2-208) 


m > I 


where  the  higher  order  r^  can  be  found  in  terms  of  the  K and  E,  the 
complete  elliptic  integrals  of  the  first  and  second  kind,  via  the  avail- 
able r ecui  r ence  forms.  Again  although  the  above  development 

vas  obtained  for  r < r^  and  r^  < r^/2,  as  evident  from  the  form  of 

(2-1  (5)  and  the  resulting  integrals,  if  changes  sign,  (with  r > r,  ) 

b 

or  the  cyclotron  circles  outside  of  rb>  the  results  still  apply  and  the 
functional  forms  are  proper  when  used  appropriately. 


If  equation  (2-201)  is  now  put  in  normalized  form  we  have  as  in 
eq.  (2-200) 


R = 


CO  _ 

E^r 


cos  m 


m = 0 


v V 
Ye  Ze 


(2-209) 


where  the  r / r,  are  obtained  from  the  above.  The  r / r.  coefficients 
~ mb  mb 


are  not  so  easily  expressed  as  the  coefficients  in  © but  to  the  order 
shown  from  eq.  (2-206)  and  (2-207)  or  directly  by  expansion  and  inte- 
gration from  eq.  (2-202)  one  finds 


la.  i-f*  4 

rb  rb  4 


= 1 


(2-210) 


= A 


(2-21  1) 


if  one  retains  only  the  linear  terms.  It  is  evident  that  even  for  A' s 
of  the  order  of  0.  2 these  are  rather  fair  approximations  and  for  A 
of  the  order  of  0.  1 they  are  quite  good  indeed.  With  these  in 
eq.  (2-209)  we  have  showing  only  the  first  harmonic 


R - 1 = - A + A 


cos 


Z0  ^ 


V 


Ze 


(2-212) 


As  seems  evident  from  the  above  using  this  value  in  eq.  (2-198) 
or  in  eqs.  (2-193)  and  (2-194)  would  be  a good  start  in  obtaining  solu- 
tions of  adequate  accuracy  for  use  in  further  small  signal  analysis. 


1 14 


Early  Development 


If  the  somewhat  extreme  initial  approximation  is  made 
in  the  above  development  that  p = 0 a start  can  be  made  in  integrating 
the  Z and  © equations.  The  results  of  these  operations  when  inserted 
in  the  p or  R equation  then  yields  a first  order  solution  which  when 
iterated  through  the  sot  should  yield  improved  and  converging  results. 
It  was  this  approach  which  was  first  tried  before  the  alternative,  and 
we  believe  improved,  procedure  shown  in  the  previous  section  was 
developed . 

Because  these  results  are  indicative  of  what  might  be  expected 
from  the  improved  procedure  they  are  reported  in  the  following. 

Consider  eq.  (2-170)  where  using  the  definitions  previously 
given  we  find 
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(2-213) 


In  the  early  development  rather  than  A was  retained  and  we  follow 

that  procedure  here.  They  are  of  course  related  through  eq.  (2-159). 
Also  it  is  assumed  in  eq,  (2-213)  that  the  only  harmonic  field  of 
significance  is  Bj/Bq.  Indeed  if  the  idealized  field  of  eq.  (2-159)  is 
assumed,  Bn/B  0,  n 2,  4,  • • • , and  the  higher  order  odd  har- 
monics will  be  small.  But  again  the  caution  regarding  the  situation 
for  approac  hing  R&  must  be  recalled.  In  addition  a term  of  order 
B,/B„  from  . //  W in  eq.  (2-162)  has  been  included  which  might  not 
be  considered  directly  from  eq . (2-170)  alone  to  the  order  and  for  the 
harmonic  terms  otherwise  retained.  This  is  believed  consistent  since 
terms  of  order  (Bj/Bp)2  will  be  comparable  in  size  to  v©e/vcA'e-  ^ 
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both  sides  of  eq.  (2-213)  are  multiplied  by  dZ/dT  and  integrated,  we 
obtain  a form  like 


VZ  ' VL  ['  - (Bi  fl  * B2  f2>] 

where 

f 1 (Z ) = cos  Ze[cos  Z^  - cos  (Z  - Ze)] 

- ^ [cos  2 Zg  - cos  2 (Z  - Z ) ] 


and 


f->(Z)  = cos  Z - cos  (Z  - Z ) 
c.  e e 


(2-214) 


(2-215) 


(2-216) 


t I 

B.  and  B.,  are  determinable  functions  of  V"  /v  /v  , B,/B~,  etc. 
1 2 ®e'  "c'  ‘e  1'  0 

From  eq.  (2-214)  there  results  then  on  further  integration 


VZeT  = Z0 


dZ 


1 - (B1  fl  +B2f2}. 


(2-217) 


where  V„  T = Z„  is  the  position  of  the  electron  in  the  absence  of  a 
Ze  0 r 

periodic  magnetic  field.  Equation  (2-217)  is  an  inverse  relationship 

1 \ 

reminiscent  of  elliptic  functions.  Indeed  if  (B,  f + B.f  ) is  written 
in  exponential  form  from  the  trigonometric  functions  via  i = e^  and 

2 5 e^Ze  it  can  be  demonstrated  that  the  term  in  the  braces  in 

e 

the  denominator  of  eq.  (2-217)  can  be  written  as  a quartic  in  2 and 

3 7 

can  be  expressed  as  an  integrable  elliptic  function  form.  Unfor- 
tunately this  requires  the  roots  of  the  quartic  which  are  probably 
not  easily  or  at  all  expressible  in  explicit  form.  For  special  cases  and 
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with  some  reasonable  approximations,  eq.  (2-217)  cart  be  easily- 
integrated  in  terms  of  the  elliptic  function  of  the  first  kind.  This  leads 
to  easily  calculable  expressions  showing  the' modi fic ation  of  the  elec- 
trons z position  as  a function  of  the  V_  and  B./B^  parameter.  As 
r ©e  1'  ,0  r , 

an  alternative  approach  it  should  be  noted  that  (Bjfj  + B^f^)  is 
expressible  as  a fourier  series  with  period  L (recall  Z =(2ir/L)z)  so 
that  is  similarly  expressible.  We  have  so  far  been  unable  to 
easily  evaluate  the  coefficients  in  this  series  except  for  some  of  the 
early  terms,  the  coefficients  themselves  being  infinite  series.  This 
approach  would  be  highly  advantageous  and  is  considered  worthy  of 
further  pursuit. 

I t 

As  an  alternative  since  (B^f^  + B^f^)  < * the  obvious 

expansion  in  eq,  (2-218)  and  integration  we  obtain 

VZeT  = ZQ  = Z (1  + Kq)  + Kj  [sin  (Z  - Z &)  + sin  Zg  ] 


+ f sin  2 (Z  - Z ) + sin  2 Z ]+.... 

/ L p P •* 


(2-218) 
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and 
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Ze 


the  latter  equation  repeated  here  for  reminder.  Typically  is  a 

number  in  the  range  0.05  to  0.  1.  If  now  we  assume  that  Z is  expressible 
as 


+ 6 


(2-223) 


where  A = 1 + K and  6 small,  substitute  in  eq.  (2-218)  expand  in  an 
0 2 

obvious  way  retaining  terms  of  6 only  and  solve  we  find  eventually 
that 

K0Z q 1 - A 
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j £sin  (Zq  - Zg)  + sin  ZpJ  + [sin  2 (Zq  - Zg)  + sin  2 Z^] 


(2-224) 


where 


'0  A 


Comparison  with  the  computer  plots  in  Figs.  2-5d,  6d,  7d  shows  that 
indeed  the  general  properties  of  those  curves  are  demonstrated  by 
eq.  (2-224).  Numerical  comparison  was  also  fair  becoming  better  as 
Bj/Bq  approached  zero,  i.  e.  , as  p approached  zero,  as  would  be 
expected. 
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In  a similar  way  to  the  above  one  writes  from  eq.  (2-168) 


9 


written  and  integrated  in  a manner  similar  to  the  above  using  dZ/dT, 


finding  first  dp/dT  and  then  p . It  became  evident  at  this  point  that 
retaining  the  harmonic  terms  in  dZ/dT,  in  this  procedure  at  least, 
leads  to  very  cumbersome  equations  of  possibly  limited  utility.  The 
solution  for  R,  i.  e.  , 1 + p took  the  form  where  only  the  first  harmonic 
term  is  shown 
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(2-227) 


C > n > 0,  are  various  constants  which  are  functions  of  the  initial  con- 


ditions, the  magnetic  field  component  B,/Bn  and  I,(R,  )/R,  . The 

* U 1 b b 

appearance  of  the  secular  terms  Z and  Z2  in  this  form  of  the  solution 
indicated  the  possible  limited  range  of  its  utility.  ^ ^ Further,  the 
emergence  of  the  more  complete  approach  of  the  just  previous  section 
persuaded  us  to  pursue  these  earlier  methods  no  further. 
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G.  Review  and  Conclusion  of  Electron  Beam  — rf  Analysis 

— . — . 

Starting  with  the  general  equations  of  motion  we  have  derived 
the  specific  equations  applicable  to  the  relativistic  regime  for  the 
cylindrical  form  of  the  Ubitron.  The  non-rf  equations  were  put  in 
exact  form  for  the  no- space-charge  or  negligible  perveance  case  and 
in  approximate  form  for  the  substantial  perveance  situation.  The  initial 
emphasis  on  the  non-rf  equations  was  to  obtain  a firm  and  sufficiently 
accurate  basis  for  proceeding  with  the  dc-plus-rf  performance 
analysis.  In  the  relativistic  non-space-charge  case  with  cylindrical 
geometry,  the  dc  equations  were  obtained  in  the  form  of  exact  expan- 
sions to  any  order.  Explicit  expressions  for  the  coefficients  of  the 
first  order  terms  were  obtained  and  means  for  obtaining  those  of  any 
order  were  shown. 


Although  time  did  not  permit  full  analytical  solution  of  these 
exact  equations  of  motion  for  even  the  first  order,  it  was  shown  that 
they  correspond  to  known  forms  and  possible  means  for  solution  were 
indicated.  The  significance  of  the  cyclotron  circles  in  the  solution 
procedure  was  noted.  In  this  regard  it  was  noted  briefly  that  expan- 
sion around  the  center  of  the  cyclotron  circles  rather  than  the  entrance 
beam  radius  might  be  more  appropriate.  This  would  probably  lead  to 
more  rapidly  converging  series,  and  other  analytic  benefits  might 
accrue.  Also,  although  not  emphasized  in  the  text,  it  became  evident 
that  care  must  be  exercised  in  keeping  higher  order  terms  in  the 
expansions  if  adequate  solutions  useful  over  a wide  range  of  values  of 
parameters  are  to  be  achieved.  An  earlier  analytic  effort  was 
described,  in  which  explicit  expressions  for  the  parameters  of  motion 
were  obtained  and  fair  agreement  with  computer  solutions  was  indicated. 

Computer  codes  were  developed  in  parallel  with  the  analysis 
effort  using  the  same  cylindrical  relativistic  equations  as  in  the 
analysis  These  included  codes  for  a dc  field  only,  and  for  a dc  field 
plus  constant  rf  drive.  These  codes  were  checked  against  several 
known  asymptotic  solutions  and  found  to  be  correct.  Further,  a code 
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for  extracting  a relativistic  beam  factor  from  the  equations  of  motion 
via  an  autocorrelation  procedure  was  developed  and  checked.  This 
beam  factor  is  useful  in  what  we  called  the  equivalence  theory.  This 
latter  hybrid  approach  is  suggested  as  a simple  but  useful  alternative 
to  a complete  dc-plus-rf  multidimensional  small-signal  theory.  Since 
it  combines  the  effects  of  the  multidimensional  relativistic  dc  motion 
of  the  beam  with  the  dc-plus-rf  planar  small-signal  theory  previously 
developed,  it  offers  a simple  and  probably  adequate  means  for  at  least 
initial  design.  This  is  especially  true  now  that  we  have  modified  the 
small-signal  theory  to  include  relativistic  corrections. 

One  factor  not  considered  in  detail  except  indirectly  is  the  beam 
stability  and  transmission  problem.  As  evident  the  equations  and 
analysis  considered  here  are  related  to  prior  work  on  long-beam 
traveling- wave  tubes.  However,  the  Ubitron  is  somewhat  unique 
perhaps  in  that  its  practical  performance  is  dependent  on  the  periodic 
characteristics  of  the  beam  as  well  as  on  the  beam  stability  and  trans- 
mission properties.  Thus  in  its  design  the  constraints  are  somewhat 
more  confining  and  sophisticated  since  for  optimum  performance  a 
multiple  set  of  conditions  must  be  met.  From  another  point  of  view 
an  adequate,  even  small,  signal  theory,  much  less  a large  signal 
theory,  not  only  must  consider  the  multidimensional  perturbations 
resulting  from  the  rf  motion  of  the  electrons,  but  also  must  start 
from  an  adequate  and  accurate  description  of  the  dc  motion.  It  was 
this  latter  point  of  view  which  influenced  the  direction  of  the  analysis 
reported  here. 
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III. 


PERIODIC  MAGNETIC  FIELD  STRUCTURES  STUDY 


A.  Introduction  and  Summary  of  Task 

1 . Ove  rvie w of  Work  Accomplished 

This  task  is  considered  to  be  an  important  part  of  the 
overall  Ubitron  design  program  for  the  following  two  reasons.  (1)  Prior 
work  has  emphasized  that  Ubitron  gain  varies  directly  with  the  ampli- 
tude of  the  magnetic  field  undulations.  This  effect  is  very  important 
at  millimeter  wavelengths.  (2)  The  prior  work  was  performed  between 
10  and  15  years  ago  before  rare-earth  cobalt  magnetic  materials  became 
available  and  before  the  development  of  sophisticated  computer  codes 
which  can  analyze  saturated  magnetic  field  structures.  The  fact  that 
new  materials  and  analysis  techniques  are  now  available  to  help 
increase  the  magnetic  field  undulations  is  ample  motivation  to  under- 
take this  task. 

Five  techniques  for  generating  a periodic  magnetic  field  were 
studied  and  compared.  These  five  techniques  are  illustrated  in  Fig- 
ure III- 1 and  described  as  follows.  Numbers  in  parentheses  correspond 
to  detail  views  of  Figure  III-  l . 

t 1 ) Periodic  soft  magnetic  pole  pieces  immersed 

in  a solenoidal  field.  The  gap/period  ratio  and 
the  shape  of  the  pole  pieces  can  be  varied  to 
optimize  the  amplitude  of  the  first  harmonic  of 
the  magnetic  field  at  the  axis. 

12)  Periodic  permanent  magnets.  (PPM)  In  Figure  111-1(2) 
we  show  the  technique  for  using  the  third  harmonic  of 
what  is  known  as  a "double1'  PPM  assembly.  An 
alternative  is  to  use  the  fundamental  component  of  a 
PPM  stack  if  the  magnets  are  not  too  thin.  Experi- 
ence has  shown  that  thin  samarium  - cobalt  (SmCo^) 
magnets  are  difficult  to  work  with  because  they 
tend  to  break  up. 

(3)  Periodic  electro-magnets.  In  this  technique  tiny, 

iron-clad  dc  coils  are  used  to  produce  a periodically 
varying  magnetic  field.  Power  dissipation  is  a 
dominant  consideration  for  this  scheme. 
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Figure  III  - 1 . Techniques  for  producing  a periodic  magnetic  field. 
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(4)  Periodic  superconducting  current  loops.  In  this 
technique  a ring -bar  structure  or  a bifilar  helix 
structure  is  used  to  produce  alternating  current 
loops  and  the  desired  periodic  magnetic  field. 

(5)  Periodic  superconducting  rings  immersed  in  a 
solonoidal  magnetic  field.  In  this  structure  the  expul- 
sion of  the  magnetic  flux  from  the  superconducting 
material  is  used  to  produce  a periodic  disturbance  in 
a solonoidal  magnetic  field. 

These  five  structures  were  analyzed  during  this  study  program  to 
determine  the  maximum  fields  which  can  be  obtained  and  the  limiting 
factors.  In  all  cases  the  best  present-day  materials  were  assumed 
and  the  designs  were  pushed  to  their  limits.  The  results  of  this  work 
are  presented  in  this  section. 

The  five  techniques  listed  above  are  compared  in  Figure  1II-2 
for  one  particular  application.  In  this  case,  each  of  the  five  techniques 
was  used  to  design  the  periodic  magnetic  field  for  a 94-GHz,  300-kV 
Ubitron.  In  this  tube  design  the  rf  circuit  i.d.  and  the  magnetic  period 
are  approximately  equal.  Note  that  the  largest  magnetic  field  harmonic 
was  obtained  using  the  superconducting  ring  structure  and  operating 
close  to  the  critical  current  density  for  Niobium-Tin.  This  gave  about 
2000  gauss  peak.  The  next  best  structure  was  the  immersed  soft 
magnetic  pole  pieces  (#1)  which  produced  about  1250  gauss  peak  in  a 
solonoidal  field  of  7000  gauss.  The  remaining  structures  gave  con- 
siderably weaker  magnetic  fields. 

The  overall  conclusion  of  this  study  task  is  that  superconducting 
ring  structures,  though  very  complex  to  implement,  are  the  most 
effective  for  producing  strong  undulating  magnetic  fields.  The  next 
best  choice  is  periodic  magnetic  pole  pieces  immersed  in  a solenoidal 
field.  Of  the  two  techniques,  immersed  periodic  magnetic  pole  pieces 
are  by  far  the  easiest  to  implement  from  an  engineering  point  of  view, 

A third  technique,  periodic  permanent  magnet  structures,  would  be 
used  only  where  weight  and  prime  power  are  the  major  considerations. 
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Figure  III- 2. 


Application  of  the  five  periodic  magnetic  field  techniques 
to  the  design  of  a 94  GHz,  360  kV  Ubitron  device. 


2 . Magnetic  Circuit  Analysis  Computer  Code 

The  key  tool  used  to  analyze  magnetic  structures  during 

this  study  is  a magnetic  circuit  analysis  computer  code  developed  by 

40 

E.  Munro  at  Cambridge  University.  This  computer  code  uses  the 
technique  of  " finite  elements"  as  opposed  to  the  more  commonly  used 
"difference  equation"  approach. 

The  finite  element  approach  is  a relatively  recent  development 
in  computer  codes  for  magnetic  circuit  analysis.  The  accuracy  of  the 
program  has  been  checked  quite  extensively  by  Munro.  He  has  made 
numerous  comparisons  between  the  axial  magnetic  field  output  from 
his  computer  code  and  theoretical  and  measured  values.  He  concludes 
that  the  accuracy  is  within  1%  for  non-saturated  magnetic  circuits  and 
within  5%  for  saturated  circuits.  In  his  calculations  he  used  a 2 5 x 50 
grid  pattern,  adjusted  to  provide  several  grid  lines  per  smallest 
magnet  feature. 

For  our  work  on  this  program  we  have  checked  the  accuracy 
of  the  axial  field  for  two  simple  cases  for  which  analytical  solutions 
exist:  an  air-filled  current  loop  and  an  iron-clad,  nonsaturated  mag- 
netic solenoid.  In  each  case  the  axial  field  was  within  1%  of  the 
theoretical  values. 

Some  claims  have  been  made  in  the  literature  that  computer 

codes  based  on  the  finite  element  approach  give  superior  performance 

in  their  running  time,  ease  of  matching  the  grid  mesh  to  the  problem, 

41  42 

and  programming  simplicity.  ’ Others  seem  to  disagree  or  are 
43  44 

undecided.  ' The  important  point  for  the  purposes  of  this  study 
is  that  the  accuracy  of  the  technique  is  not  questioned  and  is  entirely 
adequate  for  our  design  purposes. 

1 , Axial  and  Off-Axis  Magnetic  Field  Descriptions 

As  noted  in  paragraph  2 above,  one  of  the  outputs  of 
the  magnetic  analysis  computer  code  is  the  tabulated  values  of  the 
magnetic  field  on  the  axis  of  the  structure  being  analyzed.  In  order 
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to  use  this  computed  field  for  beam  and  rf  analysis,  it  is  necessary  to 
relate  this  axial  field  to  the  off-axis  field  in  the  region  of  the  hollow 
electron  beam  used  in  the  device. 

In  Appendix  C the  following  general  equations  are  derived. 

CO 

Bz(r,z)=  Bq  + ^ I0(Vnr)[Bcn  cos  (ynz)  + Bsn  sin  (ynz)]  (3-1) 


Br(r’  Z)  = VV^cn  Sin  (Vnz)  ' Bsn  COS  (YnZ)]  (3‘2) 

n=  1 

In  these  equations  the  axial  and  radial  magnetic  fields  (Bz  and  Bf) 

are  given  in  terms  of  BQ  (the  average  constant  axial  magnetic  field), 

B and  B , (the  peak  amplitudes  of  the  nth  harmonic  for  the  cosine 
cn  sn 

and  sine  terms  respectively),  and  Yn  (Yn  = 2tt/L,  L = magnetic  period 
length). 

The  analytical  procedure  used  during  this  study  has  been  to 
execute  the  Munro  computer  code  for  the  selected  magnetic  structure 
and  then  to  perform  a numerical  fourier  analysis  on  the  axial  magnetic 
field  obtained.  This  procedure  gives  the  values  of  Bq,  B^,  and  Bgn 
for  the  first  few  field  harmonics,  (usually  n < 5).  The  above  equations 
then  provide  a complete  description  of  the  magnetic  field  in  the  volume 
of  interest. 


In  this  section  we  give  the  results  of  our  analysis  on  the  periodic 
magnetic  field  structure  shown  in  Figure  III-3.  Here,  a set  of  ring- 
shaped  magnetic  and  non-magnetic  pole  pieces  are  stacked  together 
alternately  to  produce  a long  cylinder  through  which  the  rf  circuit 
and  electron  beam  are  placed.  This  whole  structure  is  then  placed  in 
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a solenoid  having  a uniform  axial  magnetic  field.  The  alternating 
magnetic  and  non-magnetic  rings  produce  the  desired  periodic  dis- 
turbance of  the  field  in  the  vicinity  of  the  electron  beam. 

Figure  III- 4 shows  the  magnetization  curves  for  a number  of 
candidate  materials  for  the  soft  magnetic  pole  pieces  shown  in  Fig- 
ure III- 3 . Of  these  materials  cobalt-iron  alloys  (Curves  1 and  2) 
appear  to  be  the  best  candidates  for  our  purposes.  A refined  version 
of  this  material  is  produced  by  Westinghouse  under  the  trade  name  of 
Hyperco-50.  Figure  III- 5 shows  a linear  plot  of  the  B-H  curve  of 
Hyperco-50  and  a comparative  curve  for  pure  iron.  Hyperco-50 
appears  to  be  the  best  material  for  this  type  of  periodic  structure, 
not  only  because  of  its  high  permittivity  and  high  saturation  field,  but 
also  because  it  can  be  machined  and  brazed  readily. 

A simplified,  first-order  analysis  of  the  periodic  magnetic  field 
inside  the  structure  shown  in  Figure  III  - 3 can  be  derived  easily  by 
assuming  that  the  magnetic  pole  pieces  have  infinite  permeability  and 
that  the  magnetic  field  between  pole  pieces  is  constant.  With  these 
assumptions,  the  axial  magnetic  field  at  the  i.  d.  of  the  periodic  mag- 
netic structure  has  a simple  rectangular  waveform  as  shown  in  Fig- 
ure III-6.  The  boundary  conditions  are  B (r  , z)  = 0 across  the  poles 

z c 

and  B (r  , z)  = B (a  constant)  across  the  non-magnetic  spacers, 
z c max  ° r 

The  magnetic  field  at  the  radius  r^  shown  in  Figure  III- 6 can  be 
described  by  a fourier  series  of  the  form 


where  B - B G/L.  When  this  series  is  compared  with 
ave  max  r 

tion  (3-1)  we  find  that  in  terms  of  the  peak  field  existing  at  the 
pieces  the  axial  magnetic  field  can  be  approximated  by 
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Figure  III-6.  Simplified  boundary  conditions  for  first  order  analysis  of 
periodic  magnetic  field. 
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This  simplified  model  of  the  magnetic  field  is  useful  for  comparison 
with  the  output  from  the  Munro  computer  code  analysis. 

The  Munro  computer  code  was  used  to  analyze  selected  periodic 
magnetic  structures  with  two  different  parameter  trade-offs.  In  each 
case,  the  amplitude  of  the  first  few  spatial  harmonics  on  the  axis  were 
determined  as  functions  of  the  average  solenoidal  field,  from  Bq  = 0 
through  complete  saturation  of  the  magnetic  pole  pieces. 

The  two  parameters  that  were  varied  were  the  gap/period 
ratio  and  the  angle  between  the  faces  of  the  pole  pieces.  These  two 
parametric  conditions  are  identified  as  configurations  1A  and  IB 
respectively  in  Figures  III- 7 and  III- 10.  The  purpose  of  choosing 
these  two  parameters  is  to  determine  the  extent  to  which  the  amplitude 
of  the  fundamental  periodic  component  can  be  maxirr  ized  as  a function 
of  the  pole  piece  geometry. 

Figures  III- 7 and  III-8  show  the  first  and  second  harmonic 

amplitudes  as  functions  of  the  average  solenoidal  field  Bq  with  gap/ 

period  ratio  as  a parameter.  Note  that  the  peak  field  occurs  near 

G/L  = 1/2  as  predicted  by  equation  (3-3)  if  is  held  constant  at 

B , (the  value  at  which  the  pole  pieces  saturate).  Note  also  that  the 
s at 

curves  remain  nearly  flat  after  saturation  occurs. 

For  some  cases  of  beam  focusing  it  may  be  desirable  to  select 
the  ratio  of  Bj/Bo  independently.  Figure  I II- 9 shows  the  range  of  pos- 
sible values  of  Bj/B  that  may  be  obtained  by  changing  the  gap/period 
ratio  and/or  operating  into  the  saturation  region. 

Figures  III -10,  III- 11,  and  III-  1 2 show  the  first  and  second 
harmonic  amplitudes  and  the  Bj/B  ratio  for  the  case  where  the  angle 
between  the  pole  faces  is  varied  as  a parameter.  For  these  curves, 
the  mean  gap-to-period  ratio  was  held  constant  at  l/3.  This  configura- 
tion, designated  as  configuration  IB,  is  illustrated  in  Figure  III- 10. 
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Figure  III-  1 0.  Plots  of  Bj  versus  BQ  for  parameter  9, 
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Figure  III -11.  Plots  of  versus  Bq  for  parameter 
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Figure  III-12.  Plots  of  Bj/Bq  versus  BQ  for  parameter  9. 
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In  comparing  the  peak  values  of  Bj  taken  from  Figures  III- 7 
and  III- 10,  it  will  be  noted  that  they  are  about  the  same  at 
Bj  = 1 250  gauss.  In  Figure  III  - 1 0 the  peak  occurs  for  0 s 10  degrees. 
Using  the  geometry  shown  with  a mean  gap-to-period  ratio  of  1/3,  this 
angle  corresponds  to  an  i.  d.  gap/period  ratio  of  1/2.  Thus,  the  peak 
Bj  in  Figure  III- 1 0 occurs  at  the  same  value  of  i.  d.  gap/period  ratio 
as  the  peak  in  Figure  III—  7 . This  should  not  be  surprising  based  on 
equation  3-3  and  the  manner  in  which  it  was  derived;  i.  e.  , matching 
the  i.  d.  of  the  circuit  as  an  ideal  magnetic  boundary.  From  the 
results  of  Figure  III- 1 0 we  would  therefore  anticipate  that  the  peak 
value  of  Bj  always  occurs  near  the  point  where  the  gap/period  ratio  at 
the  L d.  of  the  structure  is  about  1/2,  and  that  it  would  always  have 
about  the  same  amplitude. 

The  important  thing  to  note  for  design  purposes  is  that  the  aver- 
age value  of  magnetic  field  required  to  produce  maximum  Bj  is  sub- 
stantially reduced  through  tapering  of  the  pole  piece  faces.  From 
Figure  III- 7 we  see  that  it  required  10,000  gauss  to  produce  the  maxi- 
mum harmonic  field,  whereas  by  using  the  10-degree  taper  shown  in 
Figure  III- 10,  this  same  harmonic  amplitude  is  achieved  using  only 
7000  gauss.  The  tapered  pole  pieces  thus  act  as  a means  for  con- 
centrating the  magnetic  field  and  reducing  the  requirements  of  the 
solenoid  without  significant  loss  in  usable  harmonic  field.  The  main 
trade-off  in  using  this  technique  appears  to  be  in  the  width  of  the  Bj 
curve  peak  as  a function  of  Bq.  Reduction  in  the  peak  amplitude  of  B j 
is  small  and  of  secondary  concern. 

It  is  informative  to  compare  the  results  from  the  Munro  com- 
puter code  with  the  first  order  analytical  results  obtained  from  equa- 
tion 3-3,  Note  in  Figure  III  - 9 that  prior  to  saturation  the  values  of 

B . /B  are  constant  as  functions  of  B but  vary  as  a function  of  G/L. 

1 o o’ 

If  we  identify  B = B = B (G/L)  in  equation  (3-3),  we  get  for 
’ o ave  max  ^ e 

B./B 
1 o 
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Plotting  this  function  of  G/L  together  with  the  nonsaturated  values 
taken  from  Figure  III- 9 gives  the  result  shown  in  Figure  III- 13.  Con- 
sidering the  assumptions  used  in  obtaining  equation  (3-3),  the  agree- 
ment is  quite  good  — certainly  good  enough  for  first-order  design 
trade-off  work. 

The  peak  values  of  Bj  (which  occur  in  the  saturation  region) 
may  be  estimated  from  equation  (3-3)  by  determining  an  effective  maxi- 
mum value  for  B (called  B ,)  based  on  the  maximum  values  of  B, 
max  sat  1 

obtained  from  the  Munro  computer  code.  This  has  been  done  as  shown 
in  Figure  III  - 14  by  plotting  the  peak  values  of  Bj  taken  from  Fig- 
ure III—  7 as  a function  of  G/L  and  then  finding  a value  of  B in 

equation  (3-3)  which  most  closely  matches  the  resulting  curve.  Note 

that  the  effective  value  of  B , for  this  case  is  17000  Gauss.  Note 

s at 

also  that  there  is  an  effective  phase  shift  between  the  results  from 

equation  (3-3)  and  the  Munro  computer  code.  For  first-order  design 

trade-off  work,  this  phase  shift  is  inconsequential  because  it  simply 

means  that  a final  design  would  require  a slight  adjustment  in  the  G/L 

ratio.  The  important  thing  to  consider  is  that  an  effective  value  of 

B = B = 17000  gauss  has  been  identified  in  equation  (3-3),  which 
max  sat 

can  give  reasonably  accurate  results  for  determining  the  maximum 
obtainable  value  of  Bj. 

C.  Periodic  Permanent  Magnet  (PPM)  Structures 

Since  about  1970  there  has  been  a rapid  development  and  market- 
ing of  new  samarium  cobalt  (SmCo^)  permanent  magnets  which  are 
significantly  more  powerful  and  magnetically  harder  than  any  previ- 
ously available  materials.  Figure  I II - 1 5 shows  the  demagnitization 
curves  for  a number  of  magnetic  materials  compared  to  that  of  SmCo^. 
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Figure  III- 15.  Demagnetization  curves  for  common  high 
coercive  PM  materials  compared  to 
samarium  cobalt. 
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Samarium  cobalt  magnets  have  been  assimilated  rapidly  into 
the  designs  of  PPM  beam  focusing  structures  for  microwave  and 
millimeter -wave  tubes.  The  use  of  this  new  material  has  provided 
lightweight  tubes  with  significantly  increased  output  powers  and  at 
higher  frequencies. 

During  the  course  of  this  study  program,  we  have  examined 
two  different  types  of  SmCo^  PPM  structures  for  application  to 
Ubitrons.  These  two  structures  are  shown  in  Figures  I II-  1 6 and  III-17. 
The  first  is  a conventional  approach  which  uses  two  ring  magnets  per 
period  with  soft  magnetic  pole  pieces  between.  The  second  approach, 
normally  called  a double  periodic  structure,  uses  longer  permanent 
magnets  with  a shunting  pole  piece  between  the  larger  pole  pieces. 

As  shown  in  Figure  III- 17,  this  structure  produces  a strong  third 
harmonic  which  is  the  harmonic  of  interest  for  Ubitron  applications. 

To  use  the  Munro  magnetic  circuit  analysis  computer  code  to 
aid  in  the  design  of  PPM  structures,  it  is  necessary  to  make  some 
assumptions  and  approximations  which  allow  the  permanent  magnets  to 
be  simulated  by  azimuthal  electric  currents.  The  derivation  and 
justification  of  this  simulation  is  given  here. 

Within  the  permanent  magnet  material,  the  relationship  between 
the  fields  is  given  by 

B = u (H  + M)  (3-5) 

o 

where  B is  the  magnetic  field,  H is  the  magnetic  field  intensity,  M is 
the  magnetization  of  the  material  and  is  the  permeability  of  free 
space.  Since  the  permanent  magnets  shown  in  Figures  III- 16  and  III- 17 
are  uniformly  magnetized  in  the  z direction  and  since  the  B and  H fields 
are  also  essentially  uniform  and  z directed  due  to  the  soft  magnetic 
pole  pieces,  we  can  make  the  assumption  that  all  of  the  fields  (B,  H, 
and  M)  within  the  permanent  magnets  are  uniform  and  have  the  same 
direction.  This  approximation  is  fairly  good  when  the  permanent  mag- 
nets are  thin,  as  shown  in  Figures  III- 16  and  III- 17,  and  the  pole  pieces 

are  not  saturated. 
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We  now  choose  to  re-define  B in  terms  of  the  SmCOj. 
demagnetization  curve  shown  in  Figure  III- 18.  Let  p be  the  slope  of 
a line  running  from  -Hc  to  any  given  working  point  (Bj,  Hj)  on  the 
curve  as  illustrated  in  Figure  III-18.  Then,  in  terms  of  p,  B is  given 
by 

B - (p)  (H  + HJ  (3-6) 


where  p is  a function  of  the  working  point  on  the  curve.  Thus,  when 
H = 0,  the  value  of  B is 

B = PcHc  = Br  (residual  magnetic  field) 

and  when  H = - H , B is  zero  as  required.  Note  that  the  function  p in 
c 

equation  (3-6)  is  the  nonlinear  permeability  for  a new  B-H  curve 
obtained  by  shifting  the  actual  curve  by  an  amount  Hc  (see  Figure  III- 18). 

Solving  equation  (3-6)  for  H and  substituting  this  value  into  the 
macroscopic  Maxwell  equation  V x H = 0,  we  get  the  following  equation: 

V x — = V x H (3-7) 

p c 

Based  on  equation  (3-7)  the  boundary  condition  at  the  surface  of  the 
permanent  magnet  is 


A 

n x 


A 

n x 


H 


(3-8) 


where  n is  an  outward  directed  unit  vector  normal  to  the  surface  of  the 
magnet  and  the  subscripts  1 and  2 refer  to  quantities  inside  and  outside 
of  the  magnet  respectively. 
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F igure  III- 18.  Samarium  cobalt  demagnetization  curve  and  shifted  curve. 
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If  we  now  compare  equation  (3-8)  to  the  equivalent  equation 
obtained  for  a problem  involving  soft  magnetic  materials;  i.  e.  , 


A 

n x 


J 

s 


we  see  that  the  PPM  problem  is  equivalent  to  one  in  which  there  are 
surface  currents  on  the  permanent  magnet  of  value 

J = - n x H 

s c 


and  where  the  permanent  magnet  volume  is  replaced  by  a soft  magnetic 
material  of  nonlinear  permeability  p.  The  permeability  in  this  case  is 
treated  as  a function  of  the  magnetic  field  B,  as  it  is  in  the  Munro  com- 
puter code. 

The  net  result  of  this  equivalency  is  shown  in  Figure  III- 19.  A 
thin  layer  of  current  on  the  inner  and  outer  surfaces  of  the  magnets  are 
the  equivalent  magnetization  of  the  permanent  magnets  and  the  volume 
of  the  magnets  is  treated  as  a soft  magnetic  material  of  permeability  p. 
In  terms  of  the  current  layer  thickness  "t,  " the  current  density  within 
the  layer  is 


J 


(3-9) 


The  correctness  of  the  above  equivalence  theory  has  been 
checked  using  the  computer  code  to  solve  the  asymptotic  case  of  a 
short-circuited  magnet  (i.  e.  , a permanent  magnet  which  is  completely 
encased  in  a high-permeability,  non-saturating  material).  The  result 
was  B = B^  throughout  the  volume  of  the  permanent  magnet  as  required. 
Also,  other  PPM  structures  analyzed  by  the  computer  code  gave 
reasonable  results  which  are  approximated  by  those  of  simple  magnetic- 
circuit  theory  for  non- saturating  structures.  The  equivalence  theory  is 
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therefore  believed  to  be  correct.  In  most  cases  it  was  also  observed 
that  the  calculated  magnetic  field  within  the  permanent  magnets  was 
essentially  uniform  as  required  by  the  initial  assumptions  for  magnetic 
circuit  equivalency.  Where  saturation  begins  to  occur,  this  is  no 
longer  true,  and  the  equivalency  begins  to  break  down. 

The  advantage  of  using  the  Munro  computer  code  for  PPM 
analysis  is  that  a better  approximation  of  the  fringing  fields  is 
obtained,  which  results  in  better  accuracy  in  calculating  the  axial 
magnetic  field  amplitudes. 

The  results  of  a computer-aided  design  trade-off  of  PPM 
structures  for  use  in  a 300-kV  Ubitron  amplifier  at  94  GHz  are  shown 
in  Figures  III  - 1 6 and  III- 1 7.  The  final  design  cross-sectional  draw- 
ings of  the  structures  are  also  shown.  These  designs  were  arrived 
at  through  the  process  of  adjusting  the  PPM  structure  dimensions 
and  analyzing  the  result  until  (1)  the  maximum  flux  density  in  the  pole 
pieces  (which  occurs  approximately  at  the  i.  d.  of  the  magnets)  was 
below  saturation  limit,  and  (2)  the  average  B/H  within  the  magnets 
was  about  -0.  5 (i.  e.  , a magnet  load  line  of  1/2  in  gaussian  units)  both 
of  these  criteria  are  common  practice  for  good  PPM  design. 

As  shown  in  the  figures  the  simple  PPM  structure  gave  the 
best  results  with  about  600  Gauss  peak  fundamental  harmonic  compared 
to  500  gauss  peak  third  harmonic  in  the  double  PPM  structure.  We 
believe  that  the  upper  limit  which  can  be  achieved  by  pushing  the 
design  limits  past  the  normal  design  criteria  is  approximately 
700  gauss  peak  using  the  simple  PPM  structure.  This  is  the  value 
used  for  the  comparative  results  shown  in  Figure  I II - 1 6 . 

One  of  the  problems  associated  with  SmCo^  ring  magnets  is 
that,  because  of  their  high  energy  and  brittleness,  they  are  difficult  to 
work  with  when  the  thickness  dimensions  become  small.  Experience 
at  Hughes  has  shown  that  magnets  as  thin  as  0.  050  inches  must  be 
processed  and  handled  with  considerable  care.  A consensus  of  opinion 
from  magnet  vendors  seems  to  be  that  magnets  as  thin  as  0.  030  inches 
could  be  fabricated  and  used  in  PPM  structures  as  long  as  the 
(o.  d.  /thickness)  ratio  did  not  exceed  about  10. 
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The  magnets  in  the  simple  PPM  structure  shown  in  Figure  III- 16 
are  easily  within  the  constraints  described  above.  If,  however,  there 
was  a need  to  lower  the  operating  voltage  of  a 94  GHz  amplifier  to  the 
vicinity  of  100  kV,  the  result  would  be  magnet  thickness  on  the  order 
of  0.  015  to  0.  020  inches,  which  may  not  be  possible.  In  this  case,  it 
would  be  necessary  to  use  a double  PPM  structure  like  the  one  shown 
in  Figure  III-17.  The  effects  of  the  double  PPM  magnetic  field  shape  on 
beam  focusing  and  rf  interaction  were  not  studied  during  this  program. 

D.  Periodic  Electromagnets 

We  anticipated  at  the  beginning  of  this  portion  of  the  study  that 
periodic  electromagnets  for  Ubitron  applications  would  not  be  compara- 
tive with  other  techniques  because  of  the  added  power  dissipation  very 
close  to  the  rf  circuit.  For  the  sake  of  completeness,  however,  some 
quantitative  results  were  obtained. 

Figure  III- 2 0 shows  the  results  of  computer-aided  analysis  on 
a periodic  electromagnet  structure  applicable  to  a 94-GHz,  300-kV 
Ubitron.  The  electric  windings  in  this  structure  are  very  small  but 

are  consistent  with  what  is  being  done  in  the  field  of  miniaturized  mag- 

45 

netic  lenses  for  electron  microscope  work. 

Note  from  the  figure  that  the  soft  magnetic  material  encasing 
the  coils  saturates  quickly  as  the  current  density  is  increased.  This 
limits  severely  the  maximum  field  which  is  attainable.  After  satura- 
tion of  the  pole  pieces,  the  dissipated  power  per  winding  increases 
rapidly  with  very  little  net  gain  in  the  magnetic  field  amplitude. 

A peak  axial  magnetic  field  of  800  gauss  requires  a power  dis- 
sipation of  approximately  1 kW  per  period.  For  the  design  shown  in 

Figure  III-20  this  represents  an  outer  surface  heat  flow  of  about 

2 2 
200  W/cm  . Much  larger  heat  flows  are  possible  (2000  W/cm  SOA) 

2 

but  200  W/cm  is  sufficiently  large  that  any  further  increase  could 
only  be  justified  on  the  basis  of  a detailed  thermal  analysis.  It  must 
also  be  remembered  that  rf  circuit  cooling  is  superimposed  on  the  prob- 
lem of  cooling  the  magnetic  structure. 
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Figure  III-20.  Axial  magnetic  field  versus  dissipated  power  using 
periodic  electromagnets. 
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Superconducting  Current-Carrying  Ring  Structure 


The  motivation  for  determining  the  capabilities  of  superconducting 
periodic  magnetic  field  structures  comes  from  the  need  to  obtain  larger 
undulating  fields  than  are  possible  using  soft  magnetic  materials.  At 
94  GHz  one  of  the  limiting  factors  on  amplifier  gain  and  efficiency  is 
the  ratio  of  the  transverse  to  longitudinal  velocities  in  the  electron 
beam.  This  in  turn  is  directly  proportional  to  the  peak  value  of  the 
fundamental  harmonic  component  of  the  magnetic  field. 

The  added  complexity  of  using  superconducting  structures  is 
ameliorated  somewhat  by  the  fact  that  the  structures  involved  are  small 
and  potentially  easier  to  work  with  than  superconducting  solenoids.  An 
added  problem,  however,  is  the  need  to  isolate  the  hot  rf  circuit  from 
the  closely  adjacent  superconducting  magnetic  structure.  The  solution 
to  this  design  problem  was  not  explored  in  sufficient  detail  during  this 
study  to  provide  feasible  designs.  The  emphasis  on  this  part  of  the 
study  was  simply  to  define  quantitatively  the  limits  on  the  maximum 
attainable  undulating  magnetic  field. 

Figure  III-21  shows  some  of  the  characteristics  of  Type  II 
superconducting  materials.  These  are  materials  which,  because  of 
filamentation  of  the  superconducting  current  paths  within  the  material, 
are  able  to  remain  superconducting  even  when  immersed  in  large 
magnetic  fields.  The  lower  graph  in  Figure  III— 2 1 shows  the  critical 
magnetic  field  (i.  e.  , the  magnetic  field  at  which  superconductivity  is 
quenched)  versus  the  operating  temperature  for  two  materials.  Of  the 
two  materials,  niobium  tin  compounds  have  been  used  extensively  in 
superconducting  solenoids.  Using  powder  metallurgy  and  sintering 
processes,  niobium-tin  can  be  fabricated  into  almost  any  desired 
shape. 

The  upper  graph  in  Figure  III  - 2 1 shows  the  critical  current 
density  versus  applied  magnetic  field.  As  with  the  critical  magnetic 
field,  the  critical  current  density  is  the  current  density  at  which 
superconductivity  in  the  material  is  quenched.  This  curve  shows  that 
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CRITICAL  CURRENT,  AMPERES 


for  niobium  tin  operating  in  magnetic  fields  of  a few  kilogauss  the 

5 6 2 

maximum  current  density  is  between  10  and  10  A/cm  . For  the 

5 2 

purposes  of  this  study  we  have  used  a value  of  6 x 10  A/cm  as  the 
limiting  current  density. 

The  periodic  superconducting  ring  structure  which  was 

analyzed  is  shown  in  Figure  III-22.  The  superconducting  rings  are 

spaced  two  per  period  with  current  traveling  in  opposite  directions. 

The  cross  sections  of  the  rings  were  assumed  to  be  square  as  shown 

5 2 

and  the  current  density  was  set  equal  to  6 x 10  A/cm  . A wall  was 
placed  outside  of  the  super  conducting  rings  which  was  also  assumed  to 
be  superconducting.  This  wall  confines  the  magnetic  field  to  the  axial 
region  by  virtue  of  the  fact  that  superconducting  materials  tend  to  ex- 
clude magnetic  fields. 

The  net  result  of  the  field  analysis  on  this  structure  is  shown 
in  the  lower  portion  of  the  figure.  The  desired  fundamental  harmonic 
is  very  nearly  2000  gauss.  This  is  nearly  double  the  field  produced 
by  the  next  best  structure;  viz,  magnetic  pole  pieces  immersed  in  a 
solenoidal  field.  As  with  the  other  structures  analyzed,  this  super- 
conducting ring  structure  was  designed  to  operate  in  conjunction  with 
a 94-GHz,  300-kV  Ubitron. 

The  construction  of  the  superconducting  rings  could  take  the 
form  of  a ring -bar  structure  similar  to  those  used  in  microwave  rf 
slow-wave  circuits.  In  our  case,  alternate  rings  would  be  tied 
together  by  bars  which  extended  outside  of  the  ring  radius  and 
traveled  in  the  axial  direction.  Each  ring  would  then  be  broken  at  one 
point  on  its  circumference  to  allow  the  current  to  enter  the  loop  by 
one  connecting  bar  and  leave  by  another.  In  this  way  current  traveling 
one  way  would  excite  all  of  the  rings  with  one  of  the  current  directions 
and  current  traveling  back  would  excite  all  of  the  remaining  rings. 

The  structure  described  above  is  equivalent  to  a bifilar  helix 
in  which  the  current  traveling  in  the  two  windings  is  going  in  opposite 
directions.  The  spiraling  periodic  magnetic  field  created  by  a 
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Figure  III-22. 


Axial  magnetic  field  using  periodic  superconducting 
rings. 
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bifilar -wound  superconductor  would  probably  provide  a suitable  field 
for  Ubitron  operation,  but  at  present  no  tools  have  been  developed 
which  allow  analysis  of  such  a device.  Because  of  the  simplicity  of 
this  type  periodic  structure,  analysis  would  be  well  worthwhile  if 
superconducting  periodic  structures  were  determined  to  be  necessary. 

F.  Immersed  Superconducting  Rings 

The  fact  that  superconducting  materials  tend  to  exclude  mag- 
netic fields  from  penetrating  them  is  the  idea  behind  the  fifth  type  of 
periodic  magnetic  structure,  which  is  illustrated  in  Figure  III- 2 3. 
Essentially  the  superconducting  rings  in  this  structure  act  as  if  their 
permeability  is  near  zero,  thus  creating  a periodic  disturbance  in  the 
solenoidal  field. 

A superconducting  outer  wall  was  also  used  in  this  structure 
and  was  moved  to  several  positions  to  determine  if  an  optimum  existed. 
The  results  of  analysis  on  this  structure  are  shown  in  the  lower  por- 
tion of  the  figure.  The  amplituue  of  the  harmonic  component  was 
less  than  300  gauss  for  a solenoidal  field  of  10,000  gauss.  The  posi- 
tion of  the  outer  wall  had  little  effect  on  the  amplitude  of  the  first 
harmonic  B., 

The  relatively  poor  results  obtained  from  this  structure  can  be 
explained  on  the  basis  of  the  relative  permeability  change  of  the  per- 
turbing magnetic  element.  In  the  case  of  magnetic  materials,  the 
relative  permeability  change  is  as  high  as  5000  to  10,000  whereas  the 
change  for  a superconducting  material  is  roughly  1.  Superconducting 
rings  immersed  in  a solenoidal  magnetic  field  do  not  show  much 
potential  for  our  purposes. 
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IV. 


THE  DESIGN  OF  THE  ELECTRON  GUN 


A. 


Introduction 


The  Ubitron  concept  requires  a hollow  electron  beam  traveling 
down  a circular  waveguide  with  its  sense  of  rotation  periodically 
changed  by  a static  magnetic  field  which  varies  periodically  about  a 
constant  value  with  distance  along  the  waveguide. 

A baseline  design  of  a 50-kW  Ubitron  amplifier  was  originally 
made  in  which  the  electron  beam  was  defined.  The  parameters  of 
this  design  are  listed  in  Table  IV- 1 and  are  retained  in  the  present 
study  with  some  exceptions  which  resulted  from  the  newly  acquired 
knowledge  of  the  magnetic  field  configuration.  Inspection  of  the  table 
shows  the  beam  to  be  relativistic  but  to  carry  only  a small  amount  of 
space  charge  which  is  neglected  in  the  analysis.  Furthermore,  it  is 
evident  that  the  cathode  must  be  considerably  larger  in  area  than  the 
cross-sectional  area  of  the  beam  in  the  interaction  region  even  in  the 
limiting  case  of  a solid  0.  30  cm  diameter  beam.  A solid  beam  with 
this  diameter  would  have  a current  density  of  60  A/cm  . Since  cathodes 

do  not  operate  reliably  at  emission  densities  greater  than  about 

2 

3 A/  cm  the  minimum  area  compression  of  the  beam  is  20:1  for  the 
solid  beam  and  larger  for  annular  beams. 

Two  types  of  electron  gun  have  been  considered  to  generate  the 
beam  for  the  Ubitron;  the  convergent  hollow  beam  gun  shown  in 
Figure  IV- 1 and  the  magnetron  injection  gun  shown  in  Figure  IV-2. 
Unfortunately  the  time  available  has  not  been  adequate  to  make  a 
comparative  study  of  the  merits  of  the  two  guns.  Because  the  current 
Russian  work  on  fast-wave  devices  has  shown  a preference  for 
magnetron  injection  guns  for  generation  of  annular  beams,  we  have 
chosen  to  investigate  the  magnetron  injection  gun  in  the  time  available. 
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Table  IV- 1.  Baseline  Operating  Parameters  of 
50  kW  Ubitron 


RF  Power 

50  kW 

Duty  Cycle 

50% 

Beam  Voltage 

300  kV 

Electrical  Efficiency 

~4% 

Beam  Power 

1.  25  MW 

Beam  Current 

4.  2 A 

Beam  Perveance 

2. 42  x 10"8  A/V3/2 

Waveguide  I.  D. 

0.  60  cm 

0.600  cm 

Mean  Beam  Diameter 

~0.  30  cm 

0 . 47 0 cm 

Beam  Thickness 

~0.  004  cm 

0.  045  cm 

Magnetic  Field 

~ gauss 

7500  gauss 

Magnetic  Period 

0.  60  cm 

Depth  of  Modulation 

0.  18 

Baseline  Design 

Modifica- 

tions 

Because  the  electron  gun  parameters  of  Table  IV- 1 were 
under  constant  review  as  a consequence  of  the  development  of  the  rf 
theory,  we  chose  to  investigate  the  general  relationships  of  the  gun 
design  parameters  of  the  magnetron  injection  gun  to  the  parameters 
of  the  electron  beam  in  the  interaction  region,  in  preference  to  con- 
centrating on  a specific  gun  design. 

In  paragraph  B,  we  review  the  relativistic  Lorentz  force  equa- 
tion and  in  paragraph  C.  we  discuss  the  motion  of  the  electrons  in  the 
region  of  the  magnetron  injection  gun,  using  a simplified  gun  geometry. 
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This  part  of  the  report  parallels  the  work  of  Tsimring.  Paragraph  D. 
is  devoted  to  a discussion  of  the  invariants  of  the  motion  which  are 
used  to  relate  the  parameters  of  the  electron  gun  to  the  boundary  con- 
ditions on  the  dc  beam  at  the  beginning  of  the  rf  interaction  region. 

In  paragraph  E.  we  develop  the  relativistic  paraxial  ray  equation  which 
is  used  to  describe  the  motion  in  the  region  of  uniform  magnetic  field 
and  also  in  the  region  where  the  field  undulates,  for  small  amplitudes 
of  undulation.  The  simple  analytic  expressions  for  the  electron  motion 
could  be  useful  in  the  further  development  of  small-signal  theory. 

A sample  calculation  of  a suitable  magnetron  injection  gun  using  the 
theory  developed  is  presented  in  paragraph  F. 

B.  The  Belativistic  Lorentz  Force  Equation 

The  Lorentz  force  equation  is 

= - e[E+  vxB]  (4-1) 

where  mQ  is  the  rest  mass  of  the  electron,  e its  charge,  and~v  its 
velocity.  E and  B are  the  electric  and  magnetic  field,  and  the  rela- 
tivistic  y is 

Y = ~ 1 ~ (4-2) 

J 1 - V.  vl 

In  the  following  we  briefly  summarize  the  expansion  of 
equation  (4-1)  previously  given  in  Section  II,  and  derive  relativistic 
potential  equations  useful  in  beam  analysis. 
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Equation  (4-1)  is,  with  q = e/m 


Y If  + = -1"1  [E+  vxB] 


Scalar  multiplication  by"v  gives 


— dv  —*  — dV 

v • dF+  v * vdt 


= -nv  e 


Using  the  definition  of 


2 

v . v - c 


["?] 


— dv  c dy 
V ' dt  = 'y3  dt 


Hence  after  substitution  into  (4-4) 


2 dY 

m c TT 
o dt 


JT  ' ’e  v-.E 


(4-3) 


(4-4) 


(4-5) 


(4-6) 


(4-7) 


The  right-hand  side  is  the  work  done  on  the  electron.  If  T is  the 
kinetic  energy  of  the  electron,  then 


T = rnoC^  (y  - 1)  m0c^  (l  + y v^/c^  — • • • — (4-8) 

and  (4-7)  becomes 


-e 


v.E 


(4-9) 
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Integration  of  (4-9)  gives 


and  hence 


mQc  (y  - 1)  = e<I> 


+ 1— e*  I1' 
2 2 
m c 

. o 

~I+-e$ 

2 

m c 
o 


(4-  10a) 
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511.0 


where  is  measured  in  kilovolts. 


T 4>  ]!/ 

L1  + 1022,  oj 

[-SlH] 


(4- 10b) 


C.  The  Motion  in  the  Magnetron  Injection  Gun 

A typical  magnetron  injection  gun  is  shown  in  the  previous 
Figure  IV-2.  In  such  a gun  the  extraction  of  the  electrons  depends  on 
the  presence  of  a magnetic  field  at  the  cathode.  Unfortunately,  this 
magnetic  field  plays  a considerable  role  in  determining  the  subsequent 
electron  motion  and  therefore  restricts  the  options  available  to  the 
designer  of  the  electron  gun.  Specifically,  the  energy  in  rotation  in 
the  magnetic  field  imparted  to  the  electrons  in  the  gun  is  related  to 
the  energy  in  the  magnetic  field  downstream  by  the  "transverse 


adiabatic  invariant"  and  by  the  need  to  conserve  angular  momentum. 

To  determine  these  quantities  we  consider  a simple  model  of  the 
electron  gun  in  which  a conical  cathode  with  a narrow  cone  angle  is 
surrounded  by  a concentric  cylinder  as  shown  in  Figure  IV-3.  A 
uniform  axial  magnetic  field  Bc  exists  in  this  region.  Electrons  leave 
the  cathode  with  initial  velocity  components  v^,  v^,  vv  j measured 
in  a Cartesian  coordinate  system  (£,  q , v)  located  on  the  cathode. 

In  the  cylindrical  coordinate  system  (r,  9,  z)  of  the  gun  the  initial 
velocity  components  are 


V0T  = V£T 


VrT  = VqT  COS  6 ' VvT  Sin  6 


v „ = v sin  6 + v _ cos  6 
zT  q T v T 


(4  - 1 1 a) 


(4-1  lb) 


(4-llc) 


The  electric  field  E between  the  cathode  and  the  anode  is 
approximately  described  by  the  space  charge  free  electric  field  between 
concentric  cylinders.  This  field  is 


E = - 


r log  (ra/rc) 


(4-12) 


The  average  value  E of  this  field  is 


-2  4> . 


E = 


(ra+rc)  log  (ra/rc) 


(4-13) 


and  will  be  used  to  calculate  the  electron  trajectories  in  the  gun. 
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The  magnetic  field  B in  the  cathode  region  must  be  strong 
enough  to  prevent  the  electrons  from  being  accelerated  into  the  anode. 
The  critical  mangetic  field  which  just  prevents  this  is  related  to  the 
anode  voltage  by  the  magnetron  "cut-off1  condition  which  is  given  by 
(4-2) 


k - 


(4-14) 


The  critical  average  field  is  then 


2$, 


'c  r it. 


(r  + r ) log  (r  7r  ) 
a c a c 


n2  / 2 2 \ . 
uB  r -r  ) r -r) 
c \ a c / a c 

4 ra  l°S  I Vc> 


(4-15) 


The  motion  of  the  electrons  in  the  vicinity  of  the  cathode  is 
therefore  assumed  to  be  in  a uniform  electric  field  with  components 


E = E cos  6 
r 


(4-  16a) 


E, 


(4-  16b) 


E = E sin  6 
z 


(4-16c) 


In  order  to  simplify  the  analysis,  Cartesian  coordinates  are  used  to 
approximately  describe  the  motion  in  the  vicinity  of  the  cathode  with 
= E^.  The  non- relativistic  Lorentz  force  equation  is  used  since  the 
electrons  travel  slowly  in  the  gun  region.  The  components  of  this 
equation  are 


dv 

> 

dt 


- - n v B 
1 y z 


(4-  17a) 
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A transformation  is  made  to  a coordinate  system  moving  with  velocity 
E x B/B2,  i.  e. 

Vx  = Vx+  Ey/Bc  (4“18a) 

Vy  = Vy  (4- 18b) 

vz  = (4- 18c) 

On  making  this  substitution,  and  using 

“cc  = nBc  (4-19) 


the  equations  of  motion  are, 


dv' 

z 

dt 


u> 

cc 


V 

y 


(4-20a) 


U) 

cc 


V 

X 


(4 -2 Ob) 


? 


(4-20c) 
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Since  the  axial  velocity  component  does  not  appear  in  the  equations  for 
the  transverse  motion  and  vice  versa,  these  two  motions  maybe  dis- 
cussed separately.  The  axial  field  serves  merely  to  extract  the 
electrons  from  the  magnetron  injection  gun. 

Since  the  axial  velocity  component  does  not  appear  in  the  equa- 
tions for  the  transverse  motion  and  vice  versa,  these  two  motions  may 
be  discussed  separately.  The  axial  field  serves  merely  to  extract 
the  electrons  from  the  magnetron  injection  gun. 

The  solutions  to  the  transverse  equations  are: 


I 

v = A cos  to  t + B sin  to  t (4-21a) 

xx  cc  x cc 


v = A cos  to  t + B sin  to  t (4-2  lb ) 

y y cc  y cc 


At  time  t = 0,  v 

, i x 

Also  dv  / dt  = - to  v _ 
x cc  yT 


VGT  " V£T  and  hence  vx  = (v0T 


- to  v . 
cc  rT 


E /B  ). 

y c 

Hence  for  the  x motion 


I 

v = (vQ_  - E /B  ) cos  to  t - v _ sin  to  t (4-22a) 

x OT  y c cc  rT  cc 

Similarly  for  the  y motion 


v = v „ cos  to  t + (vQ_  - E /B  ) sin  to  t (4-22b) 

y rT  cc  9T  y c cc 


The  transverse  component  of  the  electron  velocity  relative  to  the 
coordinate  system  moving  with  velocity  E^/B^  in  the  x direction  is 


/ = / v + v = / 

i c yj  x y yl 


<V0T  • Ey/Bc'2  * 'rT  <4-“> 
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I I 

Integration  of  and  gives  the  equation  of  the  electron  trajectory 

i I 

x = [ (vnrT,  - E /B  ) sin  to  t - v (1  - cos  to  t)]  (4-24a) 

to  L UT  y c cc  r ' cc  1 

y i 


y = — — [ (v„_  - E /B  )(1  - cos  to  t)  + v sin  w t]  (4-24b) 
w l)T  y c cc  r„  cc  J 

cc  ' T 


Elimination  of  the  time  variable  shows  the  equation  of  the 
trajectory  to  be  a circle 


x + 


ro 


cc 


t-OT  - W 


"1  2 


CC 


1 c 


cc 


(4-Z5) 


with  radius 


a = v /co 
C 1C  cc 


(4-26) 


Integration  of  the  z equation  gives 


z - - -j  q E sin  6 t^  + v t 


(4-27) 


This  equation  may  be  rewritten  as 


E tan  6 7 , v _ 

1 V 2 ,2  . zT 

Z - - -TT- — CO  t + CO  t 

Z B co  cc  co cc 


c cc 


cc 


(4-28) 


Figure  IV-4  is  used  to  calculate  the  maximum  potential  energy  in  the 
gun.  This  is  reached  when  the  electron  has  completed  a half  period 
i.  e. , when 


to 


t 


cc 


TT  . 


(4-29) 
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The  displacement  of  the  electron  gun  from  the  cathode  is  then 
h = 2y  + p.  We  find  that 


2 [ , + * , 2 J VzT 

— b*  [ 1 + T tan  6 J ' — w • 

rr  r*  *—  -*  rr 


(4-30) 


The  potential  at  a distance  from  the  cathode  is  then 


$ = E h 

m y 


(4-31) 


2 E cos^  6 


['♦£  *“i 2‘]  •# 


cos  6 n • (4-32) 


D.  Boundary  Conditions  for  the  DC  Beam  — The  Adiabatic 

Invariant 


It  can  be  shown  for  slow  variations  of  the  magnetic  field  B in 
time  and  in  space,  that  the  magnetic  moment  p of  a charged  particle 
remains  nearly  constant.  This  property  is  used  to  relate  the  beam 
parameters  in  the  gun  to  the  boundary  conditions  imposed  on  the  beam 
in  the  interaction  region. 

47 

The  relativistically  correct  magnetic  moment  p is  defined  by 


2 

1 Jj_ 

2 m B 

o 


(4-34) 


where  px  is  the  electron  momentum  perpendicular  to  B and  is 


p = m vv 
r i o 1 


m v 
o i 


i Z/  Z 

1 - V /c 


In  the  region  of  the  electron  gun  p is 


= irv=lr  [vr + (veT  - V B/  ] ■ <4-35> 


Using  the  value  of  the  critical  field  E .to  replace  E / B we  find  that 

crt  r y c 


E riB 

- . c 
B 4 

c 


(r  - r )(1  - r2/r2) 
a c c a 

cos  6 log  (r  /r  ) 

E C 


(4-36) 


The  electron  motion  in  the  rf  interaction  region  is  in  an  undu- 
lating magnetic  field  of  the  form 


B 

z 


B + 
o 


B. 


2tt  , 

sin  -j— , (z 


Zo) 


(4-37) 


The  boundary  conditions  for  motion  in  this  field  are  applied  at 
z = zq  the  beginning  of  the  undulating  region.  The  form  of  the  magnetic 
field  is  indicated  in  Figure  IV- 5;  it  consists  of  a region  of  uniform 
field  Bc  of  low  value  in  the  gun,  a gradually  increasing  region  in  which 
the  beam  is  compressed  and  accelerated  to  relativistic  speeds  and  a 
region  of  undulating  field  in  which  the  rf  interaction  takes  place. 

The  constancy  of  the  magnetic  moment  p allows  us  to  calculate 
the  transverse  momentum  at  z = zq  and  hence  the  radius  of  gyration. 

U sing  eq.  (4-  3 5) 


1 

mo  2 

1 

mo  2 2 

2 

B vic  ' 

2 

B~  Y V 

c 

o 

(4-38) 
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The  radius  of  gyration  a corresponding  to  the  transverse 


a = v /w 
o 1C 


(4-39) 


where  w is  the  relativistic  cyclotron  frequency  which  is  given  by 


B 

e o_ 

* c m Y 
o o 


(4-40) 


Since  the  electrons  move  in  a region  of  zero  dc  electric  field 

a constant  value  v has  been  used  for  relativistic  Y- 
1 o 

The  beam  voltage  is  determined  by  a synchronous  condition 
which  determines  v . With  v^  given  by  eq.  (4-38)  the  beam  voltage 
is  found  from  eq.  (4-10) 


e$B  i ! 

2 1 + 2 2 

me  me 

o o 


(4-41) 


The  Paraxial  DC  Electron  Motion  in  the  RF  Interaction 
Region 


Prior  to  entering  the  rf  interaction  region,  the  electron  beam 
has  been  accelerated  to  a relativistic  voltage.  However,  in  the  rf 
guide  there  is  no  applied  dc  electric  field  and  hence  Y = Y0'  a constant. 
The  Lorentz  force  equation  now  has  components 


B B 

, z • y • A 

X+Tl  TT  y-OTT  z ~ 0 

Yo  Yo 


(4-42a) 


B B 

• • Z • X • 

y - “n  — x+n  — z = o 

yo  Y0 


(4-42b) 


Since  the  magnetic  field  is  not  constant,  transverse  components 
of  the  magnetic  field  appear. 

An  exact  solution  of  the  Lorentz  force  equation  is  presented 
in  Section  II  of  this  report;  here  we  wish  to  develop  an  understanding 
of  the  parameters  affecting  the  electron  motion  and  present  a first- 
order  theory  in  which  only  terms  linear  in  the  x,  y coordinates  are 


retained. 


Using  V-  B = 0 and  the  existence  of  rotational  symmetry,  we 


find  that 


, 9B 
z 

2 9 z 


9B  . 9B 

D _ Z p 1 Z 

B - - — ^ — x,  B = — — 

x ox  y 2 dx 


Hence  equation  (4-42)  becomes 


. . q • q Bz 

x + — B y + -r y = 0 

y z*  2 v ’ 

o o 


B n B 

, z • n z „ 

y + T1  x 2 — x = 0 
T o o 


(4-43) 


(4-44) 


(4-45a) 


(4-45b) 


where  we  have  used 


dB 
z 

dt 


9B 
z 

dz 


z 


(4-46) 


It  is  convenient  to  describe  the  motion  by  a complex  coordinate  u which 
relates  to  Cartesian  and  cylindrical  coordinates  by 


, • 10 

u = x + ly  = re 


(4-47) 


Equation  (4-45)  becomes 

u - 2iw^u  - iojjjU  = 0 . 


(4-48) 


where 


oo 


i 


^z 

2\> 


(4-49) 


is  the  relativistic  Lamor  radian  frequency.  A transformation  to  a 
rotating  coordinate  frame,  which  rotates  about  the  z axis  at  the  Larmor 
frequency,  is  made.  This  transformation 


‘7 


,dt 


u = u e 


(4-50) 


eliminates  the  imaginary  terms  in  eq.  (4-48)  and  results  in  the  equation 


u< 


+ WfUf 


= 0 


(4-51) 
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r 


Equation  (4-51)  contains  a real  and  an  imaginary  part,  each  of  which  is 
equal  to  zero.  Differentiation  of 


i(°-/W£dt) 


U f = rG 


and  substitution  into  eq.  (4-51)  gives  the  real  part  as 


(4-52) 


• • • 2 2 
r - r(0  - w^)  + r = 0 


(4-53) 


and  the  complex  part  as 


i aF<rZ  <e  -“«>»  = °- 


(4-54) 


Equation  (4-54)  describes  the  conservation  of  angular  momentum  in 
the  Larmor  frame.  Integration  of  eq.  (4-54)  gives 


2 • 

r (0  - Wp ) = const. 


r2(0  - co  ) = r2(0  - w.  ) . (4-55) 

o o £o  c c £c 


In  this  equation  the  subscript  o denoted  the  values  in  a plane  at  t = t 
and  the  subscript  c refers  to  values  at  the  cathode.  The  quantity  rcC>c 
= the  0 component  of  the  thermal  velocity  at  the  cathode  defined 

in  equation  (4- 11a).  Substitution  for  (0  - u^)  from  eq.  (4-55)  into 
eq.  (4-53)  gives 


r + u>. 


1 - 


r = 0 


(4-56) 
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P 


1. 


A Motion  in  a Uniform  Magnetic  Field 


The  dc  motion  of  the  electrons  in  the  waveguide  is  in  a 
uniform  axial  magnetic  field  with  a superimposed  periodically  varying 
component.  Although  the  amplitude  of  the  periodic  field  can  reach  58% 
of  Bq  at  the  beam  radius  the  undulating  field  is  treated  as  a first-order 
perturbation  in  order  to  gain  insight  into  the  electron  motion. 

Equation  (4-51)  with  - const  gives  a simple  harmonic 
variation  for  uj ; 


iw.t  -iw.  t 
u = ae  + be 


(4-57) 


where  a and  b are  in  general  complex  constants.  A transformation  to 
the  laboratory  frame  gives 


i0 

re 


ae  + b 


(4-58) 


Equation  (4-58)  is  the  equation  of  a circle  of  radius  | a|  which  is  traced 
out  at  the  cyclotron  frequency  = 2w^.  The  circle  is  displaced  a 
distance  |b|  from  the  coordinate  axis.  In  a uniform  field  |b|  is 
arbitrary  since  there  is  no  axis  of  symmetry.  However,  an  axis  of 
symmetry  is  required  when  a beam  from  an  axially  symmetric  cathode 
is  to  be  described. 

In  the  case  of  the  magnetron  injection  gun  the  radius  of  gyra- 
tion has  the  value  determined  by  the  constancy  of  the  magnetic  moment 
p and  is  given  by  equation  (4-39).  Hence 


a 


V 


is 


(4-59) 


where  f is  a phase  angle. 
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Differentiation  of  (4-57)  gives 


I 
[ 

uf  = [ r + ir (6  - w^)]  e^°  = iw^ 

where  we  have  written 

b = bQeitr  (4-61) 

The  boundary  condition  is  evaluated  at  z = z^  (c.  f.  equation 
(4-37))  at  the  beginning  of  the  uniform  field  which  coincides  in  this 
analysis  with  time  t = 0.  Equation  (4-60)  is  then 

[ rQ  + ir0(00  ' we)l  e ° = iw  [ a0elE  - boel  1 (4-62) 

In  a rotationally  symmetric  system  the  0 origin  is  arbitrary 
and  hence  we  set  0^  equal  to  zero.  Hence 

rQ  = - aQ  sin  £ + u^bQ  sin  (4-63) 


laoe 


(wft+£  ) 


"V 


-i(w£  t- 


<0* 


(4-6C) 


The  radial  velocity  component  has  two  contributions,  from  the  rotation 
of  the  electron  about  the  guiding  center  and  from  the  radial  velocity  of 
the  guiding  center  itself.  The  task  of  the  electron  gun  design  is  to 
produce  an  annular  beam  of  constant  radius  and  hence  the  guiding 
center  must  be  at  a constant  radius.  Hence  cr  = 0.  The  remaining 
contribution  to  r^  is  set  equal  to  zero  by  inspecting  the  beam  at  a 
different  axial  location  when  it  has  its  furthest  position  from  the  axis 
as  shown  by  location  Q in  Figure  IV -6  since  all  of  the  electron  velocity 
is  then  in  the  azimuthal  direction.  Then 

ro(0o  ■ "0  = w£(a0  ■ V (4'64) 
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components  of  the  beam  in  the  magnetic  field. 
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Conservation  of  angular  momentum  equation  (4- 55)  is  used 
to  eliminate  (0  -w^).  Also  we  note  that  rQ  = aQ  + b^.  Thus 


r2(0  - w ) 

c c cc 


(an  + (a^  - bn) w 


’o'”e 


(4-65) 


Hence  b^  is 


(4-66) 


It  is  seen  from  equation  (4-66)  and  also  from  equation  (4-39) 
that  conditions  at  the  cathode  have  a considerable  influence  on  both 
the  position  of  the  guiding  center  bQ  and  on  the  radius  of  gyration 

a0‘ 

2-  The  Effect  of  a Perturbing  Undulating  Magnetic 

Field 

We  assumed  in  equation  (4-37)  that  the  axial  magnetic 

field  B has  the  form 
z 


B 

z 


Bo+Bi 


(4-37) 


187 


where  is  the  uniform  magnetic  field  value  and  L the  undulation 
period.  Since  we  are  using  time  as  the  independent  variable 

equation  (4-37)  is  rewritten: 


B = B„  + B . sin  t 
z 0 1 m 


(4-67) 


whe  re 


O 2 7T  • 

= — — z_ 
m L 0 


(4-68) 


and  where  Zq  is  the  axial  velocity  of  the  beam  which  we  assume  to 
remain  constant  for  small  values  of  Bj.  The  form  of  is  now 


= 2y, 


R- 


sin  Q t 
m 


“fO  1 + B“  sinQmt  ■ 


(4- 69) 


We  now  separate  the  variable  u into  an  unperturbed  part  u^  and  a per- 
turbed part  Uj  where  u^  « u^;  equation  (4-37)  is  rewritten 


using  (69)  with  B^  « B^  as  follows: 


u„  - 2iu,-  „u~  - iw  „ ~u„  = 0 
0 £0  0 £0  0 


(4-70) 


U1  * 2iw£0"l  ‘ SoUl  = iBT  [^fO^O  Sinnmt  + li10u0  ^“m1 


+ U u , ^u  . co  s i2  t 
m £0  0 m 


(4-71) 


t 


where  only  linear  perturbation  terms  have  been  retained.  Making  the 
transformation  to  the  Larmor  frame 


uo  = W 


lJut  odt 


(4-72) 


ui  = une 


i/wf0dt 


gives  first  of  all  the  unperturbed  equation 


(4-73) 


u£0  + W £0U£0  ° 


(4-22a) 


and  the  perturbed  equation 


2 B!  f 

un+WiOUM  = iB~Q  |2w£0(u£0  + iuIOuiO)  ^“m1 


+ 'jj  n n1-1  (i  o sin  t + n u..u.„  cosli  t > (4-74) 

£0  £0  m m £0  £0  m 


We  specialize  to  the  case  of  a uniform  magnetic  field  for 
which  = 0.  Using 


we  obtain  for  equation  (4-71) 


un  + wfoun  = R 


(4-76) 


where  the  residue  R is  given  by 


R = iw 


B 

£0  B 


+ (f  m ' 2w£0 


aoe  10  [(f  m f 2“jo)e  m 


£2  e 
m 


i£2  t 
m 


+ Q e 
m 


•iQ  t 
m 


(4-77) 


The  solution  of  (47)  is 


, "^£0*1 
U£1  = ale  + ble  + W 


-e“"i0t  I e^0'  Rdt 


ei“£0t/  e-i“£0tRdt 


(4-78) 


The  function  W is  the  Wronskian  determinant  of  the  two  solutions 
g - g11^ £0^  h ^ e_i^£0t  which  satisfy  the  homogeneous  part  of  equa- 
tion (4-45).  W is  given  by 


W = 


g h 
g h 


- 2lu-fo 


(4-79) 
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After  considerable  mathematical  manipulation  the  particular 
integral  can  be  reduced  to 


P.  I.  = -2 


h “*o 

B-  « 

0 m 


(Qm-Wc0) 


^**10  f 

a0e  nmul08innmt 


- 1 (t-  m " wco)  cosatJj 


+ bQe 


0*1 


fi 


Q sinfi  t - i -5-  m cos  fit 

m i0  m2  m 


(4-80) 


where  wqq  is  the  unperturbed  cyclotron  frequency;  'Jc0  - 2w^Q. 

Recombination  of  the  variables  uQ  and  Uj  leads  to  the  following 
solution  of  the  combined  ray  equations  (4-41)  and  (4-46) 
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(4-81) 
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In  this  equation  the  boundary  condition  that  the  perturbation  vanish  at 

t = 0 has  been  obtained  by  evaluation  of  the  constants  aj  and  bj.  The 

constants  a^  and  bQ  are  given  equations  (4-39)  and  (4-66).  Inspection 

of  equation  (4-81)  shows  that  the  electron  now  describes  a perturbed 

circle  at  the  cyclotron  frequency;  moreover,  the  center  of  the  circle 

also  changes  position.  Unless  is  3 multiple  of  the  figure  will 

not  trace  out  the  same  path.  When  = w _ equation  (4-81)  predicts 

r m cu 

an  instability  which  can  be  calculated  from  the  residue  R,  equation  (4-77). 
In  this  case  terms  linear  in  t are  obtained  showing  that  the  beam 
radius  increases  with  distance. 

Figure  IV-7  shows  the  perturbed  radius  of  gyration  for  the  case 

of  bA  = 9.  5 an  and  =3.0  w . 

0 0 m c 

3 . The  Parameters  of  the  Beam-Design  of  a Gun 

A cursory  examination  of  the  problem  of  maximizing  the 

interaction  of  the  annular  electron  beam  with  the  0 directed  component 

of  the  rf  electric  field  in  the  waveguide  leads  to  the  conclusion  that 

the  thin  annular  beam  must  be  placed  in  the  region  of  maximum  electric 

field  at  a radius  of  0.  5 r , where  r is  the  radius  of  the  waveguide. 

a a 

Computer  studies  of  the  electron  motion  using  the  exact  relativistic 
ray  equation  show,  however,  that  the  interaction  is  maximized  for  a 
radius  of  0.  78  r . The  efficiency  of  the  interaction  is  decreased  by 

3. 

the  finite  width  of  the  annulus;  however,  a width  Ar^  of  less  than  0.  15  r^ 
produces  an  acceptable  reduction  in  efficiency.  Hence  the  subsequent 
calculations  are  for  a beam  of  width  0.  15  r and  mean  radius  0.  78  r . 

a £ ^ 

The  current  density  in  the  beam  is  63.  5 A/cm  and  hence,  using 
3 A/ cm  as  the  maximum  permitted  value  for  the  cathode  loading,  we 
find  that  a beam  area  compression  A^  of  21.2  is  required. 

The  cathode  current  density  distribution  depends  on  the  method 
of  operation  of  the  gun.  For  space-charge-limited  operation  it  depends 

49 

on  the  form  of  the  magnetic  field  as  Dryden  has  shown.  For  a uni- 
form axial  magnetic  field  the  space-charge-limited  emission  varies 
linearly  with  r the  distance  measured  from  the  apex  of  the  cathode  cone 
as  indicated  in  Figure  IV-8. 
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Table  IV-2.  Beam  Parameters 


Waveguide  radius  r^ 

0.  30  cm 

mean  beam  radius  r. 

b 

0.  234  cm 

beam  width  Ar, 
b 

0.  045  cm 

beam  current  I . 

A 

4.  20  A 

current  density  j^ 

63.  50  A/cm' 

cathode  loading  j 

3 . 0 A/  cm*' 

beam  area  compression 

21.2 

The  assumption  underlying  all  of  the  theoretical  analyses  of 

space  - charge  - limited  magnetron  injection  guns  is  that  of  laminar 
(49  50) 

flow.  ' Under  this  assumption,  which  makes  such  problems 

mathematically  tractable,  the  electrons  cannot  have  intersecting 
trajectories  and  hence  a flow  in  which  electrons  spiral  about  a guiding 
center  is  not  admissible.  In  practice  beam-probing  experiments  show 
that  the  electrons  move  for  the  most  part  like  individual  particles  in  a 
field  which  obeys  Poisson's  equation  instead  of  Laplace's  equation. 

The  actual  flow  is  therefore  much  more  closely  related  to  the  space- 
charge  free  flow  than  the  laminar  flow.  The  modeling  of  such  flows 
can  only  be  carried  out  in  an  iterative  manner  using  a high-speed 
digital  computer  for  a specific  geometry.  In  this  study  we  primarily 
wish  to  obtain  an  understanding  of  the  magnitude  of  various  gun  param- 
eters and  hence  we  use  the  space-charge-free  theory  developed  above. 
The  gun  design  does  not  include  the  electrodes  required  to 
accelerate  the  beam  to  the  potential  of  the  interaction  region  since 
the  accelerating  field  must  be  designed  in  conjunction  with  the  magnetic 
field  to  produce  a flow  in  which  the  guiding  center  of  the  electrons  is 
parallel  to  the  beam  axis  at  the  beginning  of  the  uniform  field  region. 
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The  area  compression  A can  be  obtained  in  a number  of  ways; 
the  mean  cathode  radius  r c m may  be  made  large  and  the  height  1 of 
the  frustrum  of  the  cone  of  cathode  material  may  be  made  very  short, 
or  vice  versa.  The  effect  of  a high  frustrum  is  shown  in  Figure  IV-9; 
trajectories  from  the  top  and  bottom  of  the  frustrum  tend  to  spread 
out  so  that  it  becomes  difficult  to  compress  the  beam.  A short  but 
large -diamete r cathode  avoids  this  effect  but  such  a beam  suffers  from 
the  effects  of  a large  degree  of  radial  compression.  A compromise 
solution  might  be  to  shrink  the  beam  uniformly  by  making 


cm 


Arb 


■ J 


A = 4.  6 
c 


length 


This  results  in  a cathode  of  mean  radius  r 1.10  cm  and 

c,  m 

= 0.  207  cm.  We  now  are  faced  with  a choice  of  anode  radius 


r which  is  to  some  extent  arbitrary.  We  choose  a convenient 
a,  m 

value  of  1. 70  cm.  We  note  that  the  maximum  value  of  the  radius  of 

gyration  a is  then  0.  30  cm  under  cut-off  conditions.  Table  IV-3  shows 

E /B  and  <$  . calculated  from  equations  (4-15)  and  (4-14)  respectively 
y c A 

for  these  gun  parameters. 

Using  equations  (4-22)  and  (4-26)  one  obtains  the  following 
approximate  value  for  a when  thermal  velocity  effects  are  neglected 


I 

n B2 


Using  equations  (4-38)  and  (4-39)  and  (4-40)  one  finds  that 


aA  = a 
0 c 


B /B, 
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Figure  IV-9.  Computed  trajectory  in  magnetron  injection  gun  with 

large  ratio  of  f/r 

6 c,  m 
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TabLe  1V-4  gives  the  variation  with  B of  a , a„  and  b_ 

c c 0 0 

(calculated  from  equation  (4-66))  for  the  above  gun  design  for  a magnetic 
field  of  Bq  = 7500  gauss  in  the  interaction  region.  Choosing  a cut-off 
field  of  200  gauss  requires  a voltage  of  858  volts  on  the  first  gun  anode. 
Inspection  of  Table  IV- 4 shows  that  the  magnetic  field  must  be  increased 
considerably  from  its  cut-off  value  to  obtain  the  desired  beam  param- 
eters. Thermal  velocity  effects  and  the  finite  width  of  the  cathode 
increase  the  beam  thickness  from  the  value  2a^  by  a small  percentage. 


Table  IV-3.  Anode  Voltage  and  Transverse 
Velocity  in  Gun 


Bc,  gauss 

E /B  , m / sec 
y c’ 

4>a,  volts 

50 

1. 62  x 106 

53 

100 

3.  25  x 106 

214 

1 50 

4. 87  x 106 

483 

2 00 

6.  50  x 106 

858 

2 50 

6. 98  x 106 

1342 

300 

9.  75  x 106 

1932 

500 

1.62  x 107 

5366 

750 

2.  43  x 107 

12076 

1000 

3.  25  x 107 

21467 

k 


Table  IV-4.  Radius  of  Gyration  a and  Guiding  Center  Displace- 
ment bn  for  B = 7500  gauss  as  a function  of  B 
u u c 


Bc,  gauss 

ac  cm 
(in  gun) 

cm 

b^  cm 

200 

0.  184 

0.  030 

0.  167 

2 50 

0.  147 

0.  027 

0.  202 

300 

0.  123 

0.  024 

0.  220 

3 50 

0.  105 

0.  023 

0.  235 

400 

0.  092 

0.  021 

0.  254 

199/200 
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PRELIMINARY  UBITRON  DESIGN  AND  CONFIGURATION 
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In  this  section  we  present  a summary  of  the  basic  Ubitron 
design  considerations  using  small-signal  theory,  and  show  the  effects 
of  including  radial-electron-motion  averaging  via  the  use  of  the  beam 
factor  described  .n  Section  II.  We  have  used  this  theory  to  provide  a 
set  of  curves  showing  small-signal  design  parameters  and  electronic 
performance  as  functions  of  voltage.  Finally  we  have  applied  these 
design  equations  to  determine  the  basic  dimensions  and  electronic  per- 
formance of  a 94-GHz,  50-kW  Ubitron  amplifier  operating  at  300  kV. 

We  have  also  included  a first-order  design  description  of  the  overall 
amplifier  package  including  voltage  standoff  requirements,  cooling, 
and  collector  depression. 

At  the  beginning  of  this  program  we  believed  from  the  previous 
work  that  the  best  procedure  to  improve  gain  and  efficiency  was  to 
increase  the  undulation  parameter.  We  believed  this  could  be  done 
most  effectively  by  increasing  the  period-to-diameter  ratio  of  the 
circuit  so  that  the  undulating  field  would  penetrate  more  strongly  into 
the  electron-beam  region.  As  a result  of  this  initial  bias,  most  of  the 
work  on  the  program  has  been  aimed  at  a design  in  the  vicinity  of  300  kV. 
In  retrospect  we  see  that  even  though  the  undulation  parameter  does 
indeed  increase  with  increasing  voltage  as  expected,  other  factors  in 
the  small-signal  gain  expressions,  especially  relativistic  effects, 
turn  out  to  be  overriding.  It  now  appears  that  a lower  design  voltage 
would  be  more  desirable  for  improved  gain  and  efficiency. 

Even  though  the  dc  beam,  magnetic  circuit,  and  gun  analysis 
work  on  this  program  was  primarily  aimed  at  a 300  kV  Ubitron  design, 
the  principles  and  tools  of  analysis  developed  are  entirely  applicable 
to  lower  voltage  designs.  In  this  section  we  provide  small-signal 
design  trade-offs  as  a function  of  voltage  which  we  believe  to  be  as 
accurate  as  possible  without  further  experimental  data.  The  only 
thing  lacking  for  lower  voltage  designs  is  a detailed  analysis  of  the 
effects  of  the  dc  beam  radial  variations.  Based  on  the  analysis 
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at  300  kV  we  do  not  anticipate  a large  degradation  in  gain  and  efficiency 
due  to  this  factor.  Future  analysis  of  the  beam  factor  for  lower  voltage 
design  will  be  comparatively  easy  to  accomplish  using  the  tools  devel- 
oped during  this  study  program. 

A.  Relativistic  Small-Signal  Design  Equations 

1 ne  basic  design  criteria  which  specifies  the  relationship 
between  frequency,  magnetic  period,  voltage,  and  rf  waveguide  diam- 
eter comes  from  the  requirement  of  phase  synchronism  between  the 
-1  beam  harmonic  wave  and  the  rf  wave.  This  is  illustrated  in  Fig- 
ure V - 1 in  the  form  of  an  "to- p di ag r am.  " Because  of  our  desire  to 
maintain  maximum  bandwidth  we  have  chosen  to  design  such  that  the 
beam  harmonic  is  just  tangential  to  the  TEq^  waveguide  mode,  thus 
optimizing  the  frequency  over  which  the  two  waves  stay  in  synchronism. 

The  fundamental  phase  relationship  is  obtained  from  the  figure 
as 


P 


e 


P_  + P 


m 


01 


(5-1) 


where 


P 


e 


to 

V 

o 


beam  propagation  constant 


P 


m 


2tt 

L 


2iT/magnetic  period 


and 


Poi 


TEqj  circular  waveguide  mode 
propagation  constant 


Equation  (5-1)  can  be  easily  solved  for  k by  recognizing  that 


£-£-  = k 
c v 


v/y^-l 


(5-la) 
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where  y *s  the  relativistic  parameter 


V 


V(kV) 

511 


The  result  is 


Equation  (5-2)  gives  two  solutions  for  k because  an  general  the  beam 
harmonic  will  cross  the  waveguide  mode  in  two  places.  We  can  assure 
the  tangency  condition  by  requiring  the  second  term  to  be  zero,  from 
which  we  get  the  following  two  relationships. 

k = Pm^V^"^- 

(5-3) 

22  2 , .2 

^ ^m  v10  Pm 


The  TE0]  waveguide  cutoff  parameter  is  yQ1  - qQl^ra  where 
q = 3.  832  is  the  root  of  the  Bessel  equation  = and  'ra'  ’S 

the  circular  waveguide  radius.  Using  this,  plus  the  definitions  of  the 
parameters  in  equations  (5-1)  and  (5-2),  equations  (5-3)  reduce  to  the 
following  simple  design  relationships. 
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(5-4) 
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These  are  plotted  in  Figure  V -2  as  a function  of  voltage  for 
\q  = 3.  19  mm  (94  GHz). 

Note  in  the  above  derivations  that  full  use  has  been  made  of  the 
relativistically  correct  beam  velocity.  Equations  (5-4)  are  therefore 
correct  for  any  voltage.  Note  also  that  magnetic  period  equals  circuit 
diameter  at  a voltage  near  300  kV.  This  was  the  initial  choice  for 
design  during  this  program. 

1 . Small-Signal  Gain  and  Efficiency 

In  the  Ubitron  the  transverse  motion  in  the  electron 
beam  interacts  with  the  0-directed  E field  of  the  TEq^  waveguide  mode 
and  the  undulating  magnetic  field  to  produce  axial  beam  bunching  simi- 
lar to  that  which  occurs  in  TWT's.  In  fact,  a small-signal  analysis  of 
the  Ubitron  previously  carried  out  by  G.  E.  ^ and  extended  during  this 
program  to  include  relativistic  effects  (see  Appendix  B)  shows  that  the 
design  equations  can  be  cast  into  the  familiar  Pierce  form  for  the  TWT. 


G = A + B C N 
u e 


(5-5) 


whe  re 


G = gain  in  dB 
A,  B = constants 


= gain  parameter 


K'  A I 


16  V 


-]l/3 

1 ( 1 )U^ 

\\  (v  + 1)/ 


(5-6) 


N = circuit  length  in  electronics  wavelengths. 


I = beam  current 


V = beam  voltage. 


y = relativistic  correction  factor 
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The  interaction  impedance  is  given  by 


K' 


2(32  P 
e 


(5-7) 


where  Eg  is  the  peak  electric  field  at  the  radius  of  the  hollow  beam, 

Pe  is  the  beam  propagation  constant,  and  P is  the  circuit  power.  The 
remaining  parameter  A is  called  the  "undulation  parameter"  and  is 
defined  as  the  ratio  of  the  peak  transverse  velocity  v^  to  the  dc  axial 
velocity  v0» 


o 


In  terms  of  circuit  parameters  A is  defined  as 


A = 


(5-9) 


where 

r|  = = electron  charge  to  mass  ratio 

B ^ = peak  radial  magnetic  field  harmonic  with  period  L, 

(evaluated  at  the  beam  radius;  i.  e.  , Br{j  = Br(rk,  z)| 
See  eq.  1 1 in  Appendix  C). 

Note  in  equations  (5-7),  (5-8)  and  (5-9)  above  that  variables 

appropriate  to  the  cylindrical  Ubitron  have  been  substituted  for  the 

planar  variables  used  in  the  derivation  in  Appendix  B.  Specifically, 

En  has  been  substituted  for  E , va  for  v.  , and  B , for  B, 

u y « transverse  rb  1 

(the  amplitude  of  the  B^  magnetic  field). 
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The  justification  for  these  substitutions  and  the  derivation  of  a 
small-signal  equivalence  beam  factor  which  takes  into  account  the  vari- 
ations in  the  beam  radius  was  given  in  section  II-E.  This  beam  factor 
allows  correction  of  the  small  - si gnal  gain  due  to  variations  in  the  dc 
beam  radius. 

In  TWT  design  work  it  is  often  found  that  for  a particular  class 
of  amplifiers,  the  overall  efficiency  is  roughly  proportional  to  the 
small-signal  gain  parameter.  This  proportionality  constant  or 
"efficiency  parameter"  usually  is  found  to  be  a value  between  2 and  3. 
For  lower -frequency  tubes  in  the  microwave  region  with  low-voltage 
and  high-perveance  beams,  this  factor  tends  to  be  close  to  2.  In  the 
millimeter -wave  region,  however,  where  beam  voltages  must  be 
increased  and  beam  perveance  is  low,  the  factor  usually  approaches  3. 

In  the  previous  G.  E.  work,  a Ubitron  design  in  the  microwave 
frequency  region  was  reported  to  have  an  efficiency  parameter  of 
about  2.  If  the  same  trends  hold  for  the  Ubitron  which  are  true  for 
TWT,  then  we  would  expect  that  the  millimeter -wave  Ubitron  being 
considered  here  will  have  an  efficiency  factor  on  the  order  of  2.  5 to  3. 

If  we  define  13  to  be  the  efficiency  parameter,  then  the  mathe- 

n 

matical  expression  for  efficiency  is 

n = B Cu  (5-10) 

e r, 

where  qg  is  the  fractional  electronic  efficiency,  and  is  the  Ubitron 
small-signal  gain  parameter. 

From  the  design  trade-off  point  of  view,  it  is  necessary  to 
make  some  assumption  similar  to  equation  (5-10)  in  order  to  relate 
gain  and  efficiency  to  the  overall  tube  design  parameters.  For 
example,  the  efficiency  given  by  equation  (5-10)  can  be  used  to  elimi- 
nate the  beam  current  in  the  small-signal  gain  parameter  by  the 
following  expression. 
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The  variable  P is  the  rf  power  of  the  Ubitron.  If  this  is  substituted 
into  equations  (5-6)  and  the  result  is  solved  for  Cu,  we  get 


' O 

K"  P 


16B  v2!W(Y+1), 

q o I 


1/4 


(5-12) 


If  all  of  the  factors  entering  into  equation  (5-12)  are  examined 
in  detail  for  dependence  on  voltage,  frequency,  and  power,  we  get  the 
following  expressions. 


(5-13) 


(5-14) 


whe  re 


q01 
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impedance  of  Free  Space  (-377  f2) 

3.  832  (first  Root  of  J.  (^ q 1 ^ = ^ 

w 
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(5-15) 
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(Jj 


= waveguide  radius 


= beam  radius 


inside  radius  of  periodic  magnetic 
structure. 

period  of  magnetic  structure. 


Jo’  Jl'  Io’  X1 


= effective  saturation  magnetic  field  which 
gives  maximum  harmonic  amplitude. 

(=  17,  000  Gauss  as  per  Section  III) 

= gap  to  period  ratio  of  magnetic  structure. 

= Bessel  functions. 


1 + V 

2 o 
c 


Vo(kV) 


(5-15) 


The  additional  factors  in  eq.  (5-12)  are 
P = rf  power 


V = beam  voltage 
o ° 


= efficiency  parameter  (eq.  5-10) 

In  equations  (5-13)  and  (5-14)  r.  /r  and  r /r  are  usually  fixed  at  some 
specified  ratio  and  therefore,  because  r^/L  is  independent  of  frequency, 
the  Bessel  function  arguments  in  these  equations  also  have  no  frequency 
dependence.  Using  equations  (5-la)  and  (5-4)  it  is  also  easy  to  show 
that  kr  and  (3  r are  also  functions  of  voltage  only,  with  no  frequency 

3 G 3 
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dependence.  If  we  now  choose  G/L  = 0.  5 to  maximize  A,  it  becomes 
evident  that  the  only  remaining  variable  with  any  frequency  dependence 
is  L = ,/y2  - lj  c/f  in  equation  (5-14). 

The  net  result  of  the  above  analysis  of  factors  which  affect  the 
gain  parameter  is  as  follows. 


( p1/4  ^ 

v h 

fib  Ic  v\ 

fl/2  b1/4 

V ” J 

x n | 

^ a a / 

1 /4 

The  gain  increa se s a s (power)  due  to  decreasing  beam 

impedance,  decreases  as  (frequency)  due  to  decreasing  period, 

and  is  a relatively  complex  function  h of  beam  voltage,  r^/r  , and 

r /r  . As  will  be  shown  later  in  this  section,  the  function  h decreases 
c a 

with  increasing  voltage. 

The  beam  factor  derived  in  Section  II  provides  a correction  to 
the  small-signal  gain  which  accounts  for  the  variations  of  the  beam 
radius  along  the  beam.  This  correction  is  required  because  the 
small-signal  assumptions  entering  into  the  derivation  of  the  gain 
parameter  in  Appendix  B include  the  assumption  that  electron  motion 
occurs  only  in  the  E-plane  of  the  waveguide.  For  cylindrical  geometry 
this  corresponds  to  motion  only  in  the  (0,  z)  directions.  As  shown  in 
Section  II,  however,  the  dc  electron  motion  in  a cylindrical  Ubitron 
will  have  significant  radial  motion  due  mainly  to  the  cyclotron  orbit. 
This  radial  variation  will  cause  some  reduction  in  the  overall  gain 
parameter  given  by  equation  (5-6). 

The  beam  factor  is  derived  in  Section  II  and  is  given  there  by 
equations  (2-116)  through  (2-118).  The  latter  equation  is  rewritten  here 
in  terms  of  the  gain  parameter  C and  the  basic  design  quantities.  It  is 
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where  all  of  the  parameters  have  been  previously  defined 
(equations  (5-15))  except  which  is  the  beam  factor.  This  factor 

is  calculated  from  the  computer-generated  dc  electron  paths  using 
equation  (2-117). 

If  we  compare  from  equation  (5-17)  to  given  in  equa- 
tion (5-6),  we  see  that  Bp^m  in  equation  (5-17)  replaces  the  quantity 
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(5-21) 


in  equation  (5-6).  This  quantity  contains  all  of  the  factors  in  which 
vary  with  beam  radius,  r^.  Thus  the  effect  of  the  beam  factor  can  be 
described  in  terms  of  an  effective  beam  radius  F^  given  by  the  equation 
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(5-18) 


where  Afr^)  is  obtained  from  equation  (5-14)  by  replacing  r^  by  F^. 
Solving  equation  (5-18)  for  F^  gives  an  effective  beam  radius  which, 
when  used  in  the  Pierce  small-signal  theory,  gives  gain  and  efficiency 
values  corrected  for  the  effects  of  large  radial  variations  in  the  dc 
beam. 

The  curve  shape  of  the  function  on  the  LHS  of  equation  (5-18) 
has  been  given  previously  in  Figure  II-3.  From  this  figure  we  note 
that  multiple  solutions  may  exist  for  F^  in  equation  (5-18).  It  is 
necessary,  therefore,  to  select  the  value  which  falls  near  the  mean 
of  the  maximum  and  minimum  dc  beam  radii.  This  is  then  the 
''effective  beam  radius.'' 
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B.  RF  Modes  and  Attenuation  in  Circular  Waveguide 

Because  the  basic  Ubitron  circuit  being  considered  on  this 
program  consists  of  a cylindrical  waveguide,  we  present  here  a sum- 
mary of  the  basic  properties  of  this  type  of  fast-wave  circuit. 

Wave  propagation  in  a circular  waveguide  is  governed  by  the 
dispersion  relation 


■ V 


1 2 2 
k - y 
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(5-19) 


where  3 is  the  propagation  constant  for  the  (m,  n)th  mode,  k is  the 
'mn  r 

propagation  constant  of  free  space  (=  w/c),  and  Ymn  is  a constant 
given  by 


' mn 


for  T.  E.  modes 


’ for  T.  M.  modes 


The  constants  q and  p are  respectively  the  nth  roots  of  the 
man  rmn  r ’ 

Bessel  function  equations 


dJ  (x) 
m' 


(5-20) 


Jm(x)  = 0 


and  r ^ is  the  waveguide  radius.  Waveguide  cutoff  (Pmn  = 0 in 
equation  (5-19))  occurs  at  the  wavelength 
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for  T.  M.  modes 


Figure  V-3  gives  a plot  of  the  number  of  modes  which  can  exist  in  a 
cylindrical  waveguide  as  a function  of  r /\.  The  beginning  of  propa- 
gation for  each  mode  is  represented  by  a heavy  dot  at  the  value  of 

r /\  determined  from  equation  (5-21). 
a c 

Using  the  previous  equation  (5-4),  we  have  also  included  an 
equivalent  design  voltage  scale  in  Figure  V-3.  This  voltage  corre- 
sponds to  a wideband  design  in  which  the  -1  beam  mode  harmonic 
mode  is  made  to  be  tangential  to  the  waveguide  TEqj  circuit  mode. 

(See  Figure  V-l.  ) Note  that  6 modes  exist  for  a 100-kV  design,  and 
10  modes  for  a 300-kV  design. 

Of  all  the  modes  which  can  exist  in  the  Ubitron,  the  one  most 
likely  to  cause  problems  is  the  TMj  ^ mode  which  has  a dispersion 
characteristic  identical  to  the  TEqj  mode.  Thus  the  TMj  j mode  is  in 
synchronism  with  the  beam  and  can  be  expected  to  have  some  net 
interaction  if  azimuthal  asymmetries  exist  in  the  beam-circuit  system. 
No  detailed  analysis  has  been  made  of  interactions  with  these  spurious 
mode  s . 

Figure  V -4  is  a plot  of  the  waveguide  attenuation  which  can 
be  expected  using  a copper  waveguide.  This  curve  is  plotted  versus 
the  same  normalized  radius  and  voltage  scales  as  Figure  V-3  to 
facilitate  comparisons. 

Figure  V-4  is  obtained  from  the  following  values  for  the  attenua- 

29 

tion  constant  a in  nepers /meter. 
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NUMVER  OF  MODES 
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Figure  V-3.  Circular  waveguide  modes  versus  (radius/ wavelength) 
ratio  and  design  voltage. 
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Figure  V:4.  Circular  waveguide  TEqj  mode  losses  versus  waveguide 
radius  and  design  voltage  at  94  GHz. 
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A 


DISSIPATED  POWER  PER  cm  FOR  50  kW  rf,  watts/cm 


for  TE  modes 


Q 

mn 


for  TM  modes 


where 


R 

s 


surface  resistance 


Z 

o 


impedance  of  free  space 


<r  = conductivity  of  waveguide  material  (=4  (10  ) mhos/m 
for  Copper) 

Note  in  Figure  V -4  that  the  attenuation  has  been  plotted  in 
dB/cm  (=  8.  686  a,  a in  nepers/cm)  and  that  an  additional  scale  is 
provided  showing  the  power  dissipated  per  cm  due  to  50  kW  rf  power. 
This  plot  clearly  shows  that  rf  power  dissipation  in  a simple  waveguide 
circuit  will  not  be  a problem  for  design  voltages  over  100  kV.  In  fact, 
because  the  50  kW  of  power  only  exists  within  the  last  few  centimeters 
of  the  circuit  (before  the  waveguide  can  be  expanded  to  decrease  the 
losses)  it  appears  to  be  feasible  to  work  down  to  within  1%  of  wave- 
guide cutoff.  At  this  point  the  waveguide  wall  must  dissipate  a power 
density  of  -740  watts/cm^  which  is  feasible.  In  such  a case,  however, 
we  would  have  to  abandon  the  wideband  design  criteria  previously  dis- 
cussed, and  use  a synchronous  condition  in  which  the  -1  beam  mode 
crossed  the  waveguide  mode  at  1%  above  the  cutoff  frequency. 
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c. 


Design  Trade-offs  Versus  Voltage 


We  have  used  the  small-signal  design  equations  (5-6)  through 
(5-15)  to  evaluate  the  gain  and  efficiency  of  wideband  Ubitrons  versus 
design  voltage.  Figures  V-5  through  V-9  give  the  results  of  this  work. 
All  of  these  designs  must  be  considered  preliminary  in  nature  because 
very  little  experimental  work  exists  upon  which  to  base  a good  estimate 
of  the  efficiency  parameter. 

In  Figure  V-5  we  have  plotted  the  electronic  efficiency  q versus 
voltage  for  three  different  94-GHz  Ubitron  designs.  The  efficiency 
parameter  for  these  cases  is  assumed  to  be  3.  The  first  curve,  which 
applies  to  a 50-kW  Ubitron,  assumes  a simple  cylindrical  waveguide 
circuit  with  the  i.  d.  of  the  magnetic  pole  pieces  equal  to  the  waveguide 
diameter.  This  circuit  could  be  constructed  from  a brazed  stack  of 
alternating  magnetic  and  non-magnetic  rings  with  a thin  inner  lining 
of  high  - conductivity  copper.  The  design  curve  for  this  case  shows 
electronic  efficiency  decreasing  from  about  2%  at  100  kV  to  near  1% 
at  500  kV. 

The  second  curve  in  Figure  V-5  is  based  on  the  assumption  of 
an  enhanced  waveguide  circuit  such  as  shown  in  Figure  V-6.  This 
waveguide  has  no  periodicity  in  the  z direction  and  therefore  remains 
a true  fast-wave  circuit. 

The  purpose  of  this  circuit  design  is  to  allow  the  magnetic  pole 
pieces  to  extend  inside  of  the  effective  waveguide  wall  and  therefore 
enhance  the  magnetic  field  undulations  at  the  location  of  the  beam. 

This  type  circuit  was  proposed  and  tested  in  the  previous  G.  E.  work.  ^ 
It  was  shown  to  be  effective  in  enhancing  the  small- signal  gain. 

Even  though  this  enhanced  circuit  configuration  does  not  sub- 
stantially alter  the  dispersion  characteristics  of  the  guide,  it  does 
have  significantly-increased  wall  currents  and  the  beam  must  be 
placed  much  closer  to  the  waveguide  wall.  We  would  therefore  antici- 
pate substantially  increased  rf  circuit  losses  and  higher  beam  inter- 
ception on  the  circuit.  Since  no  further  analysis  of  these  phenomena 
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Figure 


V-6.  Enhanced  interaction  circuit  for  Ubitron. 


1 

1 

was  carried  out  during  this  study  we  do  not  know  the  extent  of  the 
increased  losses  at  this  time.  Curve  2 in  Figure  V-5  assumes  the 
magnetic  pole  piece  i.  d.  is  0.  8 times  the  effective  i.  d.  of  the  rf 
waveguide  wall. 

The  third  curve  in  Figure  V-5  is  given  to  demonstrate  the  varia- 
tion of  efficiency  as  a function  of  power.  This  curve  was  calculated 
for  a 500-kW  Ubitron.  The  improvement  in  gain  and  efficiency  is  a 
result  of  a decrease  in  the  beam  impedance. 

Figures  V-7  and  V -8  give  further  details  of  the  design  factors 
which  went  into  the  calculation  of  the  efficiencies  for  curves  1 and  2 in 
Figure  V-5.  These  figures  show  the  relative  contributions  of  the 
interaction  impedance  K',  the  undulation  parameter  A,  and  the  beam 
impedance  Rq  to  the  calculation  of  the  gain  parameter  C The  rela- 
tivistic effects  are  shown  through  the  plot  of  the  factor  2/\(y  + 1)  and 
through  the  plot  of  the  classical  value  of  A (a  dashed  curve)  as  com- 
pared to  the  relativistically  correct  A.  The  total  effect  of  relativity 
on  Cu  is  shown  by  the  comparative  dashed  curve  for  the  classical 

value  of  C . The  beam  current  and  perveance  are  also  shown  as  func- 
u 

tions  of  voltage. 

Note  that  the  decreasing  gain  and  efficiency  for  curve  1 is  pri- 
marily a result  of  relativistic  effects.  In  the  case  of  curve  2,  where 
the  undulation  parameter  increases  more  slowly  with  voltage,  we  see 
that  even  the  classical  value  of  gain  is  a decreasing  function  of  voltage. 

The  design  parameters  for  curve  3 in  Figure  V-5,  the  500-kW 
Ubitron,  are  similar  to  those  of  curve  I except  that  current  and 

1 / 4 

perveance  are  increased  by  a factor  of  10,  and  by  a factor  of  10 

The  change  in  efficiency  as  a function  of  frequency  is  illustrated 
by  the  curves  in  Figure  V -9.  These  curves  apply  to  the  design  of  a 
35-GHz  Ubitron  using  the  same  parameters  as  in  the  94-GHz  case 
except  for  the  frequency  and  the  efficiency  parameter.  The  efficiency 
parameter  was  reduced  from  3 to  2.  5 to  reflect  a best  estimate  based 
on  comparable  TWT  experience.  Note  that  the  curves  in  Figure  V-9 
show  an  overall  increase  in  electronic  efficiency  of  about  1%  due  to 
this  frequency  change. 
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It  should  be  noted  again  here  that  all  of  the  preceding  design 
trade-offs  apply  to  the  case  of  a wideband  Ubitron  in  which  the  design 
criterion  has  been  to  make  the  -1  beam  mode  tangential  to  the  rf  cir- 
cuit mode  as  shown  in  the  previous  Figure  V-l.  This  design  criteria 
provides  wave  synchronism  over  the  widest  possible  frequency  range. 

The  next  logical  step  in  furthering  Ubitron  trade-off  studies 
would  be  to  abandon  this  wideband  design  criteria  and  allow  beam 
voltage  and  frequency  to  be  independent  of  each  other.  When  this  is 
done,  it  will  be  possible  to  trade  off  voltage,  magnetic  period,  and 
waveguide  diameter  to  gain  control  over  the  amplifier  bandwidth  at  a 
given  operating  frequency.  In  general,  a reduction  in  bandwidth  will 
be  accompanied  by  an  increase  in  electronic  efficiency  due  to  the 
ability  to  (1)  operate  closer  to  waveguide  cutoff  where  interaction 
impedance  increases  and  (2)  keep  the  undulation  parameter  high  by 
maintaining  a sufficiently  long  magnetic  period.  Both  of  these  design 
trends,  however,  tend  to  increase  the  voltage  thus  increasing  the 
effects  of  relativity.  A detailed  trade-off  study  of  these  design  condi- 
tions is  needed  to  explore  the  extent  to  which  efficiency  can  be 
enhanced.  It  is  anticipated  that  electronic  efficiencies  as  high  as 
4 to  6n'o  may  be  possible  for  narrow-band  Ubitrons  operating  within 
1 to  2%  of  the  cutoff  frequency.  For  example,  the  G.  E.  work  pre- 
dicts 4f'o  efficiency  in  a 50-kW,  94-GHz  Ubitron  operating  at  80  kV 
(2%  above  cutoff).  With  slightly  higher  voltage,  we  anticipate  this  effi- 
ciency could  be  increased  still  further. 

D.  300-kV  Design  of  a 94-GHz,  50-kW  Ubitron 

As  mentioned  in  the  beginning  of  this  section,  an  early  decision 
during  this  program  to  maintain  the  design  voltage  high  enough  to  keep 
the  magnetic  period  about  equal  to  the  waveguide  diameter  caused  us 
to  perform  a large  amount  of  work  on  beam  analysis  and  magnetic  cir- 
cuit design  which  is  applicable  of  a 300-kV  Ubitron.  Then,  after  com- 
pleting the  relativistic  small-signal  analysis  which  indicated  that  lower 
voltages  would  actually  provide  better  efficiency,  there  was  not  sufficient 
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time  to  redo  the  beam  and  magnetic- circuit  analysis  for  a lower  voltage 
design.  We  therefore  present  here  a preliminary  design  for  a 300-kV 
Ubitron.  Althoug  it  is  lower  in  electronic  efficiency  than  a low'er-voltage 
Ubitron  would  be,  we  anticipate  that  this  amplifier  would  have  about  50% 
bandwidth.  It  may  therefore  be  able  to  fill  ECM  applications  which 
cannot  be  handled  by  other  devices. 

The  dc  analysis  for  a 300-kV  electron  beam  was  presented  in 
Section  II.  In  that  analysis,  an  initial  cyclotron  motion  was  assumed 
which  caused  the  beam  radius  to  have  maximum  and  minimum  values 
of  0.  75  r and  0.  045  r respectively.  This  beam  motion  is  believed  to 

cl  3 

be  compatible  with  what  would  be  obtained  from  a magnetron  injection 
gun  designed  for  this  device. 

By  computer  analysis,  the  beam  factor  for  this  300-kV  electron 

_4 

beam  was  determined  to  be  2.2  (10  ) as  shown  in  Section  II,  Fig- 

ure 11-12.  When  this  value  is  used  in  equation  (5-17)  with  given  by 
equation  (5-11),  we  get  a value  for  the  efficiency  of  1.  36%.  To  see  the 
effects  of  the  beam  factor,  this  value  should  now  be  compared  with  the 
small-signal  theory  efficiency  given  by  equations  (5-10)  through  (5-15). 

In  order  to  apply  these  equations,  it  is  necessary  to  determine  some 
acceptable  value  to  use  as  the  beam  radius.  A logical  choice  is  to  use 
the  average  value  of  the  radius  which  is  0.  6975  r&.  The  result  of  this 
calculation  is  1.46%  efficiency. 

From  these  calculations,  we  see  that  the  net  effect  of  the  radial 
dc  beam  motion  for  this  design  was  to  reduce  the  gain  and  efficiency  by 
about  7%.  This  is  not  a large  factor  but  we  believe  that  the  effort 
expended  during  this  program  to  obtain  a quantitative  result  has  been 
worthwhile.  The  results  of  this  calculation  tend  to  give  new  confidence 
in  applying  the  small-signal  design  theory  to  Ubitrons  even  when  there 
is  a significant  amount  of  radial  motion  in  the  beam.  This  was  a pre- 
viously un-answered  question. 
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Using  the  gain  and  efficiency  values  calculated  from  the  beam 
factor  described  above,  a 300-kV  Ubitron  design  will  have  the  follow- 
ing design  parameters. 


f 

P 

V 

o 

I 

o 

perveance 

Cu 


94  GHz  frequency 
50  kW  cw  (rf  power) 

300  kV  (beam  voltage) 

12.25  amps  (beam  current) 

7.46  ( 1 0 - ® ) amp/volt^^ 

_ 3 

4.  53  (10  ) (small-signal  gain  parameter) 


r 

c 

L 


Circuit  length 


1.  36%  (efficiency) 

3.  09  mm  (waveguide  diameter) 

0.  7 r 

a 

r^  (magnetic  circuit  inside  radius) 

6.  24  mm  (magnetic  period) 

22.  9 cm  (for  10  dB  gain) 

- 28.  7 cm  (for  15  dB  gain) 

34.  5 cm  (for  20  dB  gain) 


The  magnetic  circuit  applicable  to  this  Ubitron  design  is  very 
close  to  that  shown  in  Figure  III- 3.  The  period  will  be  6.24  mm  with 
a total  of  55  periods  required  for  a 20  dB  gain  amplifier.  With  a taper 
on  the  magnetic  pole  piece  faces  as  shown  in  Figure  IU-10,  we  can  use 
a soleno  idal  magnetic  field  strength  of  about  7000  gauss  as  was 
described  in  Section  III-B. 
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By  making  rc  =0.8  ra  in  the  above  design  we  can  increase  the 
efficiency  to  a value  just  under  2%.  This  would  not  change  any  of  the 
other  design  parameters  except  beam  current  and  perveance.  Beam 
current  for  the  enhanced  circuit  design  would  decrease  to  about  9 A. 

The  overall  Ubitron  envelope  will  look  something  like  that 
shown  in  Figure  V-10.  In  this  envelope  we  have  provided  sufficient 
room  in  the  gun  region  to  stand  off  300  kV,  and  sufficient  room  in  the 
collector  region  to  provide  for  a depressed  collector. 

Depressing  the  collector  will  be  a requirement  in  this  device  if 
any  kind  of  reasonably  efficiency  is  to  be  achieved.  The  way  to  accom- 
plish this  has  not  been  explored  in  detail,  but  Figure  V-10  shows  a 
first  step  in  the  approach  to  the  problem.  By  breaking  the  output  wave- 
guide up  into  short  rings  or  sections  of  waveguide  separated  by  thin 
ceramic  rings,  we  will  be  able  to  change  the  voltage  on  the  waveguide 
wall  in  a stepwise  fashion  which  can  be  tailored  to  produce  the  best 
overall  collector  depression.  As  long  as  the  ceramic  gaps  between 
these  waveguide  sections  or  rings  are  small  compared  to  a wavelength, 
the  TEqj  waveguide  mode  will  be  transmitted  with  very  minor  effects. 
This  is  because  this  mode  is  supported  by  azimuthal  wall  currents 
with  no  components  in  the  z direction.  Collector  depression  is  an 
important  area  which  should  be  investigated  further. 

It  will  be  important  in  the  aoove  Ubitron  design  to  make  sure 
that  none  of  the  electron  beam  reaches  the  rf  output  window.  This 
can  be  accomplished  in  a number  of  ways,  the  simplest  being  to  pro- 
vide sufficient  length  with  a transverse  magnetic  field  in  front  of  the 
window. 
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VI. 


CONCLUSIONS  AND  RECOMMENDATIONS 


During  this  nine-month  study  program  we  have  been  able  to 
answer  several  important  questions  regarding  Ubitron  amplifier  theory. 
Primarily,  we  have  extended  the  previous  planar  small-signal  theory 
to  include  (1)  the  effects  of  relativity  and  (2)  the  effects  of  large  varia- 
tions in  the  dc  beam  radius  of  cylindrical  Ubitrons.  We  also  have  investi- 
gated new  periodic  magnetic  circuits  which  can  be  applied  to  millimeter- 
wave  Ubitrons  and  have  investigated  the  design  criteria  required  to 
develop  hollow-beam  guns  for  these  amplifiers. 

With  respect  to  the  feasibility  of  high-power  millimeter-wave 
amplifiers,  we  restate  the  following  conclusions  given  in  Section  I. 


A.  Conclusions 


1. 


2. 


3. 


The  development  of  a 94-GHz,  50-kW  cw  Ubitron 
amplifier  appears  to  be  feasible,  using  a 7000-G 
solenoid  and  a waveguide  circuit  with  embedded 
periodic  magnetic  pole  pieces. 


Under  the  small-signal  assumption  that  efficiency 
is  proportional  to  the  gain  parameter,  the  follow- 
ing relationships  occur. 


n 

e 


BnC 
n u 


B3/4-p1//4{~1//2  h 


where  q is  the  electronic  efficiency;  Bn  is  the 
assumed  efficiency  parameter;  Cu  is  the  Pierce 
type  small-signal  gain  parameter  for  the  Ubitron; 

P is  the  rf  power;  and  f is  the  operating  frequency. 
The  factor  hs  is  a relatively  complex  function  of  the 
voltage,  the  beam-to-waveguide  diameter  ratio, 
and  the  magnetic  polepiece  i.  d. -to-waveguide  diam- 
eter ratio.  This  function  decreases  with  increas- 
ing voltage  primarily  due  to  the  effects  of  relativity. 


Using  the  small-signal  assumptions  described 
above,  a 300-kV  Ubitron  design  would  have  an  inher- 
ent efficiency  just  under  2%.  The  estimated  band- 
width would  be  on  the  order  of  50%  since  f/f  is 
1.6  at  300  kV.  At  a lower  design  voltage  ofCl°00  kV, 
the  efficiency  would  rise  to  between  3 and  4%  but 
the  bandwidth  would  decrease  to  about  10%.  The 
lower  efficiency  at  higher  voltage  is  mainly  due 
to  relativistic  effects  contained  in  the  factor  h above. 
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4.  There  will  be  a slight  degradation  of  gain  and 
efficiency  due  to  the  radial  variations  which  must 
exist  in  the  undulating  electron  beam,  but  with 
proper  design  these  effects  are  shown  to  be  on 
the  order  of  10%  or  less  in  the  rf  small-signal 
regime . 

5.  Because  of  the  low  inherent  efficiency  of  the 
Ubitron,  it  will  be  necessary  to  take  advantage 
of  every  available  means  to  both  enhance  the 
electronic  efficiency  and  recover  the  energy  in 
the  spent  beam  through  collector  depression. 
Because  the  spent  beam  and  the  rf  power  exit  the 
Ubitron  at  the  same  place,  collector  depression 
needs  further  feasibility  study  and  demonstration. 

B.  Recommendations 


As  is  true  in  any  limited  study  program,  we  have  been  able  to 
identify  numerous  areas  of  investigation  which  would  enhance  and 
expand  upon  the  results  of  this  reported  work.  In  the  remaining  part 
of  this  s'ection  we  present  a list  of  recommendations  which  we  believe 
to  be  the  next  logical  steps  in  the  development  of  high-power  Ubitron 
amplifiers. 

The  order  of  these  recommendations  reflects  our  estimate  of 
their  relative  importance. 

1.  We  recommend  that  the  small- signal  voltage  trade- 

off study  given  in  this  report  be  augmented  to 
include  the  most  general  condition  for  mode  syn- 
chronism. It  is  emphasized  that  the  present  study 
has  been  aimed  at  wideband  Ubitrons  in  which  the 
design  criterion  has  been  to  maintain  synchronism 
between  the  beam  and  the  circuit  wave  over  the 
widest  possible  frequency  range.  This  occurs 
when  the  -1  beam  mode  on  a disperson  diagram  is 
just  tangential  to  the  TEq^  circular  waveguide  mode. 
This  results  in  simple  design  relationships  between 
the  four  primary  variable s of  frequency,  voltage, 
waveguide  diameter,  and  magnetic  period;  but  it 
also  requires  that  only  two  of  these  variables  can 
be  independent.  The  general  synchronism  condi- 
tion in  which  the  beam  and  the  circuit  dispersion 
curves  are  allowed  to  cross,  allows  three  of  the 
variables  to  be  independent,  which  provides  one 
more  degree  of  design  freedom.  It  now  appears  that 
a region  of  design  exists  at  moderately  high  voltage 
(100  to  ZOO  kV)  in  which  the  efficiency  can  be 
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optimized  at  the  expense  of  some  bandwidth.  This 
would  be  a desirable  thing  to  do  for  most  millimeter- 
wave  applications.  The  maximum  efficiency  for  any 
given  bandwidth  would  be  determined  by  varying  the 
waveguide  diameter  and  magnetic  period  with  volt- 
age as  a parameter. 

Although  this  will  not  be  a large  task  in  any  future 
work,  it  is  included  here  as  a first  recommendation 
because  higher  electronic  efficiency  is  very  impor- 
tant in  this  device  and  because  the  trade-off  needs  to 
be  done  for  the  sake  of  completeness  prior  to  any 
further  experimental  work.  Now  that  a relativi sti cally 
correct  small-signal  theory  is  available,  this  extended 
trade-off  study  is  a next  logical  step. 

2.  Collector  depression  to  recover  the  power  in  the 
spent  electron  beam  is,  in  most  cases,  essential 
to  the  practical  application  of  high-power  Ubitron 
amplifiers.  Because  of  the  fact  that  the  spent  elec- 
tron beam  and  the  rf  output  power  occupy  the  same 
output  port,  it  is  most  likely  that  an  experimental 
high-power  Ubitron  will  have  to  be  built  in  order 

to  study  this  important  aspect  of  the  device.  We 
recommend  that  follow-on  work  include  both  theoret- 
ical and  experimental  evaluation  of  collector  depres- 
sion techniques. 

3.  We  believe  that  any  significant  effort  leadiig  to  the 
development  of  high-power  Ubitron  amplifiers 
requires  that  a large-signal  computer  code  be 
acquired.  Once  a code  is  available,  it  can  bo  used 
both  to  determine  the  basic  Ubitron  efficiency  under 
relativistic  design  conditions,  and  to  evaluate  effi- 
ciency enhancement  techniques  such  as  circuit  taper- 
ing, etc.  It  would  also  be  an  invaluable  tool  for 
analysis  of  collector  depression  techniques. 

Because  the  Ubitron  gain  mechanism  involves  a 
mixture  of  both  longitudinal  and  transverse  inter- 
actions, a large-signal  computer  code  will  have  to 
be  at  least  a 2-1/2  dimensional  code  (i.e.,  r,  x, 
r,  0,  z dimensions)  such  as  the  code  now  used  for 
plasma  analysis  studies.  An  example  of  such  a code 
is  CYLRAD,  14  which  was  developed  by  the  Naval 
Research  Laboratory.  There  is  little  doubt  that  any- 
existing  code  would  require  adaptation  before  it 
could  be  used  satisfactorily  for  Ubitron  analysis. 

Such  an  adaptation , however,  appears  to  be  the  most 
logical  way  to  proceed  and  is  recommended. 
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The  final  recommendation  deals  with  the  spurious 
modes  which  can  exist  in  Ubitrons. 

As  shown  in  Section  V,  at  least  five  modes  or  more 
exist  in  a circular  waveguide  Ubitron  and  more  work 
needs  to  be  done  to  identify  how  these  modes  might 
interact  with  the  electron  beam  and  circuit  in  this 
device.  We  recommend  that  a small  signal  analysis 
be  carried  out  for  each  of  these  modes  in  terms  of 
their  rf  field  structures  and  various  assumed  beam 
and  magnetic  field  asymmetries.  Such  an  analysis 
would  provide  a starting  point  from  which  to  analyze 
and  understand  any  spurious  outputs  from  experi- 
mental devices.  It  may  also  be  possible  to  use  the 
large- signal  computer  code  recommended  in  item  3 
to  accomplish  some  of  this  analysis.  This  would 
require  a full  three-dimensional  code,  however,  to 
account  for  asymmetries.  Any  spurious  mode  analy- 
sis must  also  include  the  effects  of  waveguide  per- 
turbations resulting  from  input  couplers,  etc. 
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APPENDIX  A 


COMPUTER  PROGRAM  DESCRIPTION 

Four  computer  programs  were  generated  during  the  course  of 
the  Ubitron  Project.  The  first  two  programs  called  PROG2  and  PROG5 
solve  a set  of  second-order  differential  equations.  The  other  two  pro- 
grams called  RTHETA  and  CORREL  use  the  output  of  PROG2  or 
PROG5  to  plot  the  variable  R versus  (THETA)  and  correlation  inte- 
gration. These  programs  were  developed  using  the  USC  PDP10  time- 
sharing system.  A brief  description  of  each  follows. 

PROG2  and  PROG5 

The  two  programs  use  the  Clippenger-Dimsdale  method  to 
solve  the  differential  equations.  The  mathematical  discussion  of  the 
method  is  found  in  "Numerical  Analysis"  by  Kunz.  This  method  was 
compared  with  the  Runge-Kutta  method  by  making  several  runs  using 
the  same  input  data  and  same  convergence  criteria.  The  results  were 
almost  identical,  differing  only  at  the  seventh  or  eighth  digita.  On  the 
average  the  running  time  of  the  Clippenger-Dimsdale  was  half  of  that 
of  Runge-Kutta  method.  Exact  figures  are  not  quoted  because  it  is  not 
possible  to  get  constant  run  time  for  the  same  data,  same  method,  on 
the  time-sharing  system.  Execution  time  varies  with  the  load  aver- 
age of  the  computer. 

The  Clippenger-Dimsdale  method  is  coded  as  subroutine 
CLIPDI.  The  inputs,  DELT,  TO,  TEND,  EMAX,  EMIN,  E,  PRNDEL 
in  the  main  program  are  the  parameters  of  subroutine  CLIPDI.  EMIN 
and  EMAX  are  the  lower  and  upper  bounds  of  convergence  criteria. 
DELT  is  the  initial  integration  step  size,  a good  starting  value  is  0.  01. 
During  the  course  of  the  integration  the  DELT  is  changed  by  the  pro- 
gram depending  on  the  accuracy  obtained  at  each  step.  If  the  accuracy 
is  better  than  EMIN  it  is  doubled,  if  greater  than  EMAX  it  is  halved. 

TO  and  TEND  are  the  limits  of  integration.  PRNDEL  is  a time 
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interval.  When  the  accumulated  DELT  becomes  equal  to  or  greater 
than  PRNDEL  the  print  subroutine  (PRNT)  is  called  to  save  the  values 
of  the  variables  on  output  file.  Special  attention  is  due  to  PRNDEL,  as 
it  determines  the  size  of  the  arrays  T and  Z.  In  the  program  T and  Z 
are  dimensioned  1000,  it  is  determined  as  follows:  dimension  of  T and 
Z > ( TEND/TO)/PRNDEL. 

At  the  start  of  execution  the  program  writes  the  message  "Name 
of  Input  File"  on  the  TTY  and  waits  for  the  user  response.  A file  name 
of  more  than  three  and  less  than  11  characters  should  be  typed  in  fol- 
lowed by  a carriage  return.  This  file  contains  the  input  data.  As  the 
execution  resumes  again,  the  program  changes  the  fourth  character  of 
input  file  to  Y by  calling  library  subroutine  KMOVE,  This  file,  with 
the  fourth  character  as  Y,  becomes  the  output  file.  The  program  con- 
tinues now  by  reading  the  content  of  input  file  up  to  ICOMP.  It  then 
checks  the  value  of  flag  ICOMP;  if  it  is  zero  it  continues  to  read  SRA, 

L,  and  RA  from  the  same  file.  If  ICOMP  is  one  then  it  computes  SRA, 

L,  and  RA.  From  these  inputs  the  program  continues  to  compute 
other  parameters  and  initial  values  of  d0/dT  and  dZ/dT.  The  computa- 
tion of  d8/dT  involves  the  Bessel  function  of  first  order.  The  accuracy 
desired  is  not  an  input  but  is  fixed  to  0.0001  in  the  program.  If  the 
Bessel  function  does  not  converge  for  this  accuracy  the  message 
"BESSEL  FUNCTION  DID  NOT  CONVERGE"  is  printed  on  the  TTY. 

After  the  parameters  are  computed  the  program  calls  sub- 
routine CLIPDI  to  do  the  integration.  In  CLIPDI  at  every  step  of  inte- 
gration the  variable  R is  tested.  If  R > SCRIPR  or  R < 0 an  error 
message  is  printed  on  TTY  and  CLIPDI  is  exited.  If  this  error  occurs, 
it  means  that  the  electron  trajectory  has  exceeded  allowable  bounds. 
Whenever  accumulated  DELT  becomes  equal  to  or  greater  than  PRNDEL, 
subroutine  PRNT  is  called  to  save  the  values  of  the  variables  on  the  out- 
put file.  The  integration  terminates  and  CLIPDI  is  exited  when  T 
becomes  equal  to  or  greater  than  TEND. 
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Upon  return  from  CLIPDI,  in  the  main  program  the  flag 
NTHSET  is  read  from  the  input  file.  If  NTHSET  is  greater  than  zero 
the  program  goes  to  the  beginning  to  read  a new  set  of  data  and  repeat 
the  process.  If  NTHSET  is  zero,  subroutine  PLOTPR  is  called  to 
plot  R,  Z,  6,  etc.  versus  T.  The  plots  are  put  on  file  SPLT02.  After 
plotting,  the  main  program  is  e\ited  and  execution  is  terminated. 

Inputs  to  Programs  PROG2  or  PROG5 

There  are  eight  read  statements,  all  in  the  main  program. 

They  are  discussed  here  in  the  same  sequence  as  they  appear  in  the 
prog  ram. 

NAMEI  — NAMI  is  the  name  of  the  input  file 

which  contains  all  the  input  to  the 
program.  It  is  more  than  three 
and  less  than  11  characters. 


DELT,  TO,  TEND, 
EMAX,  EMIN,  E, 
PRNDL 

R 

THETA 

ZO 

DR 

FGHZ 

VKV 

C 

BABO 

ZSUBE 

SCIPR 

BO 


These  were  described  on  previous 
page  in  the  discussion  of  subroutine 
CLIPDI. 

Initial  value  of  variable  R 

Initial  value  of  variable  0 

Initial  value  of  variable  Z 

Initial  value  of  DR/DT 

Nominal  Frequency  in  Gigahertz 

Nominal  Voltage  in  Kilovolts 

Gun  Entrance  Parameter 

Magnetic  Field  Modulation  Parameter 

Magnetic  Field  Entrance  Phase 

Beam/Tube  Ratio 

Average  Field  — gauss 


1 


I COMP 


SKA 

L 


K A 


— If  [COMP  1,  then  compute  the 
values  of  SKA,  L,  and  HA 

If  IPOMP  0,  then  Head  values  of 
SHA,  L,  and  HA 

— Tube  radius 

— Magnetic  period 

— H A is  a dimensionless  number,  the 
normalized  tube  radius 


N riLSPT  — N TIISE T 0 means  no  more  cases 

to  run 

NTHSET  > 0 means  there  is  another 
set  of  data  to  run. 


SAMPLE  INPUT 


IDA  L’E 

D EL  r 

TO 

TEND 

EMAX 

EMIN 

E 

PR  ND  L 

R 

THETA 

ZO 

DR 

FGIIZ 

Y KY 

C 

I3ARO 

ZSUBE 

SCRIPR 

BO 

ICOMP 

SR  A L RA 

XTIISET 

COLUMN  1 

Dec.  17,  1976 

AO.  01000A0.  00000A157.  080A0,  00010A0.  00001A0.  00005A0.  16000 

A 1 . 00000A0.  oooooao.  oooooao  ooooo 

A°4.  0000A300.  000A0.  88500 A0,  74^00Al.  5707QA2.  33000A7000.  00 

0 

0.  00  308o  0.  606238 A3.  1 0° ; 1 
00 
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PROGRAMS  CORREL  AND  R THETA 

These  two  programs  are  short  and  simple.  They  read  the 
output  file  generated  by  PROG2  or  PROG5.  The  file  contains  N values 
of  the  variables  R,  0,  Z,  dR/dT,  d0/dT,  dZ/dT.  Program  R THETA 
fetches  the  variables  R and  0 and  plots  R versus  . Program  CORfCEL 
fetches  all  N values  of  R,  Z,  and  d0/dT  and  integrates  the  mathematical 
equation  (2-114).  The  result  of  integration  is  saved  on  file  TTYOUT. 
The  result  is  also  plotted  and  saved  on  file  BFNM.  The  THETA  limits 
of  integration  are  0 to  360  degrees  in  steps  of  5 degrees.  The  Z limits 
of  integration  are  0 to  61  in  steps  of  60/61.  In  both  cases  the  step 
size  is  fixed  in  the  program  and  is  not  input.  The  output  limit  of  Z 
is  dependent  on  TEND.  (Used  in  Subroutine  CLIPDI  of  Program  PROG2 
or  PROG5.  ) The  upper  limit  61  of  Z mentioned  above  corresponds  to 
TEND  = 50  tt. 
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C < S A GHE  R>PRllG«?,FOR  ; S 7 TUE  ?l-DFC-7b  lllStAM  PAGE  1 


r hhitrmn  study  prugram  «,»  kip  sam  sensiper  October  ifl,i<>7b 
r nr  equations,  exact  pe i.a t i vi st tc . no  space  charge 

DiniHlE  PRECISION  name  O, NAME  I 

DIMENSION  F I OMR  A ( lb)  , Y(b),T(10O0),Z(1000),PARAM(70),IDATEm 
CU«MIIN/lAHS/PARAM, TER. a 1 ,UAH,LOVLAM,T,Z,NPniNT,DZ,ENfcR0.RSllHR2, 

! E I OMR A, ZSUBE , RSuRb,FPS,GAMMAC ,EREBH2,RAno, IDA  IF ,R A, SCR  I PR 

R I Al  L OVl  AM,  l, LAMBDA 

OPE  N( unITs l£, DEVICE = 'DSK • ,E  HE  = ' SAMY02.DAT ' ) 

OPEN (UNI Tzh.OE VICE  z * T TY'  I 
IJ=  I 

S rRITE(S,S10T 

SIO  EI'RMAKIH  NAME  (IE  INPUT  EIIF',») 

IE  P = 0 

PFAI)(S,SOO)  NAMfcl 
SOfl  FORMAT  (A  10) 

NaMEOzNAME  l 

f A I t « mi/YE  (' Y 0,  NAMED,  I ) 

OPE  N(  MM  Tz  t 0,  DE  V I CFr  ' DSK  * ,F  ILE  rNAME(l) 

PPF  N(MNI I z 1 1 ,DE  VICE* 'OSK • ,F Ilf  SNAMF I ) 

RF  A I)  ( 1 1 ,0  00)1  DATE  ( 1 )*IDATf  (P), IDATF  15) 

RE  AM  I t , I 00)  Dfcl  T , TO,  TE  ND,fcMAX,F  MIN,E,PRNDEl 
PE  AD( 1 1 , 100  IP, THE TA./O.DR 
PE  A D ( 1 1 , I 00 )E GHZ,  VKV,C,BABO,ZSIJHf  , SCR  I PR,  HO 
RFAH(n.ii)  I COMP 

a E orma  r ( n ) 

P I s I , 1 U 1 SOPb 
PI?sPl*PI 

GAHMAIrl.O+VKV/Sll.OOb 
T E ( I Comp  . eg  . I ) r,n  to  i 
REAM (11, 100)  SPA, |, PA 
GO  TO  P 

( SPAzl,AMMAl*0.?P<E7R?/(I,b?ReAFGHZ) 

l = 1 . b 4R«*SPA*SPR  T (GAMMA  I *GAMMAI-1 , 0 ) 

R Arp ( ^«SPA /t 
HR  I TE (fc, aso ) SPA ,L , PA 
? PSUPHzPA/SCPTPR 

PSUmHPzPSMHH*PSURH 
r.AMMAC  = 0,P7RRP5E-<?*MO/EGHZ 
L AMhDAzO.?<3Q7R2/F(;HZ 
LI . V L A M z | /LAMBDA 
roNSr«.o*HABO/(PI*RSOPH) 

»P I TE Cb, SI S) 

SIS  FORMAT ( 1 h ,'S1APT  NE R CASE') 

HzDt  L T 
«z  T 0 

E PS  z 1 , OF -S 
M P 1 1 1 N T z 0 
SOMzO  . 0 
E M z - 1 . 0 
F 1 = 1 .0 

( ONM  = U.O*HAHO/PT 
I'll  10  Jz  1 , 1 ^ 

E mzE  M + ^.o 
APGzEmaRa 
(All.  H I 0 ( A P G , P I 0 ) 

Apr.  1 ZE  M * W SUMP 

( A L I PFS.K  AEf.  1 , 1 ,RfU  ,0,000)  , IER) 

T E ( I E R . G 1 , 0 ) SO  TO  1000 

E I 0-iPA  ( J 1 zE  T *(  OMST/(  FM*RI(| ) 

SMMzSdmaE  T *U"  S*(  I IS  ( FM*/SOHf  )*Rm/(EM*FM*WIO) 

E I =-E  I 

1 0 ( Ob  T I NUE 

E »•  I z 1 , (I  ♦ S'  -M  t SliM 

MIME  T A z l • A m M A f * 0 , S * ( P H I ■»  C ) / G A M M A I 

Pvl"/zPSllHP«f  1 ME  T A *1  / (I  A mhD  A«SURT(t,O-l,0/(GAMMAl*GAMMAl))) 

»>/  =1  AMMO  A • SDR  I ( 1 ,0-1  , 0 / ( G AMM A I AGAMMA I ) ) / (L  * SORT ( 1 ,OaRVTMZ*RVTM/) 

: i 

I M b OzPSi'MPp*  ( T K*riPAP*P*DTHE  Ta*iTTHFTA1ED/*DZ 
wR  T 1 E ( 1 0 , 1 /S) 


L 
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c 


<SAGHfc  R > PR0G2 , fc  OR  f S 7 


TUfc  21-0tC-7h  1US1AM 


PAGE  111 


t 7S 


1 a n 


) 


fctlRMATdH  , 'PROGRAM  *?,0C  EU,  EXACT  HEL A T 1 V I ST  I C , NO  SPACE  rHAUr.F 

I 

WRITE ( 1 0#  180)  ( I D A t E ,5),R.THF  TA,70»DR»DTHE  TA,D/*8AR0, 
GAMMAC.ZSUHt ,FGHZ,VKV,C,SCRTPK,BO,SRA,l,RA 
EtlPMAiriH  ,(AS/|H  , 'Rs',ElS,«.'  THfcTA=’, E1S.8,  ' Z=', ElS.fi/ 

' DR=', E1S.fi,'  OTHfcTAs', EtS.B*'  D/=', ElS.fi/ 

BABOs' ,fc ls.fi, ' GASHAC=»  *fc  1S.fi,  ' 7.  SORE  = ' ,t  lS.fi/ 


1 H 
1H 
1H  , 
1 H 
1H 


FGHZ=' , E1S.fi,  ' VK  V=  ' ,F  ts.fi,  ? C=', HS.fi/ 

,'  SCWIPPs', E1S.H, ' H0=', FlS.fi,'  SRA=', fctS.fi/ 

' 1=', HS.fi,'  ftAs', FlS.fi/) 


GAMst,o/SURI(l,0-invLAM*LnvLAM*(RSlJHB?*(nR*OR  + R*M*nTHfcTAxtiTHFTA 
)+D?*D7)  ) 

( ALl  SCHARG 

At=GAM*GAM*GAM*LnvlAM*t  ( ) V l AM 

PARAM(JJ)=fUHO 

PaRAM(  JJ*t  )=t,AMMAC 

PABAM( JJ*?)=ZSimfc 

PARAM(JJd)=RA 

PARAM( JJ  + U)=t  OVL  AM 

PaRAM( JJ+SlsGAM 

Y( 1 )=R 

Y(?)s7HfcTA 

Y ( 5 ) = Z 0 

Y ( <1  ) = PR 

Y ( S ) SOTHF TA 
Y (fi)sDZ 

CALI  n 1PI)T(H,X,fi,Y,TFNI),fcMAX,f  MIN.fc.PWNOEl  1 
K = 0 


wMlTEClP.150)  K 

Z T = 7 (NPOINT ) /T (NPOINT ) 

Oil  IS  K = 1 , NPO I N T 
IS  Z (* )=7CK )-T (K ) *ZT 

PRMKlO.tBS)  (ZCKl.Kst,  NPOINT) 

1 fiS  FORMAT  ( 1 H , ' /(  T )-T  (1  1 *Z(fc  NO) /T  (END)  ' / (SE  1 fe  , 7)  ) 

WRITE  ( 1 2 , 1 SO ) NPOIN  T 

WRITE (12,50  0)  ( / (X  ) j K : 1 , NPOINT ) 

NPI1I  N |=() 

C AT  THIS  PiilNT  ONE  St  T Ofc  INPUT  DATA  HAS  HfcfcN  READ,  Thfc  f)  IFF  PE  NT  I A L 
C FOLIATIONS  SOLVED  ANO  THE  UIITPLlT  SAVED  ON  fcILF,  NOW  P F A Pi  NTHSET  WHICH 
C IS  A ? DIGIT  TNTFGfcR.  Ifc  NTHSfcT  IS  NlUg/fcRO,  IT  MEANS  THfcPF  IS  ANOTHER 
r SET  Ofc  INPUT  DATA  TO  EXECUTE, GO  TO  STATEMENT  NUMfJFP  S TO  REPEAT  PROCESS. 
C IF  NTHSfcT  ts  ZfcRO  IT  MEANS  THfcRfc  IS  NO  MORE  DATA,  START  PLOTTING, 

PF  ADC  1 1 , PS 0 ) NTHSfc  1 
Ifc (NThSET)  20, 20, PS 
PS  «P1 Tfc ( IP, ISO)  NPuTNT 

JJ  = ,IJ*b 


(,ll  TO  S 

PO  NPO I NT=-t 

WRI Tfc  ( 1 2, 1 SO ) NPOINT 

ri  ose (UN iT  = ip, nEvirfc  = 'nsK',fciif  = 'SAMYop, dat') 

CALL  Pt  OTPP 
GO  TO  1002 
PSO  FOPMAT(TP) 

iso  format (in) 

too  HlPMA  T ( 7FM.S1 

?nn  FORMAT (OF  ts.fi) 

uno  fc  orma i ( 5 as) 

aso  FORMA  T ( t H , 'SMALL  R SUM  A=', fctS.fi,'  1=', E1S.fi,'  HA=', FtS.fi/) 

10  0 0 HR  I Tfc  (6, 1 00  1 ) 

1001  fc  1 1 R M A T ( 1 H ,'flfcSSFI  fc  I IN  f T T ON  DTD  NOT  CONVERGE') 

tOOP  SHIP 


fc  dD 


c 

c 

SUMRUHT I NF  SC marl; 

AHS/F>AWAM,  TtH,  A l , G * M , L H VI  A M , T , Z , NPfl  I N T , 0 2 , E Nfc  R 0 , R SUR  B2  , 

! F!0MRA,7SUHF,RSO8H,FPS,f,AMMAC,FRfcRw?,BA80,I0ATE,RA,  SCR  I PH 

RFAt  LUVL*M 

r.I^f  NSIHN  IDA  If  ( 5 ) ,PARAM(  70  ) . T(  1 00  0)  , 2(  1000)  .FIOMRA  (IS) 

F R’F  n*P  = o . 0 
KF  ) liRN 
t ND 

r <SAGH(:R>PRU(,p.Ffik;S7  TOF  ?l-L>EC.-7fe  1 1 JS1  AM  PAGE  lt2 


C 

r, 

SlHwIlUTlNF  F’l.l  TPW 

0 1 MF  NS  1 1 IN  XC1OO?),VUOO?),O(h,v00O).IVAXlS(7),LAHFL(2)* 

! i I.AMC  IP)  , NAME  fP),  TOATF  ( 5)  , I G A M ( 2 ) , I in  VL  M ( 2 ) , P A H AM  ( 7 0 ) , 

! I ( 1 000 ) , T ( 1 000 ) ,F TOMRA ( 1S),IRAH0(?) 

R(  Al  i n V l AM 

LIIMMIJN/I  4hS/PARAM,  IE  R,  A 1 .GAM.LUVL  AM,  T , l , NPC1  I N T , 0 7 , F Nf  HO.RSUHH^, 
1 FI0MRA,2SnKF',RSu8O,tPS,GAMMAC,FRFB*2.BAH0,inATE,RA,SCRlPR 

0 A 1 A I XAXIS.  1 YAX  I S/'  T*  , 'R'  , • TFiFTA  • , • 2'  , ' 2-02*  » , * I ' , ’ E RRflR  ' , 

: • of i t i ' / 

1 A I A NAME  / <PR(ir,R  ' , ' AM  #P  ’ / 

I A T A In  AMO, I RSUH A,  U-AMf, I 2 SuMF /'RA/HO'.'s'.'WAs'.'GAMMA'.'Cs', 

S ’?F=’/ 

oaTa  if;  am,  iihvlm/' gamma  ' , ' = ' , 'l/Lam'  , 1 hdas  ' / 
data  i hi ank / » • / 

iiPtNUiNI  T = 1P,0E  VKF  = 'OSK  ' , F 1 1 F = ' SAMY02,DAT  ' ) 

IJ  = 1 

H 1=0 

k R I T F ( Fi  , I SO  ) 

ISO  F I iR  •’  A I ( 1 H ,'  PIHT  Ntw  f A SF  ' ) 

i.F'F  N(ONI  T=20,DF  VICFs  ’ ORK  ' , F 1 1 Es  ' SPl  TOP. DAT  ' ) 

CAI  t Pl.HTF  (SO,  20) 

HAMu  = PARAM( J J ) 

(,AMmAC.  = PARAM(JJ+(  ) 

/ SI'*'  F =PARAM(  J.|*p) 

RASl’APAMf  JJ*3) 

l nvi am  = param(jj  + u) 
f,AM  = PARAM(l)J*S) 

P RE  A 1 1 ( |p,  IPO)  NPllTNT 

I F ( NF’1 1 1 f T ) 11.11,10 

10  1=1*1 

if  ( I .f.T.  iooo)  r,n  in  is 

R F A r ( 1 ? , l 4 0 ) X ( n , 0 ( 1 , n , IJ  ( ? , I ) , (i  ( S , II , A , B , c , o ( U , I ) , 1)  ( S , I ) 
r,n  III  0 

1 1 RF  A 1 1 ( 1 P,  IPO)  NF’IIIM 

R'F  a I < 1 p , 1 30  ) ( IJ  ( 8,K  ) ,K  = 1 , FiPLI]  N!  ) 

Oil  12  .1  = 1 ,b 
I AMF  L ( 1 ) = 1 Y AX  I S(.J) 

I AHF  I.  (P)  = TR|  ANK 

1 F ( J . F l)  . 'J  ) I APFL(P)  = TYAX1S(S) 

IF(.J  ,FU,  SI  l a on  ( 1 ) = IYAXtS(h) 

U(.J  ,fu,  h)  I AhF  l ( I ) = I Y AX  I S ( /) 

Of'  |S  K ; | , f 
IS  Y (K  ) S« ( J ,K  ) 

fAII  rP|f|ll(!,X,7,0,TXAXlS#l»I,Y»t>,0,lAMfcL*F>) 

( AL l Pint ( 0,0 , 0 . 0, RR9 1 

CALI  SYMHDL (S, 0,8, 0,0, 1 0,NAMF ,0,0, 1 01 
C A I I SYMHfii  (S,0,7,7S,0,10,  Il’AlE  ,0.0, 12) 

I All.  SymmI'I  (S.O,  7.S0,0.1O,  lMAMO,0,0,h) 
f A I I K liMRF  k(8,P,7.Sl>,0,  I 0,HAFSO,O,0,S) 

TAIL  .S  YMHi  II  ( S , 0 , / . PS,  0 . 1 0 , I l,AMC  , 0 , 0 , 7) 

( Al  l .•.|OHFW(8,2,  ) . 2 s , (I  , 1 0 , A M M A C. , 0 , 0 , S 1 

( am  symhul  ( s. o,  7. oo , n,  i o,  I /siihf  , o.o,  s) 
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CAll  N|IMBER(  b.  <>.7.0  0,0.  10,  ZSUHfc  ,0,0,S) 
CALL  SYMROI  ( S.  0 , b.  TS,  0 , 1 0 , I RSIJBA  , 6 , 0 , 1 ) 
CALL  NUMfltR(b.?,b.7S,O.10,RA,O,0,S) 

CALL  SYMBOL (R.O.h.SO, 0. 1 0, II OVI  H , 0 , 0 , R ) 
CAIL  NUMBER  (b,<i  ,b.  SO,  0 . 1 O.LOVI  AM,0,O.S) 
CALI  SVMHHL{S,0,6.?S,0.10,Ir,AM,0.0,6l 
TAIL  NL|MRER(h.P,b.?S,0.10,GAM,OtO,5) 
CALL  PLOT  (0,0, 0,0,949) 

CALI  PLOT (H.S, 0,0. -J) 

IP  CONTINUE 

JJsJJib 

WE  AD(  1 2 , IPO  ) NPOl NT 

te  (nwoint  ,mj,  o)  r.o  to  h 

GO  10  16 

is  WRITE (0,100) 


C <SAGHE RPPROGP.E OR  JS7  Tllf  P1-DEC-7b  1 1 : S 1 A H PAGE  lli 


120  roWMATCIil) 

1}0  FORMAT (RF IS. H) 

lao  FORMAT  ( 1 X,  'MIIWE  THAN  1 000  POINTS') 

1b  STOP 

E NO 

c 

c 

C SUBROUTINE  CLIPOI  PARAMFTERS 
C H IS  DEA  T 
C x IS  T ( T I mf  ) 

C NOFQ  IS  NUMBER  IiE  EQUATIONS 

C Y is  AN  array  CONTAINING  initial  values  of  VARIAHIES 

r xmax  is  the  end  value  he  t ( r. l i p o I ts  exited  when  t = t*ax) 

C EMAX  IS  UPPER  HOUND  OF  CONVERGENCE  CRITERION 

C EMIN  TS  LOwER  HOUND  OF  CONVERGENCE  CRITERION 

C E s (E  MA  X»t  M T N ) /p 

c PRNDEL  IS  USED  JUST  FOR  The  PURPOSE  OF  DETERMINING  WHEN  TO  CALL  PRINT  SUE 
SUB  ROUT  I NE  CL  IPOT  ( H,  x ,NOE  (J,  Y , xMAX,E  max  , EMIN,E  , PRNOE  L ) 

DIMENSION  I DATE  (M»Y(bl»DY(b)»Yl(b)»DYl(h),DYlC(b),HY(h), 

1 OHY(6),HYC(H),YlC(b),EIOMRAClS),T(lO00), 7(1000), PARAMf 70) 

COMMOn/L  AHS/PARAM,  IER,  A 1 ,GAM,|„OVI  AM,  T , Z,  NP01NT  ,I)Z,F  NERO.RSUBH?, 

1 F I OMR  A , 7 SURE  , RSUHB.E  PS,GAMMAC ,ERFBW2,PAH0 , IDA  It , RA , SCRIPP 

INTEGER  HOOI  , HOnLH 
RF  AL  I OVI  AM 
CALL  E (X,Y,I'Y) 

10  DE  L 1 A = 0 . 0 

IE  ( N P O I N I , GE  . 1 000)  GO  TO  ISO 

CAll.  PRN  T ( X , H , NOE  N , Y , (1  Y ) 

is  if  ( ( y<  i ) ,r,r  .scpipr  ) .or.  ( y t i > ,le  . o.o n r,n  to  mo 

K I IUN  T = 0 
HOIH  H:  0 
HOI  II  SO 

IE  ( ( X EH  ) . G I , X'-IA  X ) GO  TO  100 

PO  DO  p 1 1 s | , NOE  N 

PI  V 1 (I )=DY  I I ) *H* Y ( I ) 

TAIL  E ( XEH  , Y 1 , l.)Y  1 ) 

DO  PP  I s 1 , NOf  lj 

PP  HY ( I )sO.S*(Y ( I ) EY i ( J ) ) ♦ u . tPS*H*(OY( I ) - D Y 1 ( I ) ) 

SO  CAI.I  F (x  + O.S*h,hY,Dhy) 

DO  M T s I , NOE  0 

it  Yir(i)s(ro,ii«riHY(i)*nvfi)*riYi(in*H)/h,o*Y(i) 

(All  E (HE  X , Y 1 c ,DY I c ) 

If  ( IE  R.I,T  . 0)  RE  1 URN 
I I I LP  I s 1 , NOE  N 


(¥1(1)  .Nfc.  0.0))  tiU  1 0 70 
( VI (I ) ,t0.  0.0)  ) COs) 0.0 

mm  ,ne.  o.o))  cosABScmcm 


*>P  HvC  ( I )sO,%*(V(  I ) ♦ Y 1 1 1 I ) )*0,  l?5*M*(r)V(I)«DV1C(  I ) ) 

Dp  S<>  T = I , M ,f  i. 

Cdso.o 

I F ( ( V 1 r ( I ) .to,  0.0)  .AMD. 

It  ((¥)('(!)  .Mf  , 0.0)  .AM), 

TMmrm  ,m , o.o)  .and. 

1 vi ( i ) )/vi  f t ) ) 

it  (hmhi  , to,  i ) on  in  so 
imco.if.emax)  mi  tu  3S 

Hf 'Ul  Hs| 

N=0 ,S*M 
HI  ills  T = Ki  H ) M T ♦ I 
If  (Hl'iiMl.Lt.  .10)  UU  If)  ?0 
WSI1I  (b,  1 SO) 

M>  i< i loo 

SS  It  (Mini.  ,i, to. 1 ) r,n  Til  so 

IF  ( ( 1 ,N|-  1)  .('P,  (CH.GF  ,fMl  N)  ( (HAtUX)  ,Gt  , XMAX)  ) Of)  TO  0 0 
I’ll  so  Js^.NUfU 
r i iso . n 


it  ( mem 

.to. 

o. 

0) 

.AM). 

( Y 1 ( J ) 

,NE 

it  ( i v ir ( j) 

.Of;  . 

o. 

0) 

.ANI), 

( Y 1 ( J ) 

.to 

I f ( i v i r ( j ) 

>t  . 

o. 

0) 

.AM). 

( Y 1 ( J ) 

.ME 

Y 1 (.1)  )/Y  1 ( J ) ) 

IF  ( l.  1-'  .t<). 

0.0) 

r.i  i 

111 

ao 

IF  ((  ".I  I . f M 1 N ) 

GO 

III 

SO 

Gil  1(1  Oil 

r <SAr,MtK>F)Miir,<?,tfiP;S7  tuf  ;n-r>Ec:-7f>  iiiSIam 


PAGE  ISO 


so 


0 0 

so 


SI 

s<? 

bO 


ioo 


1 1 1) 
1 PO 

t so 

1 u o 


1 s ) 


1 b 0 


7 0 

I 7 : 


CliMIMIt 
M = H*H 

r»n  in  po 

M mi  =1 

it  trn.LF  ,t ) g'i  m S2 
on  si  )=i, NOE n 
HV(J)sHVriJ) 

YI(J)sVlCCJ) 

iiviuisoncu) 

Cl  N I I Mlf 
mi  in  so 
(UNI  I MHl 
X A X ♦ H 

f>f I b0  I = 1 , MDEM 
v (I  ) = v 1 C n ) 
nv(i)=nvit(l) 

f)t  L I A=l't  L I A +H 

IF  (ill  L TA.I  T.t’PMDF  L ) fill  III  is 
GH  TU  10 
C I 'M  I IMIF 
Pf  I tlPN 

HU  I It  ( b , 1 PCI  ) 

MIBMATMx.'W  IS  GMtATfP  THAN  SCH1PP  I'P  LISS  IHAN  O') 
t I .MM  A I ( 1 X , ' hAI  Vf  I)  H 10  T I M F S # Nil  ri)NVE»GENtt  ' ) 
f I IN  I INI  It 
Pt  1 I'PN 

hH I IF  I b, 1 *0  ) 

flipi'ATIlH  ,'MIMHFW  Ilf  PlitNTS  txrtFIltr)  1 000'/ 

1M  ,'lNr«fASf  rl'HfNSIUN  (IF  T AM)  /•) 

Pi  t'Hlj 

* P I IF  ( >.  , 1 1 0 ) 

MiP’ATIIm  .'I’PM-PA*  IAN  MU  Cnt'vFHGt  . V 1 CSO#  V 1 Ml  T O') 
>•  I II  *- 

t ’.I 
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MODIFIED  HFSSFL  FUNCTION  OF  ORDER  0 
X IS  THt  INPUT . BIO  IS  T HI  OUTPUT 
SUBROUTINE  HI0(X,RI0) 

BlOsAhSI  X ) 

IF lwIo-3. 75)1 , I ,2 
/=x*X*7 . n 111 IF-? 

h T 9s  ( ( S'5®  1 '*“***♦  3*60  76hF  -?W»2,6S9732F  -1)*ZM  .206  7U9  )*Z 

' ♦ 3.0B99<i;?5*?t3.S156?3WTl  .0 

lit  • . .I)k 


BF TU^N 
/ si. 7S/BI0 

BI  0=EXP(R  I 0)/SQ«T(WIO)M  ((((((  (3.9?  377F-3*7-l,6«76  33E-?W 

♦2.63SS37E -<?)  */-?,  057  706E-2W*9,16281E-3)*Z-1  .575651  - 3)*/ 
♦2.2S319E-3)*Z*1 .328592E -?)*Z63.989a23F“l) 

PE  TURN 
E NO 


MODIFIED  HFSSFL  FUNCTION  OF  ORDER  ! 

X AMD  71  ABF  INPUT  . MU  IS  OUTPUT 
X IS  THE  ARGUMENT 

71  IS  THF  OUTPUT  OF  MODIFIED  HFSSEL  FUNCTION  OF  ORDER 
THE  Same  ARGUMENT  X, 

SUBROUTINE  Hi  1 ( A.ZI  ,«I  1 ) 

U 1 = 0 , 5 * X 

TF (AhS(Xl-S.OF-U)  6,6,? 

AOrl.O 
A t =0,0 
R0=0,0 
H 1 = 1 . 0 


C <SAC,HF  B>PKtiG?.FOB}57 


TUF  2 1 “DF  f.  “ 76  US51AM 


P AC.F  1:5 


f I=F  I*?.0 
A N = F I / A PS ( X 1 
A=AN*A1«AO 
l>  = AN*D  1 *HO 
A 0 = A 1 

H0  = H 1 
A 1 = A 
H 1 = H 

(-()  = ■..  1 

U 1 = A /H 

T F ( A h S f ( U 1 -1)0  )/()!)• 
IF  ( A ) 5,6,6 
01  = “0  1 

0 1 = X/  (2.0*X*()ll 
wilsMj  *7T 
BE  T uBn 
F NO 


l . OF -6 ) 


l AND  B ABF  INPUT,  F|  AND  F?  A RF  OUTPUT 

FI  AND  F R ABF  COMPUTED  FROM.  A SUMMATION  EQUATION  WHICH  HAS  A 
MODIFIED  HFSSEL  FUNCTION.  The  SUMMATION  IS  SUMMFO  UP  TO  1?  TERMS, 

IF  IT  DOFS  NOT  CONVERGE  wJTHlN  I?  T F BM  S AN  fRRIlR  MESSAGE  IS  PBINTFD, 
THF  SUMMaTIO  IS  TERMINATED  AT  T F BP  12  BECAUSE  AT  TFBm  13  AND  IIN 
THF  MODIFIED  HFSSFI  FUNCTION  RESULTS  IN  UNDERFLOW,  FPS  IS  THE 
CONVERGENCE  CRITERION  SF  T TO  1UE-5  IN  MAIN  PROGRAM,  IF  Nil  CONVERGENCE. 
THEN  CMANGF  EPS  ID  1 o F - U , 

SOHWOUTINE  F IE ?( 7F  F ,B,F  T ,F 2) 

D I ME  NS  I ON  F IOMBAf  15)  , IDATF  (3),  T(I  0 00),  7(1000), PARAM(70) 

( (|Mmi  IE,  / c APS/P  AB  AM  , I E B , A 1 , (i  AM  , CO  VI  AM  , T , / , NPOI  NT  ,DZ  , F NF  BO  , RSUHP?  , 
: FI OMWA, z SOKE, RSuHH, FPS,GAMMAC*FRFPw2,HAH0, IDATF, RA, SC BIPP 


«F  At.  I nVI  AM 
1=0 

Sum  i =o  , 0 
StJM^rO  . 0 
f M = - 1 , 0 
1 1=1*1 

If-  ( I ,r.F  . hi  GH  to  ? 

F M = F m + 2 , o 

a M, r;  t =FM*  ( i\ (.  -/SUHF  ) 

Akl,,>  = F M*HSHHh*H 

TALI  PIO( APG?,HI01 

r At  L H 1 1 ( AK(,?,RIO,HI  1 ) 

TfHMIOsFIllMkAn)*CnS(AHGl)*Xln 
UkM]  i=f  Tomka  n ) AST  N(A»Gl)*wii 
SUM  1 = S 1 1 *'  1 ♦ If  kM  f 0 
.SI)M,?=SUM?+  ff  kM]  J 

ifd.MJ.n  un  Tit  i 

If  (AHS(SUMl-SJ)  ,GT.  £PS)  Gil  Til  ? 

IF  < Art.sf  SUM2-S2)  ,LE.  EPS)  r.ll  TO  U 

A S|=SUM) 

S/»  = SUM2 
Ml  III  1 

a f t =M'M i + i.o 

f ,>  = S u t V 
Kf  TUKp'J 

? W W I I t ( ft  , 1 0 0 ) 

ion  hiw^at  ( i x,  *M  (in  F?  run  nut  niNVF  wgf  within  i<>  TFHMS') 

If  k=1 
k F T 1 1 m n 

t un 
r 
r 

Sl'Fiki  HIT  I Nt  f ( TEE  , Y.OY  ) 

D r*'f  N.SIUN  fUA  It  f 3)  , TI  ft  ) .0>r  (6)  ,P4I?AM(  70),7(  1 000)  , T(  1 000), 

! + I o»ik  A ( m ) 

( I'MHI(./|  AMS /PAP  am.  If  R,  A 1 ,f,  AM,  (.11 VI  AM,  T , Z , NPO  I N T , D / , F Nt  W 0 , R SUBB  2 , 
r <SA(.hf  R>F'ki  Oi^.f  n w ;S7  T I IF-'  ?l-UFC»7t>  11:51AM  PAGE  lJh 


f 1 OMfc a , /SHHF , WSUBM.F  PS.GAMMAC ,EWEBW2,HA80, IOATF ,HA , SCKIPR 

k f A | l_  l « V l AM 

If  ( I f >■  . f.  T . 0 1 fv  fc  T l IF?  i\i 

(All  F1F2(Y(3)»Y(1)»M»F/5) 

If  I It  ft  ,I.T  ,0  )WF  TURN 
IlY  ( 1 ) = Y I <i  ) 
l>Y  I ? ) =Y ( S ) 
p y c n = y ( h » 

A ?z.  v I 1 ) * r f M 
A n : r ( *i  ) a y ( S > 

A t = I.A«MAr*KSllHP*A2Af? 

A jSftSii>i»-P*YI<i) 

AQ  = ft  SiiHiM*  A,’ 

Aft  = 6*)»AM 

A 7 S I • A M + A 1 +r  (h)AV(b) 

A k S A Q * Y ( 1 ) 

f<  I =-(.  A MM  if  , ( F ,>a  y ( f,  ) /WSIII'H-F  t + Y ( U ) ) 
h/:c  , ii  « i,  am  • AM 
*•  3 = (<A'-»  > I 1 I 

ft  1 3 = A 1 . A , 
i = ■ 1 ^ * A 'i 
* ft  = I uu 
. r:i-  I f A A k 
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c 

c 

r 

c 

r 

c 

c 

c 

c 


r 


j 


b 


i,  ..J  i 


B1 U=A | * Y ( b) *Y (b ) /A7 

B7*HJ*Hb*(  | , 0 ”B  1 41  ) 

HH=H | -B2-BS 
hdsmu*  ( i . n-M  4i ) 

BIOsHl  4*A4*Y(b)/A7-BS*HlU 
B 1 1 =(HB-B 1 0 ) ZH7 
hi 2=H9/h7 

C1=-GAMMAC*A2*Et+ERtBw? 

C?sGAM  + A]«AU*Y(44) 

C h s A 1 * Y ( 44  ) 

C 4=-B4*Y(S)*Y(S)+Cb*Ab 

f <J  = Cb*AS 

CS=CB*Y(b) 

f)  1 = A 1 * A S 

D?  = C41«H1  1 

D 4=  A 1 * Y ( b ) 

Du  = C S / A 7 

BY ( 0)  = (C 1 -C  J-DP-DUM  A 5-DJ*Ab-Dl * Y (6) *H 1 1)) / 

(C2-C4IAB1  ?-nii*04»Aa  + D41*01  *Y(b)  AB1  ?) 

BY ( S ) =H 1 1-B12*DY(U) 

DY(b)=(AJ-A1*(A9*DYlU)+AbEAS*DY(S))«Y(b))/A7 

GAMsI  , O/SORT  ( 1 ,0-LOVI  AM*LUV|.AM*  ( RSUBB<>*  (DR*DR  + R*H*D  THfcTA*DTHF  T A ) 

♦ d/*dz ) i 

A 1 s(,AM*r,AM*GAM*LflVI  AH*|  IIVLAM 

kf TURN 

END 


SUBROUTINE  PRNT  IS  CALLED  BY  SUBROUTINE  ClIPDI  WHENEVER  DELTA  T BECOMES 

greater  or  eouai  to  prnoel 
X IS  The  value  OR  CURRENT  T 
m IS  The  V A l U E HE  CURRENT  DELTA  T 
NOE  0 IS  THE  NUMBER  HE  EQUATIONS 
Y IS  AN  ARRAY  CONTAINING  THE  h VARJABI ES 

DY  IS  AN  ARRAY  CONTAINING  THE  DERIVATIVES  PE  THE  S VARIABLES 
SUBROUTINE.  PR  NT  ( X , H,  NOF  Q,  Y ,I)Y  ) 

0 1 ME  NS  l (JN  T ( 1 000  ) , Z(1000),Y(1),DY(1),PARAM(70),JDATE(J), 

! E 1 OMRA ( IS) 

COMMI.IN/l  ABS/PARAM,  IfcR,  A 1 ,GAM,l  OVl  AM,  T,  z,  NPOINT  ,DZ,EMEPI),  R'  SUB  BP, 

I R10MBA,ZSUBE,RSUPU,tPS,GAMMAC,EREBW,>,iiAB0,IDArF,RA,SCRlPR 

R( AL  LOVLAM 
ZMD  7 T i Y ( 4)-l)?*X 
COMPUTE  ENERGY 

E NE  R 1 =RSUhBP*  (DY  ( 1 ) * P Y ( 1)  ♦ Y { n * Y ( 1 T*DY(?)*0Y(2))*DY<  3 ) *OY ( 4) 

E NE  R = (ENEIR  1 -E  NEP0)/ENFR0 
N PO I NT =NPO  I N T ♦ I 


r <SAGME  R>PWIIG<’.EOR  JS7  TUE  ?l-DE.C-7b  ItTSlAM 
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C NPOINT  IS  ThE  COUNT  OE  HOw  MANY  TIMES  ThE  b VARIABLES  R, ThETA, ETC.  ARE  SAVED 
WR I TE ( 1 2 , SO )NPOI NT 
SO  F IiRmA  T ( I « ) 

WR 1 TE  (1 2,b0  ) x , C Y ( T ) , I = 1 , NOE  Q)  . ZMDZT  ,E  NER 
bO  E O R M A 1 ( OE  1 S.P  ) 

T (NPOINT )=X 
Z ( NPO I A T 1 r Y ( 4 ) 

BP  I If ( 1 0, 1 0 ) X ,H, ZMDZT 

10  EoRMATfJH  X=,El'i.H,'  hs'.EIS.H,'  / -U / * T : 1 , E 1 S . « ) 

WRITE  (to, <?0) 

20  E OR  M A I ( / OX,  1 I 1 , 10X,  'V  1 , 17X,  ' f)  Y ' ) 

Dll  UO  I si,  N(if  U 

wkl TE ( 1 0, JO ) I , Y ( I) ,UY ( T ) 

JO  FORMAT  ( I 1 0,2E  1 7,0) 

<J  0 c I IN  T I NOE 

re  Turn 
END 
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I 


<saghf  k>Hwni,s.Miki?i 


TUF  ?t-f'KC-7h  lOlSUAM 
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C IIHirwilfJ  STUPY  PRPGPAM  *s  Hl»  SAM  SENSIPER  NliVFMbEP  />a,197h 

r lie  I- QUA  Til  INS,  F X A C T PHAT1VJST1C.  PLUS  CONSTANT  AC  DRIVE,  Nil  SPACE  C Ff  A P G F 
PtU'Nlf  PRECISION  imANFO,  name  I 

0 INF  NS  TUN  MOMkA(lS).  V(6),T(1000), 2(1000), PARAM(UO),IDATE(J) 

PF  A I L ftp  A,  |.  01  ,1  LG, l OV|  AM,L,l  AHHDA,LOPAP 

CilKMUN/l  AM5/PAPA",  !tR,HCl  , TCI  ,TC?,TC3.  ZC1  ,BESC1  ,llG.PSI,P2,L0l  , 

1 l iiPA,PI^,T,2,NPHlNT,O2,FNtW0,PSUHH?,FI0MRAt2SUPF  ,HSIJBP,EPS, 

I GAMMAC ,EPFHw?,BAHO,  IOATF  ,RA, A1 ,GAM,LOWLAM,SCPIPP 

dPF  (UNI  Tb12,DF  vTCE*  'DSK  ' ,F  II  Es'  SAMVOP.DAT  • ) 

UPF u ( I NI TSh, OF  V ICF=  ' T T V • ) 

.IJ  = 1 

S *P  1 IF  (5,5101 

5 1 ft  FnPHAlitH  NAMF  UF  INPUT  FlLF'fiT 

tF  R = n 

hi  AH ( 5, son ) NAMF I 
500  FORMA  T ( A I 0 1 

namf  hsnamf  I 

CAM  »M(IVF  C ' V ' , O.NAMFU,  5,  I ) 

Hf’F  Nd'NI  Ts  t 0, DEVICE  - *r?SK  ' ,F  II  F r NAMED) 

I1PF  N(IINIT  = U ,LF  VlCF  = '(ISK  ' ,F  11  F sNAMF.  n 
P F A l)  C 1 1 , 0 0 0 ) I 0 A T E ( 1 ) . Id  A T fc  ( ? ) , 1 1)  A T F ( 5 1 
PFAP(n,lO0)nfLT,Tn,TFMn,FMAX,FMIN,F  , P R N 0 E L 
PF  AD(  1 I , t 0 0 ) P , THE  TA,/fl,UP 

PPAD(n»lOO)FGM2*vKV,C,KAHO,  ZSUPE  , SC  R I PR  . H 0 , P Z , P S I 

pf  aii  ( 1 1 , u ) ir  iimp 
a FORMAT (I  1 1 

P I = 4 . 1 a 1 SP?h 
P!?=PI*PT 

(.AMMAI  = t O*VKV/Sl  1,H  ON 

1 f ( It.lIMP  .F  IJ,  1)  GO  TO  C 
P'E  Al)(  11  , J 00)  SPA  ,L  , «A 

GO  Til  £ 

l SmAbGamma  I *0#PR‘17R?/(  1 ,h59H*FGHZ  ) 

I =1  . h i‘l«*  SWA*SGP  T ( GAmma  T *GAMMA  I -1  . 0 ) 

RA  = F't?*SWA/L 
ihPITI  (A,  USfl  ) SPA, | ,MA 
? RSUMM5PA /SCP  I F’P 

PSIlhH^sPSuHFiARSUPH 
GAMmAC  = 0,F'799?5F-?*mO/FGH2 
l A Mh[)4;0  , P9R79?/F  G M / 
f hN^Sm  , (l*HAhO  / (PI  Ah’SHMR  ) 

I 0 R A — I A MM  | ; A /F  A 

I 01  =1.  A M F*D  A / L 

t UVl  AM  = | f\  AMRUA 

w R I T I (0,515) 

SIS  F I iP  M A I f I H , 'START  NEW  CASE') 

H r ITF  l T 
xr  TO 

I F-S=)  ,OF  -S 
MM  i I N T = 0 
SUMsO  , il 
P A R s P A / >>  SUHH 
I 0 P A 2 = l ORA  * l OPA 
S (j  H T P / s S 0 P T (P/1 

r 1 = ( 1 .0-1  OR  A?/ ( | ,00*1  . NO  1 M *0. 25 
C2=.0f>2*M  0PA2*SWRTF'7 

( 1 . MM  / ( PSUh  R *1  OPA) 

pc  1 = 1 . 1 SF  -<j*f  ?/ c 1 
T(  I s f i ?*C  S 
Tf  2 = C2/r  1 

if  ; = cp*r  <»i  oi  /i  1 

r •)  S 1 , >■■/!  * RSHF*F. /(.  I/RA 
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zc i = i , i hf  -<i*c  i *r ?*c« 
hf  sr  i = 5.R}/uah 

l-l  G = S Q R T t 1 ,0-LORAj>/(  1 .60*1  ,6'J)  )/l  01 
F Ms-  1 ,0 

F I = 1 , 5 

nn-stru,  n*BABo/Pi 
on  in  j = i , i z 

<saghfr>pRpgs,fpr:2i  tuf  pi-dft-76  io:s<4am 
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1 n 


! ) 


t 7 S 


1 fin 

i 

i 

i 

i 

i 


i 


i s 


f m = f m + ?,  n 
arg=fm*pa 
TAIL  BTOfARG.HlO) 

ARG  = F M*WStJHH 

call  hf  s.harg.  1 ,rhi  ,0,000 ).  ier) 
tfufr  ,t;r.  01  go  th  fooo 

FI0MPA(J1=FI*t(INS1/(FM*Min) 

SUMrSlIM  + F l *CMNS*CUS(  FM*ZSlJRE  ) *WB1  / (F  H*F  M*k  I 0 ) 

F I = "F  I 
CHN T INUF 
ph I = i .o+sum+sum 

DTHF.  TA  = C-.AMHAr*P,5*fPHI-(.  l/CiAMHAI 

R V Th7  = RSUHB*0THF  T A *1  / (I  AMHDA*SUKT ( 1 . 0-1 , 0/ (GAMMA  I +GAMMA  I ) ) 1 

D7  = lAMFtnA*S[JWTM,0-l.n/CGAMMAI*C,AMMAn)/(L*SQPTC1.0  + «VlHZ*PVTH/1 

EMFRO  = RSUBB2*(OR*nR  + R*R*DTHFTA*|)THFTA)  + nZ*nZ 
T IF (1 0 , 1 7S) 

fprmatmh  , 'prpgramas.dc  fq.'i 

WR  I T F ( 1 0.  1 BO  ) (!  DA  TF  ( M)  , M=1  , % ) , R,  ThF  T A , 7 0 ,f)R,OTHF  T A , 1>Z,HAF(0, 
(;AMMAC.ZSnBt,FGHZ«VKV,r,StR1PR.B0,SHA,L,RA 
FORMAT  ( 1 H , S A S / l H ,'Rs', F1S.fi,'  THF  T As ' ,E 1 S,H.  • Z = ' , FlS.fi/ 

1 H ,'  t)R=' ,F  IS.fi,  ' OTmEIAs'  , E1S.fi,  * 07=',  FlS.fi/ 

)H  HAROS'  ,F  lS.fi,  ' |,AMMAC  = ' , FlS.fi,  ' 7 SOME  = T , F 1 S . « / 

1 h ,'  FGHZs' ,F lS.fi, ' VKV=' ,E lS.fi, 1 Cs', F1S.fi/ 

1H  ,'  SCRTPRs' ,F  IS.fi,  ' H0=',  Fis.fi,'  SPA=', F1S.fi/ 

1M  , • L s ' , E1S.fi,  ' RA='  ,F  1S.»/) 

C A l L SCHABr, 

GAM:  1 .O/SuRT  ( 1 ,0-1  H V L A M * | OVLAM*(RSlJHP,>*(DR*l)R  + P*R*0THF  T A*l)  ThF  t*a 
) +07*07  ) ) 

A ) = G A M * G A M + (,  A M * l ()  V L A M + I 0 V | AM 

PAWAM  ( J.n  sFtAHO 

PAPAMfJ.I  + 1 ) = G A M M A C 

PAPAM(  JJ  + 7>)  = 7Sll‘«F 

PARAM(JJ+^1=PA 

F’ARAM(JJ  + «)sl  PVI  AM 

PARAM( JJ+S) =UAM 

V ( 1 ) - R 

V ( r*  ; = T H F TA 
y ( 5 1 = 70 

V f <j  ) = OR 

V ( S ) =0T  HF  T A 
y < t ) =07 

TALI  rLlPr>I(H,X,b,Y,TElYO,FMAX,FMTN,F,PRM)EL) 
k = n 

RRlTF(12,lS0)  K 
7 T = 7 ( MPhTNT  ) / T (NPII1NT  ) 

OP  IS  * z 1 , NPf  I N 1 

7(K)=/TK1-T(K)*/T 

HR  1 TE  ( 1 0,  1 HS)  ( 7 (X  ) ,K  = 1 .NPPIM  1 


PARAM(JJ+fi)=LORA 
PARaM(.TJ+7)=L0I 
PARAM( Jj+fi)=P7 
PaPaM(.JJ  + p)=pS! 
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l«',  EORMATMH  , ' 2(  I J-T  ( IW(EnD) /T  (END)  ' /[SHfi,  7)  ) 

ISO)  NPOINT 

RR  I TE.  ( 1 2. 500)  ( / ( K)  i K:  | , NPO 1 NT) 

MPOINTaO 

r ii  this  point  hm  sn  of  input  data  has  rfen  head. the  differential 
r F U 1 1 A I IONS  SOLVED  and  THE  output  SAVED  ON  FILE.  NOW  read  NTHSET  WHICH 
f IS  a p I'll, it  integer,  IE  MhSET  is  NONZERO  IT  means  ThFHE  IS  ANOTHER  set 
C OF  INPPT  data  TU  EXECUTE, Gil  TO  STATEMENT  L*RFL  S Tf.l  REPEAT  PROCESS, 
r IE  NThSE I IS  /FRO  IT  MEANS  THERE  IS  NO  MORE  DATA,  START  PLOTTING. 

PE  AIK  11  » PSO  ) NThSE  T 
IF(NThSET)  P0.2o.2S 
PS  hRI TE  (IP, 1 SO)  NPOINT 

J J = J J ♦ 1 0 

C-O  TO  S 


C <SAGHE  R>PROGS.FllRj  21  TUF  P1-l)EC-7f,  TOJSUAM  PAGE  1:2 


PO  KPOINls-1 

RPI Tt ( 1 2, ISO)  NPOINT 

Cl  OSF  fUNlTsiP, DEVICES* DSK*  ,FIl_f  s* SAMV02.DAT  1 ) 

CALL  FLOTPR 
GO  TO  100P 
PSO  FORMAT (Ip) 

ISn  FORMAT  CM) 

100  EiiRmA  T ( RE  H,S) 

LOO  FORMA T (QE  IS. 8) 

i] o o format  clas) 

USO  EORMATC1H  ,'SMALl  R SIIH  A=',F1S.R,'  L = ' » E 1 5 . M » ' RAr'.ElS.R/) 

1 000  w*  IK  ((,,1001) 

tool  FORMAT!  1h  ,'HESSEI  FUNCTION  DID  NOT  CONVERGE') 

mop  stop 


r 

SLIRROIITTnE  SCHARG 

Ciimmon/i  ahs/Param,  ie  r,rc  1 , TCI , TCP,  TCi,  7C  t ,BESC  1 ,U  G.PSI  ,P2,L  01  , 

1 IOWA, PIP,  I, /. NPl  II  N T, 0/, ENERO.R  SI  IHH2.FI0MRA.ZSIIHE, RSORH.EPS, 

1 GAMmac,EREE)R?,BAH0.IPATE,RA,a1,GAM,i  n VI  AM,  SCR  I PR 

RE  Al  l LG, l OL.LORA.LOVL  am 

(Kme  ns  Ton  I DATE ( 5) ,EAPAM( T T 0)  ,E  I OMR A (IS  ) , T(  1 000) , Z( J 000) 

E. PE  r>  * P = 0 , 0 
Pf  TURN 
E ND 

r 

r 

Sohrohtinf  plotpr 

D T M i NSION  PARAM(110).II  OL  ( P ) » 1 1 0RA(2),X(lO02),Y(in02),f)(h,10O0). 
I 1 Y a X I S(  7 ) ,1  A HE  I (2),IHAh0(?),TC,amc(2),NAME(2),IDATF(J),T(I000), 
i IGAM(>) , ILOVLMK  2) , Z(  10  00) ,E I OMR A ( IS) 

WE  At  LI  G , I OL  ,1  ORA, | OVI  AM 

C.OMMON/L  AHS/PARam,  TER.RC1  , TC  1 , TC2,  TC5, 7C1  »HF  St  T ,1  LR.RSI  ,P/,L0L  . 

J LORA ,P IP, T , Z .NPOINT ,D/,f NEW0,RSUHP2,FT0MRA , /SURE .RSUHH.EPS, 

! G A mm  AC  , 1 REHwP,  HAH  0,1  DATE  ,RA,ai,(.Am,lOVI  AM.SCRIPR 

DATA  TP/,  T L o I , T ( ORA,TPSI/'PZ=',,<  A MHO  ' , ' A /L = ’ , ' l AMRD • , ' A /R A = • , 

! ' PS  T = ' / 

(>ATa  IXAxIS.IYAxIS/'T'.'P'.'ThE  IA','/'.'Z-DZ«’,’T',  'ERROR ' , 

1 ' PE  | T / • / 

DATA  NAME / ' PPOGR ' , ' AM  «S'/ 

iata  I HAHO  , ] PSOHA  , Tl.AMC  , I ZSl'HE  /•  HA/HO  RA  = ','  gamma  ','  t = ' , 

! '/!='/ 

I HU  1I.A“,TI  OvI  M /•  f,  A MM  A l /L  AM  ' , ' Rn  A = ' / 

IATA  J 111  AN*  / ' ' / 

I 'E’E  N ( i IN  T T s 1 P , Of  vTCE  s'nSR  ' ,E  II  Es'SAMYOP.DAT  ' ) 

J .1  = T 
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ft  1 = 0 

hWITfc (e, ISO) 

iso  HiRMAKih  PLOT  NfcW  fASt') 

L'PF  N(  UNIT  =20,LiFV  ILF  = ' OSK  ' ,F  II  F = • SPIT02.DAT  ' ) 

CM.l  PI  llTF  (50. ?0) 

PARO=PAWAM( JJ) 

GAMMACsPAPAM(JJM) 

/SURF  =PAWAM(  JJ  + ^l 
WA  = PAWAM(,1J  + t,  ) 

LUVl AM=PANAM( JJ+O ) 

(,AHrPAPAM(Jj4Sl 
| OK  A = P AW  AM  ( J J*  (,  ) 

l Ol=PAPAM(JJ+7) 

PZ=PAWAM( JJ+8) 

PSI=PAWAM(.JJ  + 9) 

0 PFAD(1?,1?0)  S'Pfll  N T 

IF(NPOINT)  11,11,10 
10  J = I ♦ 1 

IF  (I  ,GT.  1 000  1 Gtl  in  IS 
WPAI)(i?,150)X(I),0(l,I),U(2,n,<J(5,l),A,fl,C,0(a,I).0(S 
Ml  1U  0 

r <SAGHFP>PMnr,S.FnRj?l  1UF  21-OFC-7b  IOjSUAM 


W F A ()  ( ip,  I/O)  NPUINT 

Pt  AO(  1 ?,  1 50)  (0(h,K  ) ,K:)  , M PI.  I IM  ) 

r>n  \?  J = 1 , 6 

I AHFLC1  )SIVAXIS(J) 

L ABEL ( 2)  = !BL ANK 
T F ( J , fc  Q a ) l A BF  L ( «?  ) = T Y A X 1 S ( S ) 

1F(J  ,FQ.  S)  L AljEL  f 1 ) = T YAXIS(b) 

T F ( J . F (J  , b)  LARFim  = IVAXlS(7) 

DP  15  K = 1 , I 
YfK)=UC.T,K) 

r.  all  tpi  ni  i c i , x , 7 . o,  i xaxis,  l , i , v,b.  o,i.  apfl  ,b) 

TALI  PL('T(0, 0,0.0, OOP) 

CALL  SYMPIIL  (S.0,8. 0,0, 1 0,NAMF.  ,0.0,  1 0 ) 

FALL  SYMHDL (5. 0,7. 75,0. 10,10 ATP, 0.0, 12) 

FAIL  SYMRUL  (S,0,  7, SO, 0.10,  lHAh0,0.0,b) 

CALL  NIJMRFK(b.2,7.S0,0. 10,RARO,U,0,5) 

FALL  SYMBOL (S.O,7,25,0.10,IGAMC,0,0,7) 

(ALL  Nl  I M B p W ( b , ? , 7,25,0, 1 0,GAMMAC , 0 . 0 , S 1 
(AM,  SYMBOL  (5.  0,  7, 0 0 , 0 , 1 0,  I / Si  IMF  , 0 ,0, 3) 

( ALL  NttWRF  W (b.2,  7 . 00 , 0. 1 0 , /SI  IBP  , 0 . 0 , S ) 

TALI  Symbol  ( S.  o,  h,  7S,  0.  1 0,  J WSHRA  , 0, 0,  5) 

TALI  NUMRFW(b.?,b. 7S,O.1O,PA,0,O,S) 

CALL  SYMBOL (S.O.b.SO.O. 1 0, Itnvi H.0.0,0) 

( ALL  NIJMbF  « ( b.  a,  b.SO,  0. 1 0 , LOVL  AM,  o . 0 , S) 

(ALL  SYMROI  (S,0,b.2S,  0. 1 0,  I(,AM,  Ot  O.b) 

TALI  MJMRFR(b.2,b,?S,0.10,GAM,0,0,S) 

CALL  RYMHill  (S, 0.8.  On, 0,10,  IP’/,  0,0, 5) 
r ALL  MlMHFW(b. 2,8,0 0,0, 10, P/,0,0,  a) 

( A I L SYMBOL  (S.O,S.  7S,  0,10,  II.  ORA,  0,0, 10) 

TALI  Nl  IMMFP(h.S.S.7S, 0,10, IOWA, O.O.U) 

(AI.L  SYMBOL  (S,0,S.S0,O,  1 0,  I PS  I , 0,0,S) 

TALL  NllMRPB(8,2»5,S0,<l,  1 O.PSI  ,0,0,0) 

FAIL  PM'l  ( 0 . 0 , 0 , 0 , PPP  ) 

TALI  PI  HT  ( ft  , S , 0 . 0 , - J ) 
rnui  nuf 
.1  JsJJf  1 0 

wf  At'  ( 1 2,  1 20  ) N PI) I NT 

IF  ( N Pi  1 1 N T , F 0 , 0)  Gil  TO  ft 

Ml  tU  1b 


, I ) 

p al;f  l:5 


2 57 


wM  u ( h,  \ on  ) 

KiPma  i { i a ) 

H ] P M A I ( R M S . b ) 

► l ik’MAl  ( ) * , * M ( ' R f T MAh. 
S1U' 

e m' 


Pill  'it  s • ) 


subroutine  riipm  p»h"mi»s 
m is  mi.  t a t 

X t S T < T | E'E  ) 

Miff)  is  THk  MiM[,fp  (Ih  EOUAUNS 

Y is  AN  APPAY  CUNl  A IMT'iT,  I N I I I A I VALUES  OF  VARIABLES 

UMAX  IS  THE  I NO  VALUE  uF  T fCLlPUI  IS  MIUH  WHFN  T*TMAX> 

Emax  ts  the  iipf'iw  bound  uf  conve whence  criterion 

E m 1 N IS  the  LOWER  POUND  OF  riINVFPGENCE  CRITERION 

F = ( E X-Axxf  him/; 

PRE.m-  l is  I'SE  0 JUST  EIIP  IhF  PUPPiiSF  OF  DETERMINING  WHEN  TO  CALL  PRINT  SUN 
SUBROUTINE  Cl  I PD  I ( H,  X , M)E  0#  Y , XMA  X ,E  MA  X ,f  MIN,  E , PPNDF  L ) 
fUM-'iif./i  APS /PAP  am,  1E  w,PC  I , TC  1 , TC?»  Tr  },  /(,  1 , HE  sc  1 , LLG.  PS1  , PZ  ,L  01  . 

! L (' Pa  , P IP,  T , / , '.PI  1 1 NT  , D/,f  NE  PO  » PSUFIm?  , F I OMR  A,  / SURE  , PSUBB.EPS, 

J GAMMAC  ,E  PEH«^,PARl),  IDA  it  »PA,  A I ,GAM,LflVLAM,  SCPIPP 

p c a i LI  g.lol ,i  opa,i ovl am 

II  Ml  N.SII'N  DV  ( H 1 , Y1  ( ».  ) ,DY  1 (N),DYir(h),HV(fe),DHV(M,MYC(h),yjC(Hl» 

1 IDA  IE  ( \)  , Y ( x,l  .PAPAMMl  0)  ,F  IOMPA  MS)  , T ( 1000)  , 7(  1 00O  ) 

INTEGER  HI  ML  , M|  II IL  H 
t A L l I ( X , Y , 0 Y ) 

. M L TAsO.n 

I E ( nPOI  NT  ,r,E,  10  0 0 ) Gil  Til  ISO 
FAIL  PRN I ( X ,H, NOE U, Y , DY ) 


r sSAGHE  WXPPnr.S.EIIP  JP1  THE  ?i-l>EC-7h  lOtSOAM 


PAGE  1 1 U 


IE((Y(1).GE,  SC  P I PP  ) .'IP.  C Y { 1 ) .1  E ,0,0)  ) GO  II 
Kill  IN  Ilf! 

Pi 'I  'I  H = o 
►HUM  m 

IFf(x*Pi  ,gt,  xmax)  gi i in  ion 
I'll  PI  1 = 1 , NOE'  U 
Y 1 m=DYfn*HEV(I) 
f A L I f ( * * H , Y 1 , U Y t ) 

III  I PP  T = 1 , NME  N 

HY  ( I ) = 0.S*  C Y ( llEY  1 ( n ) »0.  t?S*M*(DYm-DY1  ( I)  ) 

C A I t EfXV(>,S«H,HY,nHYl 
If  ■ i 1 I = I,NlifU 

Ytrf  I ) = ( (a,0«lTHY  ( I ) ♦ D Y f | ) ♦ D Y 1 (J)  1*H)/6,0*YfI) 

C A I l EfH»X,Y)C,DYlC) 

IE  ( I E P G I . 0 ) PE  TURN 
1(1  IP  I = 1 , M IE  G 


I 1 1=  0 . II 

t m ( y i r m . e u , 


1 M hi  ii  H . E N , 1 ) G 
IE  (f.H.I  E ,Emax) 

Ml  l I L M 5 1 
►•=  0 . S »E< 

*•  f 1 1 • N T s K I 1 1 lt\!  I . I 
I E f Kl  l(|N  J | E . 1 0 1 
|.K|TE(|.,MII) 

GI  ' In  ( IJ  0 


) ♦ Y 

1 L f 1 ) ) ♦ 0 , 

, 1 PS 

*M*(DY(  I) 

0. 

0 ) 

.AM), 

( Y t 

( I ) 

, NE  , 

o. 

0 ) 

. AND, 

I V 1 

t I ) 

.HO. 

I ) ) 

0 ) 

. AND, 

( Y ) 

f I I 

,NF. 

,U  10 

SO 

GO 

Til 

0,0))  GO  Id  70 
0,0))  CHSIO.O 

n,oi)  r ii=arS(  ( yic  m> 


33 


3u 


uo 

SO 


SI 

s? 


60 


I on 

i l o 
1 ?n 
1 50 
l a o 

1 so 


if  (mini  h.f  u.  i ) c;n  tii  so 

I E ( ( 1 . NF  1 ) ,I1R  . ( CU.GF  .FMI  N ) .OH  , ( ( H + HY  X ) ,GF  , XMA  X ) ) GO  TO  ao 

nil  50  J=2,NUfc'H 


CO  = o , 0 

I F ( ( V I C ( J ) 
If  ( ( V 1 c ( J I 
T F c f Y 1 C ( .n 


.NE  . 
.NF  , 


O.o) 

.AND. 

( Y J ( J ) 

.NF 

0.0) 

.AND. 

( Y l (J) 

.FQ 

0.0) 

.AND. 

( Y 1 ( J ) 

.NF 

IF  (Cfl  ,F0.  0.0)  (Hi  TU  00 
IF  (CO. I T.E^IM  Gil  TU  iO 
GO  TO  OO 
CUN  T I MIE 
Ft  r H ♦ H 


0.0))  GO  TO  70 

0,0))  CO* 10.0 

0,0))  CflsABS  (CY1C(J)- 


G(l  Ml  ,>0 
Ml  II IL  = I 

IF  (rll.L  F .F  ) (HI  TO  S2 
no  SI  J s 1 , N 1 1 F u 
HY ( J ) =HYC ( J ) 

y i ( ,1 ) = y i r ( .n 
DYI(J)rnYICU) 

CON  T I NUF 
GO  TO  30 
C (IN  T I NUF 
X = X*H 

DO  *0  1 = 1,  Nl  If  U 
Y ( I ) = Y I C f T) 

PY ( I )=DY 1 C (I) 

PF  l TA=DF  l.  T A ♦ H 

IF  ( fiF  l TA.l  T.F’FNOFI  ) GO  TO  IS 
GO  TII  10 
CCIN  T T NUF 
F F T ' i W M 

hr r if (h. i 20 ) 

FORMAT  ( IX,  ' R is  GREATER  THAN  SCRP’R  OR  LESS  THAN  O') 
FORMAT  ( 1 X,  'HA|  VFO  H 10  TIMES,  Nil  CONVERGENCE') 

CON  T J NUF 

RF  TuRN 

rRITF (6, 160) 


c <SAGHF  k>PH(H,S,F  OR ; 2 1 TUF  21-DFC-76  KijSOAM 


RAGE  US 


thO  FI1RMAT(1H  , 'NijhhFR  I IF  POINTS  FYCEFPFD  1 000  '/ 

! ih  , 'increase  uimfnsiiin  of  t and  z') 

RF  TURN 

7 0 »R  I Tf  ( h,  I 70  ) 

|70  FhRMATMH  , 'PROGRAM  CAN  NOT  Cl)N  VF  RGF  , Y 1 ( =0  , Y 1 NOT  O') 

RF I URN 
END 
r. 
r 

r MODIFIED  rtFSSRl  function  OF  order  0 
r x IS  THE  INPUT,  RIO  IS  THE  OUTPUT 
SUPRUliTTNF  RIO(X,RIO) 

R I 0 = A H S ( X ) 

IF(RI0-3,7S)1,1,2 

1 Z=x*X*7,1  1 1 1 1 IF-? 

RI0=(  f ( ( (U.SS1  3F-3*/f3,6076MF  - ?)*/♦<?, 6SR73?F-1  ) * 7 ♦ 1 .20670 R)*Z 
1 ♦3.0RRRU?)*ZE5,S1Sh?3)*Z+1  ,0 

RF  TURN 

2 Z=  3 , 7S/R  I 0 

R I0=E  xP (R I 0) /SORT  < RIO )*(((((((( 3.R?  3 7 7E-3*7-l .6U7633F -2)*Z 
I FR.63SS  3 7F -?) *Z-?.0S7  70bF -R) *Z  + R, 1 6R«1 F -J) *Z-1 .S7S6SF -3) */ 

" + 2,25  31  RF  - 5)  */.*  1 . 3?flNO?F  -2)  *l<  3.5804?  3E-1  ) 

RE  TURN 
F E l) 
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rv  rv-'-”  f 

|J , A i 


M 8 


MODIFIED  RFSSEl  HlNCTlfl  • OPpEP  1 
X SNI'  /I  APE  INFHJT.  PM  IS  OUTPUT 
X IS  1HE  AMiUMENT 

71  is  the  output  of  modified  hfssel  function  if  upofp  n fop 

THF  SAME  ARGUMENT  X, 

SUHPUpT  1 NF  HI  11  X , / 1 , PI  1 ) 

U1=0,S*X 

I F (AHS(x)-S.OF-y)  6,6,? 

A 0 = I .0 
A 1 so . 0 

Hnso.n 
H 1 = 1 . 0 
F I=?,0 
^ I = E I ♦ ? . 0 
A N = E 1 /AHS( X ) 

A=AN*AT+AO 
H ; A N * H 1 ♦ H (1 
A ()  = A 1 

HO  = U 1 

A 1 = A 
R | = >< 

0(1  = 01 
IJ1  =A  /H 

If  ( AH  ST  till  -00  ) /01  ) - 1 , OF  -h  1 u , a,  i 
IF  ( X ) S,6,6 
fj  1 = -IJ  t 

0|=X/(?.0+X*G1) 

PI  1=01 *71 
(I  R | 1 U P N 

F NO 

/ AND  P ARE  INPUT,  El  AND  f?  APE  OUTPUT, 

El  A Ml  r?  APE  COMPUTED  EPIJM  A SUMMATION  FOLIATION  WHICH  HAS  A 
MUPIFIFD  HFSSEI  FUNCTION.  THF  summation  rs  SUMMED  UP  W 1?  TERMS, 

IE  it  COE'S  Mil  CONVFP0F  WjTHlN  1?  TERMS  AN  E RP()P  MESSAGE  IS  PPINTED. 
TriE  SUMMAIION  IS  TERMINATED  AT  TERM  1?  RECAUSE  AT  I E PM  1^  AND  ON 
THE  MODIFIED  HESSfl  FUNCTION  RESULTS  IN  UNDE  PE  LOw , EPS  ISTHt 
CIIWFPCENCE  (PIlEPTfiN  SET  TO  1 OF  -S  IN  MAIN  PROGRAM, IF  NO  CONVERGENCE 


<SAl,*  F R >F’R(  i (.  S , FIJP  J 2 1 


TUF  ?l-0EC-7b  IOsSOAM 


pa OF  i:6 


r H AN(,  F FF'S  TO  10F-/J. 

SoRfOUTTNE  F IF ?{ /F F fP,F  1 ,F?) 

PI  M|  NS  II  IN  F 1 OMR  A r 1 S 1 , PAR  AM  ( 1101, 7(100  01, T ( 1 0001 , I DA  Ifc  H) 

C OM  'ON/I.  AHS/PARAM,  IF  P,  PC  t , TC  1 , TC?,  TCS,  zr  1 , RF  Sr  1 ,LLC,,PSI  ,P7,L0| 
I.  (.PA  , PIP,  T , 7,NPOfNT  , DZ.FNt  PO,PSDHH?,E  I OMPA,  ZSUBF,  PSUHH,FPS, 
r.AMMAC,EPFHw?,RAP0,1PAtF,PA,At,GAM,lOVlAM,SCRIPP 

mFAI  L I (,,  L 0 L , LOR  A , | OVt  AM 
T = 0 

SlIMl  =(),  0 
S(iMp  = o , 0 

F H s - 1 .0 
1 = 1 + 1 

IF  (I  . OF , IS)  GO  TO  2 
f t =f  m + ?, n 

APM  =f  M*  ( 7F  E -ZSOHF  1 

ARG?=E m » PSUHR  *P 

(All.  K I (1  ( API.?,  P I 0 ) 

call  HI)  f AP(.?,Rli),PI1  1 

TERM  I (t  = f I OMR  A ( I ) *C.  OS  ( ART,  1 ) *R  I 0 

T F R M I |=F  T0MhA(I1*SIN(ARM  )*PIl 

Sum  i = ;; 1 1 m t ♦ T F pm  1 o 

SDMP  = siim?a  IF  pmt  ] 
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I 


T> 


u 


2 

ion 


c 
c 

C T AND  Y AHF  INPUT,  OY  TS  OUTPUT 

C Y IS  AN  ARRAY  CONTAINING  T H(-  C II R R F NT  VAIUES  OF  THE  b V A R I A BL  F S 
C UPON  t XI  T OY  «TLl.  CONTAIN  THF  UFRIVAIIVFS  OF  THE  b VARIARI  FS 
SURWOUTINF  F(TFF,Y,[)Y) 

ni*t  nston  inATt(i),flOMRA(is),T(iono),;noooj,PARAM(iio),r)Y(h), 

! Y (h) 

RF  At  ii  r;,i  oi  ,i  oka.lovlam 

common /I AHS/PARAM, It  R,RC1 , TCI , T C ? , T ( 5, /Cl , HE  SCI ,LLG*PSl » P Z » L 0 1 , 
I I.  ORA  , PI?,  T , Z,NPOlNT,DZ,F  NERO,RSUHR?,F  I OMR  A , 2 SURF,  RSllf)H,F  PS, 

1 (,AMMAC  ,frfrr?,raro,  IDATF  ,RA,A1  ,(•  am, lovlam,  scrips 
IF  ( IF  R.G1  , 0 ) RF  turn 
CAM  F IF  ?(  Y ( U , Y ( n ,F  | ,F?) 

IF  f If  R.GT.OIRFTURN 
A K ti  = T -PSI  -L  l G A Y ( o 
IF  ( A R G .L  T.0.0)  GO  TP  ?1 
IF  ( AM;  .if.  pi?)  go  TO  ?? 

ARG  = ARC,-P  I ? 

GO  TO  ?0 

IF  (ARC,  ,GE,  -PI?)  GO  TO  2? 

ARGsAPG+PI? 

GO  TO  ?\ 

CONTINUE 

SINf  = R I N ( A R (,  ) 

cosine  sense  ari,  i 

ARIisBF  SC  1 *Y(  1 ) 

CAI  l R F S .1  f ABU, 0, HR  <1,0. 0001  , IFR) 

IF  ( IF  R ,G I , 0 ) GO  TO  ] 0 

C AI  I HFSJ  ( ARC,  , | , Rh  1 , 0 . non  1 , I f R ) 

IFfIFR  , G T , 0)  GO  To  10 
AT  0 1 sPf.  1 *RRI'  * Y ( 1 ) * Y < R) *SI NF 

A('OF,=  1,1RF-o*(TCl*Ri''1*Y(h)*C.nSlNE-TC?*RH0*Y(<J)*SINF-TC^*RHlA 


C <SAGHFR>PR0GS.F0R  J?1  TUF  P1-DFC-70  10:S<1AM  PAGE  1:/ 


l COSINE) 

AfllMs-/C1*RRl*Y(1)»Y(S)*COSINF 
UY  ( 1 ) = Y ( a ) 

DY (7  ) :Y ( R) 

Ii  Y f Os  Y I h ) 

A ? s Y ( ) )*Y(S) 

A R s Y ( H ) * Y ( S ) 

A<sGAMMAC*RSI!MM*A?*p?+ADfM 
A USkSliHF*?*  Y ( II  ) 

AP=RSORR?*A? 

A6sAP*  A* 

A 7 s I . A M ♦ A ] * Y ( 6 ) * V ( 

A S = A P * Y ( 1) 


?0 

?1 

22 


I F ( I , F 0 . 1 ) GO  TO  5 

IF  ( AHSfSIJMI -SI  ) , G T . FPS)  GO  TO  * 

IF ( ARS(SUM?-S?)  ,LE.  EPS)  GO  TO  a 
Si SSOMI 

S?sSUM? 

GO  TO  1 

F 1 sSOMI +1.0 
F ?:SIIM7 
RF  TORT 

WRITE (6,100) 

FORMA  T ( 1 X ,' F 1 OR  F?  Pin  NOT  ClINVFRGF  wTTHIN  1?  TF  RM  S ' ) 
I F R=  1 
Rf 1 ORN 
END 
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R 1 s-I.amf-aO  ( F 2*Y  (h  ) / WSIIHH-F  1 * Y (4)  ) ♦ AD02 

R2  = />  . 0 »I,A  M«  A y) 

R * = (.,  4 M * Y ( t 1 
R 1 ^ = A 1 « A? 

R U = R 1 S * A /J 
H S = R t X * A h 
R .>  = m t U JS 

Rl<j  = A]*Y(»,  )*Y(y,)/A7 
H7=R J*Rh*  ( i ,<I-H  1 a ) 

(iK:c  1 

KQiK'I  * ( 1 , 0-H  J <J  ) 

M 0 = H 1 (»A(*V(h  1/A/-RS*H14 

m i = t rr-r i o ) /r  7 

M17  = i"J/k7 

n = -(.AMKAr*A^*n*fHfrP»?*Anni 
f2  = r,AM4Ai*Ai|*Y(4) 

r * = a i * y ( /i ) 

( is-ht«y{S)*VH)*Cfc*»(i 

r u = i p«  as 

rsirh^yth) 

r i =a  j *as 

iv=t  u*h n 

IMsa)*y((,) 

0 4= C S / A 7 

ny(«):(t  i-rJ-n?-na*iAi-D^*ih-i)l*v(<i)*Hin)/ 

: (r7-r4*ht 2-04*0 **A4*D4*Dl«Y(h)*W12) 

ny  is ) =» j i -h i «>*ov  ( m 

f'Y(*')  = (A^”Al*(A'i*0y(,J)4At>+AS*0Y(ri))*Y{fc))/A7 

(,AM:  1 . 0 /SOP  T ( 1 . 0-1  M V I AH*l  (1VI  AM*  (PSUHB?*  ( DP *0P ♦ P * P *0 T Hf  t A*DT  FlF  T A ) 

: ♦>  /*n/ n 

A t = R A A'  * (.  A M * (,  AM*l  fl  V l AM*LIIVL  AM 
Hy  I UWn 

lo  y.KITMh.1000) 

tone  f i i(/a«  a i ( i m ,'bFssFL  nibirnuN  <>  rn  not  chnvfpgf') 

bill 

f yt r> 

r 

r 

r SliRRl  III  T T Nil-  put  1 IS  r A | I h 0 RY  SURPIMITINF.  CllPDI  wHFNFVFP  DELTA  T RFCUMFS 

r r,F  F A T t P I I-  f <41 1 A L T fl 

r X is  1 HF  f MWRf  m Y Al  uF  f'F  T 
r « is  ihf  n upint  v At  of  mf  delta  i 

c NOEIJ  IS  MIMitM*  ( IF  MHiATIf'NS 

r y IS  AN  AFPAY  CUNlAlMNf.  IHF  6 V A P ] A HI  f S 

r OY  IS  AS  ARRAY  CllUlAINIM,  I HF  DERIVATIVES  HF  T HF  h V A P I A Rl  F S 
SHF  *■  i >n  T l F.F  I F rj  It  x , H,  Nf'F  Ij,  Y , l)Y  1 

O f*F  NS  1 1 'A'  T ( I 01)0  1 * 7(1000),  FI  .IWh'AObJ.I’AWAMMUn.rDATEm.Vm, 

: t'Y  1 1 1 

F I Al  I I I,  , I OL  , L OH  A , I 1 1 VI  AM 

r.iH  II  H /i  AH5/PAWAM.  II  P,PC  1 . H.  1 , Tr?.  TCI,  *r  1 ,RF  SC  1 .LI  fi.PSI  .PZ.LOl  , 

: L A , lM  Pi  I , l , GPU  I NT  , 0/  ,F  NF«0.  PSllRH2,r  I Of* PA  , / SURE  , PSUBB.E  PS, 

: t.AMvAt  , F FF  I-..?,  HARO  , IOA  IF  , F A , a 1 , (,AH,L  rivL  AM,  SC.R  IPP 

7“i  / i 1 1 ( O -i  2*  x 

» I - t = PS  ii‘H2*  (DY  ( 1 )»0Yf1  ) ♦ Y ( 1 ) * Y ( 1 )*DY(2)*DY(<?1)*DY(^)A0Y(^) 
t of  P = ( F r f » 1 -t  NF  PO  ) /F  MF  PO 
SO l I F- 1 =M’ll  1 NT  ♦ | 

* F I 1 I ( 1 ? , S 0 1 NPli  1 N 1 

l < SA(.mF  s,f  iif  ;21  IliF  ?1-DE(-7h  1o:5"AM  PAGE  1:« 


S.I  F t|P-'  A 1 ( I a ) 

»w  I TF  ( t 2.H0  ) X,  ( Y ( I ) , 1 = 1 , Ml(  U)  , /MH71  ,F  OF  P 
R.)  F M-  v « ! ( ‘J(  1 S . F ) 

T r [ N 1 ' ; X 

f ( ■ > i ",T  )SY(  M 
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r 


WRI  rt  ( 1 0 . 1 0)  X.H, 7MDZT  ,,,  a, 

F OHM A T ( 3H  X = ,F 1 U.H,  ' Ms', FIS. B,'  Z”DZ*Ts',F 1 S . B ) 

wRI  IKlO.Zd)  , 

FnPMAi(/gx,,i,,toxf'v,,i7x*,Dv') 

mi  aO  I = l » NOE  a 

M?I TF ( 1 0, 30 ) I . Y( I ) ,DV(T ) 

FORMAT  (I  1 0 » 2F  1 7 . H ) 

CONT I NUF 
RF  TuRN 
F NT' 

<SAGHFR>RThF TA.FUR;  IS  THU  1B-NUV-76  2:00PM 


PAGF.  1 


C PROGRAM  R l T A 1(1  PLOT  R VERSUS  THF  1 A 
DIME.  MS  ION  DUMMY  (<1) 

DIMF  Ns  JON  ID  ATM  3),  1PR0G(2) 

RE  A(  | I1VL  AM 

PIMP  NS  1 1 IN  IHAH0(2)  , ir.AMC  (2)  , IU1VLMC?)  . IDTHF  ?) 

01  Ml-  NS  I (IN  H(  1 a)  ,LL  IMF  ( 16)  ,R(  1 OOP)  , THE  T A ( 1 002) 

OOIJHLF  PRECISION  INF  ILF  .OUTPUT 

DATA  JHAHO,  1 RSUH  A,  I GAME,  I/SliHF  , I L U VI  M , I 0 T H / 

J 'HA/HO'.'s'.'RAs'.'GAMMA'.'rs'.'ZEs'.'l/LAM', 

! • HDAs  ' , ' TrtF  T A ' , ' P=  ' / 

DATA  IXAXIS.I YAXIS/'TMFTA', 'W'/ 

(IPF  N(liN  I Tsh.DF  V ICF  = ' T T Y ’ ) 

WRI  Tf  (S, 1 1 ) 

11  KlRMATdH  ,'HOH  many  CASF1S:  ',$) 

RF  AD(S,21  ) Nf  ASF  S 
?1  FORMAT ( I 1 ) 

DO  6S  K=1 .NCASES 
HR ITE(S.IO) 

io  mirmaioh  ,'namf  of  input  fiif:  ',$) 

READIS.20)  INF  ILF 
20  FORMA  T ( A 1 0 ) 

OPEN (UN  I T=20,F  Tl FslNF II  E) 

(IU  T PUT  = I NF  ILF 

CALL  KMUVF ( 'P ' , 0, OUTPUT, 3, 1 ) 

(IPF  N(  UNI  T=?l  ,F  Jl  F =0U  T PUT  ) 

RF  AM20.26) I PROG (1 > , I PROG ( 2) .IDATfc (1 ),1DATF (?)»1PATF ( 3),RR,1FTA, 
! 70.DR.DTHE  T A , D Z » 

! LdVLAM.HAhO.RA.GAMMA.ZSUFiF 

26  format ( 1 X.2AS/1 x, 5AS/3X.F 1S.R.BX.F 1S.B.UX.E lS.H/SX,tlS.8,9X, 

! FIS.B.Sx, 

! FIS. B/11Y, FIS. B.BX, FIS.B.SX, FIS. B/7X, FIS. H.HX, FIS. B) 

N = 0 

30  READ (20, 3S.F  MD  = SO ) (LL I NF ( I ) , I = 1 , 1 6 ) 

3S  FORMAT ( 1 6 A S ) 

PFC-OOF  (BO,  37, IL  INfc  ) Ax 
37  FORMAT (A3) 

I F ( A x .NF.  ' xs'l  GO  111  3 0 
N = N ♦ I 

RF  AD ( 20  , 3S  ) (LI  INF  ( I)  , | = 1 , 16) 

RFAIM20.3S)  (I  L INF  (I),  1 = 1 , 16) 

R E A D ( 2 0 , a 0 ) R(N),x 
Rfc  ad ( 20 , ao ) The  T a ( n ) , x 
4 0 FORMAT  ( I I1X.2F  1 7.H  ) 

GO  TO  30 

SO  IF  (N  ,L1  . 1 ) GO  TO  70 

HMA  tzv ( ] ) 

RM I NsRM A X 
TMaxsThFTA(I) 

TMffjSTMAX 


I — - — ■ 


||||  SI  T=?,N 

IK-m  .(it,  PMAX)  kMAX=P(I) 

IMkll)  .IT.  PM  I M ) kMj  N = W ( I ) 
IF<THfTA([)  , G T , IMAX)  JMAX  = ThE  ) A(  I ) 
lKTHIUU)  .Lt.  T*IN)  TMIN=ThFTA(I) 
SI  CONTINUE 

IH'NMY  ( 1 ) sHH|h 

IUiMmy  ( p ) :UMJ  X 

r M l SC  At  E.  ( Ihimm  Y , / .0  ,? , n 

k ( N ‘ 1 JsmiMMY  ( 4 ) 

k ( h + f lsOHMMV  ( -j  1 

PliMn  V(1  )-T»**TN 

DUMMY | ^ 1 = T MA  X 

TAI.L  SC  A 1 KM'MMY  , 7 . 0,?,  1 ) 

THE  1 A (M+  t )s(hiMmv  ( 4) 

I WE  1 A (NA?)sW(NE?) 

tflklNA?)  ,GT.  DllMM  Y f a»  > > GO  Til  S ? 

1 Ht  T A ( N + ,>  ) sOLIMM  Y ( U 1 
k ( M «■  ) CRUMMY  ( « ) 


C SSAGHE P>WThe  TA.FOk:  IS  ThIi  1«-NIIY-7F.  ?|00PM 


PAGE  1 t I 


5?  CONTINUE 

CALI  tlllTF(  50,21) 
CALL  PI  oT ( 0. 0, 0. o, 
CALI.  AxlS(0. 0,0.0, 
CALI  A x I S ( 0 . 0,0,0, 
CALI  PL(1T(0, 0,0.0, 
C A l L l INK  THE  T A,  H, 
CALL  PI  Mt (0.0, 0.0, 
CAlL  SYMRIIL  (5,0,8, 
C Al L SYMHUL ( 5, 0, 7 . 
C A 1 L SYMRUL  (S.0, 7, 
C Al  L NIIMRE  M ( h,  ?,  7, 
C Al  L SYMHI.L  f S,  0 , 7 , 
C A I L Nl|MPER(6.?,  7. 
C A 1 L SY  mri  ,l  (5,0,7. 
CALI  NliMRFKt..*,  7, 
CALL  SYMRiil  (S,0,E>. 
CALI  NIIMMEH(m.^,#», 
tail  SYMWoI (5. 0 , 6. 
C A|  L NUMWE  K(h,a,b. 
CALL  SYMHUL (5,0,8, 
TALI  NI|MHEP(h.O,h, 
CALI  PI  I'T  f 0. 0, 0, 0, 
CALI  PI  'IT  (8.5, 0,0, 
8 5 C I * NT  INllE 

I.H  T"  8p 

r 0 PPT  Tf  (h, 7|  ) 

7 | F 1 1 P M A I ( T M , ' NUPRE  » 

80  STHI 

E NO 


5) 

TYAX!S,1,7.n,qO.O,H(NAn,H(NA?l,2) 

TxAXTS,-5,7.0,O.0,7HETA(NEt),THETA(N+^),?) 

PPP) 

N , 1 . 0 , 0 ) 

POP) 

0(1,0.  I , T PROG,  0.0, 10) 

75.0. 1. 1RATE, 0,0,1?) 

50.0.  1 . 1RARO, 0,0, h) 

80. 0. 1,RAR0, 0,0,0) 

25. 0 . 1 , It,  A ML  , 0.0, 7 ) 

?5, o. I , gamma , o. o, a ) 

0 0,0,1,  1 / SIIHt  ,0.0,5) 

0O,0.l,  l St  IRE  ,0,0,5) 

75.0. 1,  1 WSliRA.O.O,  5) 

75.0. 1 ,«A, 0.0,0) 

5 0,0.  1 , III 1 VI  M,  0.0,  P) 

511 . 0.  1 ,1  (IVL  AM,  0. 0,  H 1 
?5 , 0 . 1 , II)TH,0.0,R) 

?5,0. 1 ,0  1 HE  T A, 0.0,5) 

PPP  ) 

-4) 


of  points  is  lf  ss  Than  ?'  ) 
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C PROGRAM  rnPPFL 

C THIS  PROGRAM  WEQIIERES  T *tfl  INPUT  FILES, TILT  M1M2EI  AND  FILE  PIJYJJ, 

C file  mimpfl  contains  3 parametfrs  IT  is  CREATED  h y the  user. 

C FILE  PTlYJJ  IS  THE  OUTPUT  f IF  PROGRAM  i OR  S,  FIIE  PIIYJ.J  CONTAINS 
r N VALUFS  OF  THfc  h VARIABLES  R, THETA  /,  DR/D  T ,UTHET  A/DT , DZ /DT , 

C PROGRAM  Ci.ihRFL  READS  FROM  FILF  PTIYJJ  ALL  N VAIOES  OF  R,Z,  OTHFTA/OT, 

C THEN  INTEGRATES  The  MATHEMATICAL  EQUATION,  THE  RF SUL T OE  INTEGRATION 
C IS  SAVED  ON  FIIE  TTYOIlT,  THf  RESULT  IS  ALSO  PLOTTED  AND  SAVED  ON  E I L E 
C BE  NM  THE  Theta  IIMJTS  OF  INTEGRATION  IS  0 TO  360  DEGREES  IN  STEPS  OF 
C S DEGREES.  THE  Z LJMTTS  OF  INTEGRATION  IS  0 TO  61  IN  STEPS  UF  Z/60. 

C IN  BOAT,  THf  STEP  SIZE  IS  FIXED  AND  IS  NOT  INPUT 

c 

DOUHLE  PRECISION  1NEIIE. OUTPUT 

DIME  NS  I ON  IUA  TE  ( 3) , IPROG(P) ,LL INF ( 16  1 ,W( I 000) ,DTME  TA ( 1 000  ) , 

I Z ( 1 000) , COSINE  ( 73) ,MFSS(  1 000) ,QU(  M) ,RM?(  1 000  ) , 

! BFNM(<,P).YY(73),THAPO(?),IGAMC(?),IIOVLM(P),IDTH(P), 

I ZAXJSC6P) ,R0TH(1 000) 

RF  AL  LOVLAM 

DATA  I XA X I S,  T Y A X I S/ ' / ' , ' HFNM ' / 

Data  IHAHO, IRSUHA , igamc , I ZSUHE , U Ovlm, IDTH/ ' ha/ro ' , ' S • , ' was  • , 

{ 'GAMMA  ' , 'c= ' , ' ZE  s ' , 'L  n AM l , 'RDAs ' , ' IHF  TA  ' , ' Ps'/ 

OPE  N (UNI T=6,DE  V ICE  = ' T 1 Y ' ) 

FIPF  N (UNI  Tsl  I , DF  VICE  = 'DSK  ' ,F  TIE  = ' T T YOUT  ,0AT  1 ) 

OPEN (ONI T=13, DE VICF=' DSK ',FILF='M1M?FL. DAT') 

READ( 1 3.5)  M1 ,Mp,El 
5 FORMAT (}?, IP,F5,P) 

WRT  TF (5, 1 o ) 

10  FORMAT ( 1 H , ' NAME  OF  INPUT  FILE!  ’,*) 

RE  A 0 ( 5 , P 0 ) INF  ILF 
PO  FORMAT ( AT  0) 

OPENfliNI  Ts?0,E  ILFsINFIl  ^ ) 

RF  AD(P0,  ?.t>)  I PROG  (1)  , I PROG( ? ) , IDA  TE  ( 1)  , I D A T F ( ? ) , I n A T E ( 3)  , 

1 RR  , THF  I A , Z0,DR,DTE  T A ,l)Z,LOVL  AM,HAH0,  RA  , GAMMA  , ZSUBE 

P 6 FORMA  T(|X,PAS/1X.3AB/3X,F|S.8,8X,E15.8,0X,E15.8/5X,E15.8,9X, 

I E15,B,5x,t1Sf8/ll>>,E15.B,MX,FI5.R,5x,ElS.8/7X,ElS,6,flX,E15.e) 
RADs 1 . 7o 5 SPWPSpE -P 
DO  13  .1=1  ,73 
13  YY( JlsO.O 

NDFG=5 

NOE t = 3 6 0 / N 0 E U ♦ 1 
NsO 

30  WE  An(P0,  35,EM>  = 50  ) (LI  I NE  ( [)  , I s 1 , 1 6 ) 

35  FORMAT (16A5) 

DFCOOF  ( HO,  3 7,L  L INF.  ) AX 
3 7 F IIWMA  T f A 3) 

IE  ( AX  . NE.  , • is1)  GO  III  3 0 

N s N ♦ I 

WF  AD (PD,  35)  (LI  INF  ( I ) , 1 = 1 , lh) 

P E A n ( p o , 35)  ( I.L  I NE  ( 1 ) , Tsl  , 1 h ) 

RE  AD (20, 00)  P(N), dummy 

WE  AD  (P  0,00)  DUMMY,!)  I HE  T A ( N) 

WE  AD ( PO , 00) Z (N)  , DUMMY 
00  FORMAT  ( 1 OX  , PE  W . 8 ) 

GO  T 0 3 0 

50  INTEW=N/60 

DO  17  ,1s  1 , NDE  I 

F K s f J - | 1 * N P t G 
/PR  I ME  =E  K *W A" 

17  COSINE  ( J )sfOS( 7PR?ME *EL  1 

TE  CV  ,EIJ.  0)  GO  TO  10 
DO  15  .Is  1 , N 
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■ 


— * 


IS 

pM/(.n=P(j)**M? 

14 

r.okiiNW 

wPI  TE  ( 11  ,S1  )K,  INTEH 

SI 

E URa'A  T C 1H  , *N=  * , I 5,  • 
01)  K = 1 ,N 

1NTERVAI  = ' , 1?/) 

AW6= 1 , ‘M  SHS*W ( K ) 

(ALL  HE SJ ( AWO, 1 , RBI  , 0 

.0001  .HP) 

1 E ( I E P ,(,T.  0)  (ill  TU 
HE SS(k ) s R M 1 * P P t 

1000 

c 

<SAOMFP>rnp»EL  .H.iRf  1 toe 

? 1 -l)t  Cm7b  UlSPH 

PA(.E  111 

h I)  R0TH(Kl=W(K)M)lEEE1A(tO 

1=0 
11  = 1 

1/»*1NTE«*1 
0E  NOLl'rO,  0 

M cumtInue 

nil  f, H K = 1 .NOEL 

fK:(K-1  )*M)K; 

?PP I ME  if  K ‘Hid 
J = 0 

*?=n 

/ZP=/(  1 114/PW1MF 

IK/UIKI)  ,t;i.  7/p ) t;n  in  M 

J = J + i 

K PrKf'*  1 

r,n  in  b? 

M K ] S K 2 • 1 

v/  = wmw(  1 1 )-r  v/v/7 
rOfcE=(//P-/(K  n 1/(71K^1-7(K  1 ) ) 

P//P  = OlEf  *(k(i'?)-ft(ht))*V{K)  ) 

I'THZ/PsC  HEE  * ( 0 T HE  1 A(K<?1-0THE  T A ( K 1 ) ) ♦ D1 HE  T A ( K 1 ) 

V//P=WZ/P*OTH/ZP-C V/VZ7 

E l=HfcSS(  1 I ) *V/*VZ/P 

IE  ( M t . NE  , 0)  n=M«Pim**Ml 

I A* I 1 ♦ I 

SUMsO.O 

on  fill  >1=1  5 * I P 

77P  = 7 ( J ) ♦ /PP 1 ME 

ps  IF(/(*<pi  . t . //pi  (,fi  Til  fit, 

*,?  = k?M 

('.(>  in  fi s 

fib  M5K/-1 

i.nErsi//i>-/iKn)/(7(K<))./(ni)) 

p//p=cnKF*(p(K<>)-p(i<in*p(*<n 

OTH/ZPrCnt  E * 1 11TMF  1 A (k/I-OIHE  1 a CM  1)  ♦OTHU  A (Kl) 

V/  = K0lH(>n-CV/V/7 

v//p=p//p*niM//p-r v/v/7 

E?=HhSS(J)*V/«V//P 

1F(MI  ,KiE_.  01  fV  = E/>*P(J)**M1 

si.iMs.siiM*o ,s* r e ^ + f n * ( / c j )-7 ( j-i ) ) 

E 1 =F  ? 

fi'l  fllMlMlf 

yy(k)=yy(k)*som 

(J  tg  ( k 1 s Y y ( K 1 * r 1 1 S T Ml  (n  ) 

hh  r.nr.  i J mie 

S 1 i M r 0 , 0 

P APNSEjPF  (; 

PAPN  = PAI'N*PAr> 

KK=NOE  I - 1 

nil  7 iJ  ,1:1  .Ak 
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7 <4  SI  IMS  SUM*  n .S*  ( (JQ  ( J + 1 ) ♦0(3  ( J ) ) *P  AON 

E NUMsSUM 
SLIMsO.O 

if  (M2  .to.  oi  go  in  7 h 

OH  7S  J s T 1 , l 3 

7S  SlJM  = SllM*0.S*(RM2(J)*HM2(.Jf1  ) IMZUMWCJ)  ) 

go  in  n 

7b  SIIM  = /(I2W(  I 1 ) 

77  nFMCIL  DsDF  NdL  l)*SIJM 

1 = 1*1 

/»MS(|)S/(I?) 

RFNM  ( 1 ) =F  NIIM/DE  NOLO 
Il  = INTFW*I  1 
I2=INTER*I2 

IF ( I .IT.  S«)  Gd  Id  hi 

W«  I IF  ( 1 1 ,SU)  C Z*X  IS(  I ) ,HFNM(  n » 1 = 1 .*»«) 
f <SAGHFP>CUPREl  .FOP;  1 mr  21-0EC-7b  3 : 1 SPM  PAGF  1:2 


SI4  FORMATCIH  , ' RFNM ' / f 2E 1 7.  R ) ) 

0PEN(LiMT=12,nEVlCE  = 'nSK',FILE='HENM,nAT') 

CAU  PI  dlF  ( id,  12) 

TALL  CPLOTl(lfZAXlS,7,0,!XAXlS,l,bU,HENM,b.O,IYAXlS,'4) 
CAU  PI  OT(0, 0,0. 0,999) 

CALL  SYMBOL  IS, 0,8. 0 0, 0,1 , I PROG ,0,0,10) 

CALL  SYMBOL (S,0, 7, 7S, 0, 1 ,IDATE,0.0,l?) 

CALL  SYMBOL  <S. 0, 7.50, 0, 1 , IBABO, 0.0,h) 

CALL  NllMREW(b.2»  7, SO, 0,1  , RAH0,0,O,<4) 

TALL  SYMBOL (S.O, 7.2S, 0, 1 , I G A Mf , 0 . 0 , 7) 

CAU  NLJMBF  R ( b . 2 , 7 . 2 S , 0 , 1 , GAMMa, 0,0, U) 

CAU  SYMBdl  (S.0,7.00,0.1,TZSUBt,0,0,3) 

CALL  NIIMBEW  (h,2, 7.00, 0. 1 , /SOME  ,0.0,6) 

CALI  SYMBOL  (5,0,6.75,0. 1 , IWSOH A,  0.0,  5) 

CALI  NUMB EP(h, 2,6,  7 S , 0 , 1 , BA, 0,0, II) 

CALL  SYMBOL (S. 0,0. SO, 0, 1 , II OVl M, 0,0,9) 

CALI  NI1MBE  P ( h.  0 , h.Sl)  , 0, 1 ,1  OVL  AM,  0, 0. 0) 

CAU  SYMBdL(S.0,fc.2S,0,l,inTH,0.0,8) 

CALL  Nl)MHFR(6.0,6.25,0.1  ,OTF  TA,0,0,5) 

CALL  PLOT (0,0,0.0,099) 

CALL  PLOT (ft. S, 0.0, -4) 

GO  TO  HI 

1000  MBIT F (0,1001) 

1001  FOBMaKIH  ,’hFSSFL  FUNCTION  Din  NOT  CONVERGE') 

HI  STOP 

E ND 


: <SAGHE W>P20YU0 ,0  A I • 2 THE  21-DFC-76  IIjSbAM  ,RF  1 


PWIJGP  A M o 2 , 01  EQ.  EXACT  PE  L A 1 1 V 1 S T I C , NO  SPACE  (MARGE 

Of  C . 17.197b 

R=  P.1000000  0E*01  TMETAs  D,0O(iOOO0OE*0O  Z=  O.OOOOOOOOE  + OO 

n«=  0. 000  0 0000  E.  *00  DTmEIAs  0 . 7SS229  11  E -02  rz=  0 , SRbHfiU  36E  *00 
BAHOs  0.7USOOOOOE+0  0 GAMMA  C.=  0.20HUS330E+00  ZSllHE=  0,1S7()79bOE*01 
FGhZ=  0,9«nOOOOOE *02  VKVS  0. 30000000E*04  C = 0 . HHSOOOOOE *00 
SCPIPP=  0.2330O000E  *01  HO:  0 . 7 0 0 0 0 0 0 OE  * 0 14  SRAs  0 . 50Hh  7 352E -02 
L=  0.b2  479(SOOE-02  WAS  0 . 3 1 09  1 1 <40F  ♦ 0 1 

X;  , OOOOOOnOE  *00  H=  0 , 1 OOOOOOOE -0  1 Z-OZ*T=  O.OOOOOOOOE  *0() 


• ? 
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1 
t 

2 
3 
<1 
s 


, t nn  o o o u OK ♦ 0 1 

, oohodooof  ♦ no 
, o n o o o o o o k ♦ o n 
, o non  t,  o it  ok  +oo 
i + - o 2 

39666/!  SbK  +00 


• n p / 

„ ty  i l 


n y 

o , o o o o o o o o r ♦ o p 

0. 7SS229)  IK -02 
0 , 39b8844  Shi  + 00 
- 0 . 9 4 a 9 t t 8 <4  K - 0 5 
0.SR2«7609F-02 
-n  . l 9 7449  S 42E -0  5 


3010o0n9++01  Hs  0 , 20000000F-0 1 Z -D l * T s - 0 . t 28  I H <4 0 4f - 0 2 


0 . 9922  7 46  St  + 0 0 
0,JSil7n<4fl«K-0l 
0.1  1934009+  +0  1 
-O.M  46716S+  -02 
0.200  369844  + -0 1 
0.  iObOuiVOK+OO 


0 Y 

•0  . M J6  7 1 bSK  -02 
0 . 200  369844  + -0 1 
0 , 3960'4<>20fc  ♦on 
'0.2HSObbV0K-02 
0. 1 ?72«20bE-02 
■0.  1 80676 S7F -03 


i r 


600Q999S+  ♦ n 1 hr  0 . 20000000? -0  1 7 -0  / * 7 s - 0 . 382  52  8 0 3F  - 0 2 


I 

1 

2 
5 

'4 

S 


0,061  5H008K  + 00 
0 , hOb 1 8 9n2  + -0 1 
0 . 2 38  1 oM  *3  + + 01 
-0.1  3*80997+  -0  1 
0 , 1 2*S  768  St  -0  1 
0,  S 9 b 2 0 7 u 1 F ♦ o 0 


IIY 

-0. 1 t8KnoQ7F-n! 
0 , 1 2bS  7 b 8 5K  « 0 1 
0 . 3962'+  7 0 1 K + 00 
-0, 1 7328  1 7 7F-02 
-0.S9192291E-02 
0.21 2699448  + -0  S 


tz  , 900999b  It  ♦ 0 1 Hr  (1,20000000? -ni  / -1’ / * 1 = - 0 , S 2 U 0 S 0 0 0 E - 0 2 


1 
1 

2 

s 

fj 

s 

6 


0 , 1 6.2  7(48^  +00 

(•.  1 OV-4  7 7 7»E  +00 
0 . 3^  7 0b8b  3K  +01 
-0,  1 '4  ,’<4  300?K  -0  1 
-I'  . 0 14  <4  1 b S 7 8 + -02 
P . 39b  3S6b 1 1+00 


MY 

-o , 1 a 7 a 50U2K -o  l 
-o.^ao 1 6S78E-02 
0 . 3^6  5SbS 1 K ♦ oo 
0,109  7<>1  87  + -02 
•0 . 726044  328K  -02 
"0 , 1 800 1 OMSK  -0  3 
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APPENDIX  B 


DERIVATION  OF  SMALL  SIGNAL  RELATIVISTIC 
GAIN  PARAMETER 


The  derivation  presented  here  parallels  that  given  by  Bacon, 
Enderby,  and  Phillips  (herein  denoted  as  the  "G.  E.  work").  * Because 
the  derivation  is  given  in  detail  in  the  reference  cited,  we  have  abbre- 
viated the  presentation  here  to  emphasize  only  the  main  differences 
* due  to  relativistic  corrections. 

The  derivation  begins  with  the  relativistically  correct  force 
equation.  ** 


« = 7< 

at 


f(vector  force)  = e(E  + v x B) 


Treating  mass  as  a variable,  we  can  differentiate  to  obtain 


d(mv 

dt 


1 = (irr)  V+  mIF  = e(E+  vx  B) 


From  the  special  theory  of  relative  relativity,  dm/dt  can  be  expressed 
in  terms  of  the  three-vector  force  and  velocity  to  be** 


(f  • v)  - -J  (E  • v + V X B • v)  = (E  • v) 
c c c 


L.  C.  Bacon,  E.  E.  Enderby,  and  R.  M.  Phillips,  "V-Band  Ubitron 
Amplifier  Development,  " prepared  by  G.  E.  Company  under 
Contract  AF  33(6l6)-8356,  April  1962. 

‘ W.  Rindler,  Special  Relativity,  Oliver  & Boyd,  London,  1966, 
p.  95. 
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Putting  this  into  equation  2 and  solving  for  dv/dt  gives 

aF=  m [e  + VkB  -(£-j2)v]  (4) 

This  relativistically  correct  equation  shows  the  added  effects  of  a 
new  force  term  expressed  in  terms  of  the  field  quantities. 

If  we  now  express  relativistic  mass  in  terms  of  velocity. 


equation  (4)  takes  the  final  form 

= (e  + vx  B - X (E  • v)  v)  (5) 

dt  Ymo  \ c2  / 

This  equation  is  the  beginning  point  for  the  small  signal  derivation. 
Note  that  if  E and  B are  parallel  to  v,  that  the  equation  reduces  to 


and  if  E is  transverse  to  v we  get 


This  illustrates  the  concepts  of  " longitudinal"  and  "transverse  mass" 

3 

where  the  "effective  mass"  is  y mQ  and  Ym0  respectively.  In  general, 
however,  when  both  longitudinal  and  transverse  forces  are  present, 
equation  (5)  must  be  used  to  determine  the  applicable  relativistic 
corrections. 

In  the  planar  model  used  in  the  G.  E.  work,  the  following  field 
variables  are  assumed  to  exist 


A A 

v y + v z 
y 7 z 


E = E y 

y 


B = B x 
x 


Of  these  field  variables  v is  assumed  to  have  both  dc  and  ac  components, 
E is  only  an  ac  variable,  and  B is  only  a dc  variable  with  sinusoidal 
variations  in  z.  The  electron  beam  is  assumed  to  be  travelling  in  the 
z direction,  (x,  y and  z are  unit  vectors  in  a rectangular  coordinate 
system.  ) 

Using  these  field  variables,  in  equation  (5)  we  get  the  following 

A , A 

y and  z component  equations. 


E + v B 
y z x 


n 

z = — 
Y 


E v v 


- v B 

y x 


(Each  dot  over  a variable  indicates  differentiation  with  respect  to  time. 
• 2 2 

y = dy/dt,  y = d y/dt  , etc.  ) Consistent  with  the  G.  E.  work,  we 
neglect  all  terms  which  are  of  order  (v^/v^)2,  the  ratio  of  the  trans- 
verse to  longitudinal  velocity. 


A 


i.  e. 


v 

JL 

v 

z 


« 1 


Thus  the  third  term  on  the  RHS  of  equation  (7)  can  be  neglected.  (The 
effects  of  this  term  have  been  carried  through  the  complete  derivation 

and  shown  to  be  negligible.  ) 

We  now  multiply  equation  (7)  by  y and  equation  (8)  by  z and  add 
the  resulting  equations  to  eliminate  the  terms.  The  result  is 


y y + Z 


z = 


q E y 

Y_ 


(9) 


where  we  have  used 


Recognizing  the  LHS  of  equation  (9)  as  v v,  and  separating  equation  (9) 
into  dc  and  ac  parts  we  get  the  following  ac  small- signal  relationship. 


Here  we  have  used  the  usual  small-signal  linearization  technique  of 
neglecting  terms  which  are  products  of  ac  variables,  (ac  variables 
are  designated  by  and  dc  variables  are  designated  by  the 

subscript  "o" . ) 
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The  variabLe  on  the  RHS  of  equation  (10)  existB  because  the 
dc  magnetic  field  is  a sinusoidally  varying  function  of  space.  This  is 
obtained  from  the  dc  part  of  equation  (7) 


y = — v B 
/o  y zo  x 


If  we  define  - Bj  cos  pmz  a°d  integrate  this  equation  once  we  get 
for  y 


qB 


■f 


r,  dz 

cos  S z -3—  dt  = 
rm  dt 


nB, 


Y|3 


m 


sin  p z 
rm 


(11! 


Substitution  of  yQ  from  equation  (11)  into  equation  (10)  and  subsequent 


division  by  vq  gives  a differential  equation  relating  the  time  derivative 


of  the  ac  velocity  v and  the  ac  electric  field  E . 

y 


tie. 


^VoP 


m 


sin  6 z 


= oE, 


A sin  P z 
,3  m 


(12) 


The  definition  of  A in  this  equation  can  be  shown  to  be  the  ratio  of  the 


peak  transverse  dc  velocity  to  the  longitudinal  dc  velocity  v . Thus, 


te  rms  of  order 


A 


2 / v (peak) 


are  neglected  in  this  small- signal  derivation. 
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Using  the  relationship  (v  /v  ) « 1,  the  current  continuity 

y z 

equation  becomes 


9i  . ~ , , , . 

"ai  = ' Jwp  <13> 

where  the  time  variation  is  assumed  to  be  9/9 1 = jw,  i is  the  ac 
current  density  in  the  beam,  and  p is  the  ac  space  charge  density. 
Using  this  in  the  small-signal,  linearized  definition  of  current  density 


i = p v + v p 
Ko  or 


(14) 


we  get  the  following  relationship  between  the  ac  velocity  and  current. 


v 


1 

jQ  p 
Jrero 


Dli 


(15) 


The  differential  operator  Dj  defined  by  this  equation  is  = 9/9z  + jPg- 
Expanding  the  total  differential  with  respect  to  time  in 
equation  (12)  as 


d ~ 9 ^ 9 / 9 . \ ~ 

dt  9t  o9z  o \ 9z  J e ) ol 

and  substituting  from  equation  (15)  for  v,  we  get  the  electronic  equation 
relating  small  signal  current  and  electric  field 


(16) 
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To  put  this  equation  into  final  form,  we  now  re-write  the  factor  (qp^/v^) 

in  terms  of  the  dc  beam  current  I and  voltage  V . This  is  done  by 

o o ’ 

recognizing 


ri  p e p v 

1 ^o  _ ro  o 

v 2 

o m v 

o o 


(17) 


Then  from  the  relativistic  definition  of  kinetic  energy 

lel  Vo  = moc2(Y  - l) 


(18) 


we  get 


2 

m v 
o o 


m0c  (Y  - 1)(  Y + 1)  _ 


Thus, 


'1P0 


V 

o 


(20) 


and  the  final  form  of  the  electronic  equation  is 


D 


1 


/ jPe  Asin  p^z  \ 
1 V(Y+  DR0  ) 


E 

y 


(21) 


where  R is  the  beam  impedance,  R = V /I  . 

o r o o o 
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Equation  (21)  differs  from  the  G.  E.  work  in  the  following  three 
ways.  (1)  The  dc  velocity  in  the  (3e  and  A factors  must  be  the  rela- 
tivistic velocity,  (2)  as  shown  by  equation  (12),  the  definition  of  A has 
an  additional  factor  of  1 /y  as  compared  to  the  G.  E.  work,  and  (3)  the 
RHS  of  equation  (21)  is  multiplied  by  the  additional  factor  of  2/y(V+  1). 

The  rf  circuit  equation  derived  in  the  G.  E.  work  is  unaltered 
by  relativistic  effects  and  therefore  the  derivation  will  not  be  repeated 
here.  This  circuit  equation  is 


D,  E 

2 y 


-^-y  + (3I 2  E = jp  K i 
dzZ  ° y ° y 


2 2 2 

where  is  the  differential  operator  = 9 /9z  + (3q,  is  the 

circuit  propagation  constant,  and  K is  an  arbitrary  coupling  constant 
between  the  transverse  current  density  i and  the  rf  electric  field  E^. 

Because  the  circuit  equation  is  in  terms  of  the  transverse  ac 
current  density  i and  the  electronic  equation  (21)  is  in  terms  of  the 
total  ac  current  density  i,  it  is  now  necessary  to  determine  the  rela- 
tionship between  these  two  variables.  This  is  done  by  using  the  approxi- 
mate relationship 


i sr  i X 5 (I  + i)(y  + y)/v 
y ■ o o o 


2 

which  is  true  for  the  case  of  (y/z)  « 1. 

A small-signal  linearization  of  equation  (23)  gives  an  ac  part 


I y y i 
t oJ  , o 

i = + 

y v v 


An  expression  for  yQ  in  this  equation  has  already  been  derived  in 
equation  (11),  but  we  must  return  to  equation  (7)  to  obtain  an  expres- 
sion for  y. 

The  small  signal  portion  of  equation  (7)  (again  neglecting  the 

third  term  on  the  RHS  because  (v  /v  )2  « 1)  is  as  follows 

y z 


y = J (E  + B v ) 
V y x z' 


The  desired  expression  for  y can  be  obtained  by  integrating  this  equation 
in  time,  with  the  following  result. 


y = v A sin  (3  z + -f  / E dt 
o rm  V I y 


Putting  equations  (11)  and  (26)  into  equation  (24),  and  taking  the 
total  derivative  with  respect  to  time  (to  eliminated  the  integral)  gives 
the  desired  relationship  between  i and  i. 

y 

D i = A D (i  sin  B z)  - [ — ) — L_  E (27) 

1 y I Hm7  \y+l/R  y ' > 


In  equation  (27)  we  have  again  used  the  relativistic  definition  of  kinetic 
energy  (equation  19)  to  eliminate  m^v^  from  the  second  term  on  the 
RHS. 

Combining  equations  (22)  and  (27)  to  eliminate  i we  get  the 
final  circuit  equation 


Ey  = jP0KADl(r  Sln  PmZ) 


•v  * • 


This  equation,  combined  with  the  electronic  equation  (21) 


D 


2 

1 


l = 


iS  Asin  S z 
Jpe g. 

Y (V  + 1)  RQ  y 


(21) 


gives  a relativistic,  small-signal  description  of  the  Ubitron  neglecting 
space  charge. 

Equations  (21)  and  (28)  are  a fifth-order  set  of  differential 
equations  with  periodic  coefficients.  The  procedure  for  solving  these 
equations  is  identical  to  that  given  in  the  G.  E.  work  and  will  not  be 
repeated  here  in  detail.  Basically  it  requires  choosing  a form  for 
the  solutions  which  satisfies  Floquet's  theorem  for  periodic  structures, 
and  then  substituting  and  averaging  over  one  period.  The  result  is  a 
dispersion  relationship  given  by 


where 


(29) 


(30) 


A,  = P KA 
3 o 


*C  C.  Johnson,  Field  and  Wave  Electrodynamics,  McGraw-Hill, 
N.Y.,  1965,  pp.  244-245. 
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and  | and  A come  from  the  assumed  form  of  the  solutions 


t 


-jP„z-£z 

i = <?  e 


E 

y 


-i6  z-Az 
e 


With  the  further  definitions 


u 


K A /_jL_ 

16  R lv(Y  + 1), 


£ = - p C 6 
” Me  u 

A = - p C c 
re  u 


jb  = £ - 6 


b 


b + 


4CV 

u 

2 

A 


(31) 


(32) 


equation  (29)  can  be  rewritten  in  the  familiar  TWT  form  for  conditions 
of  zero-loss,  ze ro- space -charge,  and  small-C. 


^ i ? 

6+jb6+j=0 


(33) 
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As  in  the  case  of  the  TWT,  equation  (33)  provides  small- signal  solutions 
for  the  propagation  and  gain  (or  attenuation)  of  the  three  forward  waves 


in  the  Ubitron.  The  other  two  waves  are  not  important  for  the  amplifier 
case  being  considered  here. 


One  remaining  definition  needs  to  be  given  here  for  complete- 
ness. The  variable  K1  in  the  definitions  (32)  is  the  interaction  impedance 
of  the  Ubitron.  Its  value  is  given  by 


(34) 


where  E is  the  peak  value  of  the  transverse  electric  field  and  P is  the 

y 

power  being  carried  by  the  circuit. 

A summary  of  the  relativistically  correct,  small- signal  Ubitron 
parameters  is  given  in  Table  I along  with  the  corresponding  TWT  and 
non- relativistic  parameters  from  the  G.  E.  work.  The  comparison 
shows  that  for  large  beam  voltages  (i,  e.  large  v)  that  the  gain  param- 
eter C is  reduced  by  a relatively  large  factor  from  the  classical  values. 

When  all  of  the  relativistic  factors  shown  in  Table  1 are  com- 
bined in  the  evaluation  of  the  small-signal  gain  parameter  C^,  we  get 
the  following  results. 

3 3 2 

C (relativistic)  = C (classical)  x — = 

u u v3<v*l) 


The  relativistic  factor  on  the  RHS  of  this  equation  has  been  plotted  as 
a function  of  voltage  in  Figure  1. 


800 


Figure  1. 


V0.KV 


Plots  of  relativistic  correction  factors  associated 
with  and  C compared  to  1/V. 


APPENDIX  C 


MATHEMATICAL  DESCRIPTION  OF  PERIODIC  MAGNETIC 

FIELDS 

One  of  the  outputs  of  the  magnetic  analysis  computer  code  used 
during  this  program  is  the  magnetic  field  on  the  axis.  I his  field 
can  be  used  to  describe  the  magnetic  field  throughout  the  region  of  the 
electron  beam.  In  the  following  we  outline  the  derivation  of  the 
mathematical  relationships  which  have  been  used  in  this  work. 

Because  both  the  divergence  and  the  curl  of  the  vector  magnetic 
field  B are  zero  throughout  the  volume  of  interest,  B must  satisfy 
the  equation  7^  B = 0. 

If  azimuthal  symmetry  is  assumed,  this  becomes 

'72(B  r)  = 0 
r 

and 

V 2 ( B ^ z ) = 0 

where  r and  z are  unit  vectors  in  a cylindrical  coordinate  system 
(r,  0,  z).  Using  the  relationship^  r = -r/r  and  separating  the 

variables  into 

B (r,  z)  = R |r|  R lz) 

X*  Yc* 

B?(r,  z)  = Zr(r)  Z^z) 

gives  the  following  set  of  differential  equations. 

0 
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A 


0 


d2R 


dz 


+ V2  R =0 
2 n zn 


(3) 


d2R 


dR 


dr 


rn  J_  

2 r dr 


rn 


■(•■••7) 


R = 0 

rn 


(4) 


d2Z 


dz 


+yZZ 

2 n zn 


(5) 


d2Z 


dr 


, dZ  7 

IIL  + i 1“  - v2  Z =0 

2 r dr  n rn 


(6) 


These  equations  were  obtained  by  using  the  separation  constant  Y n 
which  is  related  to  the  magnetic  period  length  L by  the  relationship 


2rn 
^ n L 


(7) 


General  solutions  for  equations  (3)  through  (6)  are  as  follows. 


For  the  case  of  VQ  = 0 we  get 


Z (z)  = A + B z 
zo  zo  zo 


B 

R (r)  = A r + 
ro  ro  r 


ro 


Z (z)  = C + D z 
zo  zo  zo 


Z (r)  = C + D In  r 
ro  ro  ro 


(8) 
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For  v 4 0 
' n 


R (z)  = A cos  (y  z)  + B sin  (v  z) 

zn  zn  ' Tn  zn  1 n 

R (r)  = A I.  (y  r)  + B K.(y  r) 
rn  rn  1 'n  rn  In 

(9) 

Z (z)  - C cos  (y  z)  + D sin  y (z) 

zn  zn  Yn  zn  n 


Z(r)  = 
rn 


C I (Y  r)  + D K (y  r) 
rn  o 'n  rn  o 'n 


where  I.(y  r)  and  K.(y  r)  are  modified  Bessel  functions  of  the  first 
l 'n  l Tn 

and  second  kinds. 

The  final  solutions  for  the  magnetic  field  are  obtained  as 

follows.  First,  the  field  components  from  equations  (1),  (2),  (8),  and 

(9)  are  found  for  each  y and  all  terms  which  are  either  infinite  at  the 
' ■ 'n 

axis  or  do  not  satisfy  Maxwell's  equations  are  eliminated. 

The  field  components  can  then  be  summed  to  provide  a complete 
description  of  the  magnetic  field  in  terms  of  the  axial  Fourier  coef- 
ficients B^  and  the  periodicity  L.  The  final  result  is  as  follows. 


Bz(r,  z) 


B + 
o 


E 

n=  1 


B I (y  r)  cos  Tv  (z  - z )] 
n o 1 n L ' n n J 


(10) 


3 (r,  z)  = - N B I (y  r)  sin  [y  (z  - z )] 
r'  / j n 1 'n  L n n J 

n=  1 
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Here,  Bq  is  a constant  axial  magnetic  field,  is  the  peak  amplitude 
of  the  nth  harmonic  at  the  axis  (r  = 0),  Yn  = 2nn/L  (L  = magnetic 
period  length),  and  z^  is  the  position  of  the  peak  axial  field  of  the 
nth  harmonic. 

An  alternative  formulation  which  is  useful  for  computational 
purpose  is 


CD 

Bz(r,  z)  = Bq  WN  Bcn  COs(V)  + Bsn  sin  (V)]  (12) 


n=  1 


B 


CO 

r(r,  z)  = - £ Ij  (vnr)  [ Bcn  sin  (Ynz)  - Bgn  cos  (Yfl*)  ] 


(13) 


n=l 


The  relationships  between  constants  in  the  two  different  formulations 
are 


B = B cos  y z 
cn  n 'n  n 


B = B sin  v z 
sn  n 'n  n 


(14) 


and 


B 

n 


Z 

n 


1 . -1 
— tan 


(15) 


The  procedure  for  using  the  above  mathematical  formulation 
in  Ubitron  analysis  is  as  follows.  A magnetic  circuit  is  designed  and 
optimized  using  the  magnetic  circuit  analysis  computer  code.  The 
resulting  tabulated  function  of  axial  magnetic  field  is  then  Fourier 
analyzed  to  give  the  B , and  B harmonic  amplitudes  for  the  first 
few  harmonic  components.  Finally,  these  amplitudes  are  used  in 
equations  (10)  through  (15)  to  determine  the  magnetic  field  for  use  in 
the  beam  and  rf  analysis.  Thus,  realistic  periodic  magnetic  fields 
are  used  to  determine  beam  focusing  and  rf  gain  for  Ubitron  design. 


METRIC  SYSTEM 


BASE  UNITS: 

Quantity 


length 

met* 

time 

electric  currant 
thermodynamic  temperature 
amount  of  subetance 
luminoua  intenaity 

SUPPLEMENTARY  UNITS: 

plane  angle 
solid  angle 

DERIVED  UNITS: 
Acceleration 

activity  (of  a radioactive  source! 
angular  acceleration 
angular  velocity 

area 

density 

electric  capacitance 

electrical  conductance 

electric  field  strength 

electric  inductance 

electric  potential  difference 

electric  resistance 

electromotive  force 

energy 

entropy 

force 

frequency 

illuminance 

luminance 

luminous  flux 

magnetic  field  strength 

magnetic  flux 

magnetic  flux  density 

magnetomotive  force 

power 

pressure 

quantity  of  electricity 
quantity  of  heat 
radiant  intensity 
specific  heat 
stress 

thermal  conductivity 
velocity 

viscosity,  dynamic 

viscosity,  kinematic 

voltage 

volume 

wavenumber 

work 


SI  PREFIXES: 


Unit 


metre 

kilogram 

second 

ampere 

kelvin 

mole 

candela 


radian 

steradian 


metre  per  second  squared 

disintegration  per  second 

radian  per  second  squared 

radian  per  second 

square  metre 

kilogram  per  cubic  metre 

farad 

siemens 

volt  per  metre 

henry 

volt 

ohm 

volt 

joule 

joule  per  kelvin 

newton 

hertz 

lux 

candela  per  square  metre 
lumen 

ampere  per  metre 

weber 

tesla 

ampere 

watt 

pascal 

coulomb 

joule 

watt  per  steradian 

joule  per  kilogram-kelvin 

pascal 

watt  per  metre-kelvin 
metre  per  second 
pascal-second 
square  metre  per  second 
volt 

cubic  metre 
reciprocal  metre 
joule 


Multiplication  Factors 

1 000  000  000  000  = 10” 

1 000  000  000  = 1(1* 

1 000  000  = 10* 

1 000  * 10’ 
100  = 10> 

10  = 10' 

0.1  = 10"' 

0 01  = 10-> 
0 001  = to-’ 
0.000  001  = 10-  * 
0.000  000  001  = 10- * 
0.000  000  000  001  * 10“  ” 
0.000  000  000  000  001  » 10- M 
0 000  000  000  000  000  001  10  -'* 

* To  be  avoided  where  possible 


SI  Symbol 

m 

kg 

s 

A 

K 

mol 

cd 


rad 

sr 


F 

s 

H 

V 

V 

I 

N 

Hz 

lx 

Im 

Wb 

T 

A 

W 

Pa 

C 

I 


Pa 


V 


I 


Formula 


m/s 

(disintegration  |/s 

rad/s 

rad/s 

m 

kg/m 

A-s/V 

Art/ 

V/m 

V-s/A 

W/A 

V/A 

W/A 

N-m 

I* 

kg- m/s 

(cycle  |/s 

I m/m 

cd/m 

cd-ar 

A/m 

Vs 

Wb/m 

j/» 

N/m 

A'S 

N-m 

W/sr 

I'kg-IC 

N/m 

W/m-K 

m/s 

Pa-s 

m/s 

W/A 

m 

(waveVm 

N-m 


Prefix 

SI  Sym 

turn 

T 

gig* 

(i 

M 

megs 

kilo 

k 

hecto* 

h 

delta* 

da 

daci* 

d 

centi* 

G 

mllll 

m 

micro 

nano 

pico 

femtn 

n 

r 

alto 

a 

